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COMPLEX EXPONENTIAL INTEGRAL (A. Beam, 

Comm. ACM, July, 1960) 

P. J. RADER AND HENRY C. THACHER, JR.* 

Argonne National Laboratory, Argonne, Illinois 

EKZ was programmed by hand for the Royal-Precision LGP-30 
computer, using a 28-bit mantissa floating-point interpretive sys- 
tem (24.2 modified). To facilitate comparison with existing tables 
(National Bureau of Standards Applied Mathematics Series 51 
and 37), the real and imaginary parts of Ek(Z) were computed 
from u and v. Results are shown in the following table. In all 
cases, the values agreed with tabulated values within the toler- 
a n c e  specified. 

x y k e n 
X 10 -s  1.0 1 10 -I 7 
X 10 -s  1.0 1 10 -2 14 
X 10 -s  1.0 1 10 -3 24 
X 10 -8 1.0 1 10 -4 37 
X 10 -s  1.0 1 10 -5 52 
X 10 -s  1.0 1 10 -~ 70 
X 10 -8 1.0 1 10 -7 90 
X 10 -s  1.0 1 10 -s  114 
X 10 -s  2.0 1 10 -6 37 
X 10 -s  3.0 1 10 -6 26 
X 10 -s 4.0 1 10 -6 21 
1.0 1 X 10 -s 1 10 -~ 40 
1 .0  1 .0  1 10 -~ 34 
1 .0  2 . 0  1 10 -6 26 
1 .0  3 . 0  1 10 -6 21 
2-0 1 X 10 -s 1 10 -~ 23 
2.0 1.0 1 10 -6 22 
2.0 2.0 1 10 -6 20 
2.0 3.0 1 10 -~ 17 
3.0 1 X 10 -s  1 10 -~ 17 
3.0 1.0 1 10 -6 17 
3.0 2.0 1 10 -~ 16 
3 .0  3.0 1 10 -6 15 
4 .0  0.0 0 10 -~ 20 
4.0 0.0 1 10 -~ 15 
4.0 0.0 2 10 -6 16 
4.0 0.0 3(1)14 10 -n 17 
4.0 0.0 15, 16 10 -8 16 

I t  t h u s  appea r s  t h a t  the  a lgo r i t hm gives sa t i s f ac to ry  :rccuracy, 
b u t  t h a t  in cer ta in  ranges  of the var iab les ,  the  t ime requ i red  may  
be excessive for extens ive  use. 
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R E A L  E X P O N E N T I A L  I N T E G R A L  (S. P e a v y ,  Comm. 
ACM, O c t o b e r  1960)  

S. PEAWC 

N a t i o n a l  B u r e a u  of  S t a n d a r d s ,  W a s h i n g t o n ,  D .  C.  

A p r in t i ng  e r ror  has  been called to our  a t t e n t i o n  by  J. A. 
Beu t l e r  of E. I. d u P o n t  de N e m o u r s  and Co. Lines 15 t h r o u g h  17 
of A lgor i thm 20 should  read 
z :=  ((((.00107857 X x -- .00976004) X x 

--I-- .05519968) X x -- .24991055) X x 
-4- .99999193) X x - .57721566 - In (x) 

* Work  suppor ted  by  the  U. S. Atomic  E n e r g y  Commiss ion .  

Con t r i bu t i ons  to th is  d e p a r t m e n t  m u s t  be in the  fo rm 
s ta ted  in the  Algor i thms  D e p a r t m e n t  policy s t a t e m e n t  
(Communications, F e b r u a r y ,  1960) except  t h a t  A L G O L  60 
no ta t i on  should  be used (see Communications, May,  1960). 
C o n t r i b u t i o n s  should  be sen t  in dupl icate  to J .  H.  Wegste in ,  
C o m p u t a t i o n  Labo ra to ry ,  Na t iona l  Bureau  of S tandards ,  
Wash ing ton  25, D. C. 

C E R T I F I C A T I O N  O F  A L G O R I T H M  3 

S O L U T I O N  O F  P O L Y N O M I A L  E Q U A T I O N S  B Y  

B A I R S T O W  H I T C H C O C K  M E T H O D  (A.  A .  G r a u ,  

Comm. ACM, F e b r u a r y ,  1960)  

JAMES S. VANDERGRAFT 

S t a n f o r d  U n i v e r s i t y ,  S t a n f o r d ,  C a l i f o r n i a  

Ba i r s tow was coded for the B u r r o u g h s  220 c o m p u t e r  us ing  the  
B u r r o u g h s  ALGOL. Convers ion  f rom ALGOL 60 was made  by  hand  
on a s t a t e m e n t - f o r - s t a t e m e n t  basis .  The  in teger  dec la ra t ion  had 
to be ex tended  to include n, k, n, N A T ,  E X ,  and the  cor rec t ions  
no ted  in the  cert i f icat ion by  H e n r y  C. Thache r ,  J r . ,  Communica- 
tions ACM, June ,  1960, were incorpora ted .  

