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( U i { V ] : :  F [ T T i N G  W I T H  C O N S T R A I N T S  

J. 1.2. I.. PICCK, 

t T n i v e r s i t y  of  A l b e r t a ,  C a l g a r y ,  A l b e r t a ,  C a n a d a  

p r o c e d u r e  Curve fi i t ing (k ,a ,b ,m,x ,y ,w,n ,a lpha ,beia ,s , sgmsq,x0,  
~ I ! l l l ! f ~ . ( "  .g . r  ) ; 

c o m m e n t  "['his procedure finds, by tim method of least: s q u a r e s  
the polynomial (if (te~ree n, k 5 n < k + m ,  whose grapli con- 
' :~ i i [ lS  i a t  y l i t ) :  " ' "  , . i i k [ ik}  a n ( [  approx imates  (xt ,  3"0, " " ,  
(x.:~. 3:,~. , whore wi is the weight a t t ached  to the point  (x i ,  yt).  
The  d+~tails will be found in the reference cited below, where a 
simihtr tlotai ion is used. A nonlocal label " e r r o r "  is assulned;  
~ a l u e a .  x, y, w; i n t e g e r  k, re, n, r; rea l  x0, gamma;  a r r a y  

a, H, x, 3. w, alpha,  b e t a  s. sguls( I. c, z; 
b e g i n  i n t e g e r  i. j ;  a r r a y  wlil  :ki: r ea l  p, f, hunbda ;  
eornnie t t t  \Ye shall  first define sc.veral proeednres  to be used 

in the m:iiu progr:ut~, wb.ich begins at the label STAitT; 

p l - o e e d u r e  t : ~ v : t [ u e  ( x ,  l l t l } ;  

¢'olJlnielll This  procedure e v t t l u a t . e s  f = st, p 0  -1- s t [ I t  @ ' ' "  + 

s+:p,., where p ~(x) = O. pc,[x) = 1. /~, = 0 and pt+t(x) 
= ~ x - < < i p , ( x }  --y~rt~ t(x), i = 0, 1. - ' -  , v - -1 .  The  value of 
|)~r{X) remains lit p; 
rt:al x; i n t e g e r  Iltl; 
b e g i n  r e a l p 0 ,  temp;  i n t e g e r [ ;  p0 :=  0; p :=  l; f := s[0]; 

f~lr i : =  {I s t e p  I u n t i l  n u - - l  do 
b t : g i n  t e l np  : =  p ;  

/ > := (x - a l p h a [ i l l  X p - b e l a [ i i  X pO; 
llO : =  t emt l ;  f : =  f -{-.. p × s~i-~-l] e n d  i 

e i l d  ]'2".,'it [ t l { '  ; 

p l ' i i c e d t l i ' e  C o d a  ( i t .  e } ; 
c l l t n l n e l i t  This l i r o c e d / t r e  tiilds the e 's  w h e n  e,+ q- etx + . . . .  + 

{,~x ~ = s,p,.~x} -r- "'" b- s,,p,,(x); 
i n t e g e r  l~; a r i ' a )  C; 
b e g i n i n l e g e r i . r ;  r e a l [ l . 1 2  a r r a y p m . p [ O : n ] ;  

t'+}+' r := 2l s t e p  l u n t i l  n do 
,.. "i := tim{r] := I}[r/ := 0; 

[,m+O := O; P{{}I := l; c[{}i := ~[Oj; 
f o r  [ : =  {} s l e p  l u n t i l  n - - 1  d o  

begir~ t'2 := 1}; 
fo r  r := (1 s t e p  l t t i l l i l  i i-1 do 

b e g i n  t l  := ( t2--alpha[i]  X p r l - } e t a i  X p n r i / l a m b d a ;  
V2 := pin[r] := pf I ' ;  p[r] := t l ;  
c[r] := Cri 4 t l  X s [ i + l ] e n d  r 

e n d  i 
e n d  C0d:t; 

p r o c e d u r e  ( ; I : ; I " Y T  I ' l l  i i O . x , v , w , i n } ;  

e o ~ n n ~ e n t  Th i s  is the  hea r t  of  t he  ma i l t  p r o g r a m ,  It: eonl]~iutes 
tilt' <.++ =a, .>o-. +~.e using the niethod of or thogonaI  i}olvnoinials,+ as 
described in the reference; 
i n t e g e r  n,ntLm; a r r a y  x v,w; 
b e g i n  real  dsq,wpp,wpp0,wxl}p,wyp, temp;  

i n t e g e r  i,j,fre, lore; a r r a y  p ,p0[ l :m];  b o o l e a n  exact ;  
i f  n - - n ( i  > m V I1 < nO t h e n  go  t o  e r r o r ;  
beta[n0] := dsq := wpp := 0; exact := n - -n0  _> i n - - l ;  
f b r j  := 1 s t e p  l u n t i l m ( t o  

b e g i n  p[j] := 1; p0[j] := 0; wpp :=  wpp + w[j]; 
+r ' l  i f -q exact t h e n  dsq := dsq -4- w.i] × 3 i.,l i × y[j i e n d  init ial ise;  

fo r  i := t l 0 s t e p  l a n t [ I n  d o  
b e g i n  freedom := i n - l - [ i - n 0 1 ;  wyp := wxpp := 0; 
I~.lr j : =  l s t e p  I u n t i l  m d o  

b e g i n  temp := w[j] X p[j]; 
f -  . i f  i < n t h e n  wxpp := wxpl) + t e m p  X x[j] X P0], 

if  freedom >_ 0 t h e n  wyp := wyp + t e m p  X y[j] e n d  j; 
i f  freedom ~ 0 t h e n  s[ii :=  w y p / w p p ;  
i f  -~ exact t h e n  b e g i n  dsq := dsq - s[il X s[i] X wpp;  
sgmsq[i! :=  dsq-f reedom e n d  if; 
i f [  < n t h e n  b e g i n M p h a [ i ]  := w x p p / w p p ;  wpp0 :=  wpp;  
wpp := 0; 
fo r  j := I s t e p  1 u n t i l  lit do  

b e g i n  temp := tx [ j ] -a lpha[ iD × p[j] - be[all] X p0[jl; 
w p p  := wpp + w[j] X temp X temp;  
p00] := p[j]; p[j] := temp e n d  j ;  

b e t a [ i l l ]  := wpl}/wpp0 e n d  if 
e n d  i 

e n d  G E F Y T ;  

S T A R T :  for  j := 1 s t e p  t u n t i l  k do 
b e g i n  wl[j] := 1; all] = ( a [ j ] - x 0 ) / g a m n m e n d  j; 
Gt . ;FYT (k,0,a,b,wl,k) ; 
c o m m e