By select ing the  i npu t  p a r a m e t e r s  careful ly,  all b r anches  of 
the  rou t ine  were t e s ted  and the  p r o g r a m  ran  smoo th ly .  The  fol- 
lowing po lynomia l s  equa t ions  were solved:  
x 6 - 14x 4--1- 49x ~ - 36 = 0, x = ± 1.0000000 

x = ~ 1.9999998 
x = ± 3.0000001 

x s - 30x 6 -/- 273x 4 - 820x ~ + 576 = 0, x = ± 1.0000000 
x = ± 2.0000000 
x = ± 2.9999999 
x = ± 4.0000001 

Several  m ino r  er rors  were found  in the  cert i f icat ion by Mr.  
Thacher .  The  cons t an t  t e r m  in the  first po lynomia l  should  be 54 
ins tead  of 43, the  second pair  of roots  for t h a t  po lynomia l  should  
be -I- 2.470639 ± 4.6405330 i, and the second pa i r  of roots  for the  
second polynomia l  should  be - 1 . 0  ± i. 
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G A M M A  F U N C T I O N  

ROBERT M .  COLLINGE 

B u r r o u g h s  C o r p o r a t i o n ,  P a s a d e n a ,  C a l i f o r n i a  

. r e a l  p r o c e d u r e  G a m m a  (x); r ea l  x; 
c o m m e n t  Fo r  x in the  range 2 < x < 3 an a p p r o x i m a t i n g  poly-  

nomial  is used. In  th is  range the  m a x i m u m  absolu te  e r ror  ~(x) 
is I e(x) I < 0.25 × 10 -7 . Fo r  x > 3 we wri te  p(x)  -~ ( x - - 1 ) ( x - 2 )  
. . . ( x - n ) P ( x - n )  where  2 _< ( x - n )  < 3, and for x < 2 we wr i te  

r ( x + n )  
r ( x )  = where  2 < ( x - n )  < 3. Fo r  x = 0 

x ( x + l ) . . . ( x + n -  1) 
or a negat ive  in teger  P(x) is set  eoual  to a large value 105°. 

b e g i n  
r e a l  h, y;  
h :=  1.0; y :=  x; 

Ai :  i f y  = 0 t h e n  h :=  10 ~° 
e l se  i f  y = 2.0 t h e n  go  t o  A2 
e l se  i f  y < 2.0 t h e n  b e g i n  
h :=  h / y ;  y :=  Y -4- 1.0; go  t o  A1 e n d  
e l se  i f  y >_ 3.0 t h e n  b e g i n  
y := y -- 1.0; h :=  h X y;  go  t o A 1  e n d  
e l se  b e g i n  y :=  y -- 2.0; 
h :=  (((((((.0016063118 × y + .0051589951) × y 

+ .0044511400) X y + .0721101567) X y 
+ .0821117404) X y -t- .4117741955) X y 
-/- .4227874605) X y -I- .9999999758) X h e n d ;  

A2: G a m m a  :=  h e n d  G a m m a .  
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MULTINT 
t{. DON FREEMAN JR. 

Michigan State University, East Lansing, Michigan 

r e a l  p r o c e d u r e  M U L T I N T  (n, Low, Upp, Funev,  s, P, u, w); 
v a l u e  n ; 
r e a l  p r o c e d u r e  Low, Upp, Funev;  a r r a y  s, u, 
w ; i n t e g e r  n ; 

c o m m e n t  M U L T I N T  will perform a single, double, triple, . . . ,  
T-order integrat ion depending on whether  n = l ,  2 , . ,  T. The 
result is : 

fUpp(1) fUpp(2,  x0 
M U L T I N T  = ~Funev(1,  xl) dxilFunev(2,xl,xz) dx2 ... 

~L0w(1) ~Low(2, x~) 

f 
Upp(n,xl,...,x~-i) 
Funev(xi,...,Xn) dx~ 
Low(n,xl,...,x~_l) 

The variable of integrat ion is x[j]. j = 1 refers to the outermost  
integral ,  j = n ,  the innermost  integral.  The code divides each 
interval  equally into s[j] subintervals  and performs a P-point  
Gaussian integrat ion on eaeh subinterval  with weight func- 
t ions w[k[j]] and abscissas u[k[j]]. P is the size of the arrays of 
weight functions and abscissas and must  be provided by the 
main code along with these arrays.  

Since the values x[1], x[2],..., x[n], are stored in an array,  as 
are a, b, c, d, r, it  is neeessary to subst i tu te  an integer for the 
upper bound T of these arrays before the program is executed. 
This means, for example, if 3 is subs t i tu ted  for T, then the 
procedure will not do a 4th order integral  unless it is retrans-  
lated with T _> 4. 

The values of the lower and upper bounds and functions must  
of course be specified at  the t ime of use. If eaeh of these con- 
s t i tu ted  a separate procedure, it  would require writ ing and 
t rans la t ing  3n different procedures.  This is el iminated by group- 
ing them into Low, Upp, and Funev which compute the lower 
and upper bounds and value of the functions respectively in 
each of the j th  integrals. Since these are each essentially a col- 
lection of "subprocedures ,"  the first s ta tement  of each should 
be a switch directing the code to the "subprocedure"  which is 
used in the j th  integral.  Note tha t ,  for example, Low(3,x) is 
formally a function of x[1], x[2],..., x[T]; this is done merely 
beeause it is more convenient  to make Low(j ,x) formally a func- 
t ion of the whole array x for all j. Aetually of course Low(3, x) 
would be a function of x[1] and x[2] only; 

b e g i n  r e a l  a r r a y  a, b, c, d, r, x[I:T]; 
i n t e g e r  a r r a y  k, h[l :T];  r e a l  f; i n t e g e r  j, m; 
f o r  j :=1 s t e p  1 u n t i l T  d o  

x[j] := 0.0; 
m : = l ;  
r [ n+ l ]  := d i n + l ]  := 1.0; 

setup:  f o r  j :=  m s t e p  1 u n t i l  n d o  
b e g i n  

a[j] := Low(j,x);  
b[j] := Upp(j ,x) ;  
d[j] := (b [ j ] -  a[j])/s[j]; 
c[j] := a[j] + 0.5 × d[j]; 
x[j] := c[j] + 0.5 X d[j] X u[ll;  
r[j] := 0.0; 
h[j] := k[j] := ,1 ;  e n d ;  
j : = n ;  

sum: f := Funev( j ,x) ;  
r[j] := r[j] + r [ j+ l ]  X d [ j+ l ]  X f X w[klJll; 
i f  (k[j] < P) t h e n  go to labk; 
i f  (h[j] < sOD t h e n  g o  t o  labh; 
j : =  j - l ;  
i f  (j = 0) t h e n  go to  exit;  
g o  t o  sum; 

labh: h[j] := h[j] + 1; 
c[j] :=  a[j] + (h[j] -- 0.5) × d[j]; 

k[j] := 1; 
go to  initalx; 

iabk: k[j] := k[j] + 1; 
initalx: x[j] := c[j] + 0.5 × d[j] X u[k[j]]; 

i f  (j =n)  t h e n  go to sum; 
m := j + l ;  
go to setup; 

exit: M U L T I N T  := r[1] X d[1] X 0.5T n; e n d  
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FACTORIAL 
M .  F .  LIPP 

RCA Digital Computation and Simulation Group, 
Moorestown, New Jersey 

r e a l  p r o c e d u r e  Factorial  (n) ; 
v a l u e  n ; i n t e g e r  n ; 

c o t n n l e n t  This procedure makes use of the implicit ly defined 
recursive proper ty  of Algol to compute n! ; 

b e g i n  Factorial  := i f  n = 0 t h e n  1. e lse  nM Factorial  (n - - l )  
e n d  

ALGORITHM 34 
GAMMA FUNCTION 
iV[. F .  LIPP 

RCA Digital Computation and Simulation Group, 
Moorestown, New Jersey 

r e a l  p r o c e d u r e  Gamma (x) ; r e a l  x ; 
c o m m e n t  This procedure generalizes the recursive factorial 

routine,  finding r ( l + x )  for reasonable values of x. Accuracy 
vanishes for large x(lx] > 10) and for negative x with small 
fractional  parts.  For x being a negative integer the  impossible 
value zero is given; 

b e g i n  te s t :  i f  x < 0 t h e n  g o  t o  m i n u s  e l s e  i f  x < 1 t h e n  
b e g i n  i n t e g e r  i ; r e a l  y ; a r r a y  a [1:8] ; 

a [1] := --.57719165; 
a [2] := .98820589 ; a [3] := --.89705694 ; 
a [4] := .91820686; 
a [5] := --.75670408 ; a [6] := .48219939 ; 
a [7] := --.19352782; 
a [8] := .03586834 ; y := a l l ] ;  

f o r  i := 2 s t e p  1 u n t i l  8 d o  y := y X x + a[ i ]  ; 
Gamma := y e n d  hast ings 
e l s e  Gamma := x > Gamma (x- - l )  ; g o  t o  endgam; 
minus: i f  x = --1 t h e n  Gamma := 0 e l s e  
Gamma := Gamma ( x + l )  / x ; 
endgam : e n d  gain 

Although each algorithm has been tested by its con- 
t r ibutor ,  no warranty,  express or implied, is made by the 
contr ibutor ,  the editor,  or the Association for Computing 
Machinery as to the accuracy and functioning of the al- 
gorithm and related algori thm material  and no responsi- 
bili ty is assumed by the contributor,  the editor,  or the 
Association for Computing Machinery in connection there-  
with. 

The reproduction of algorithms appearing in this de- 
pa r tment  is explicitly permit ted  without  any charge. When 
reproduction is for publication purposes, reference must  be 
made to the algorithm author  and to the Communications 
issue bearing the algorithm. 
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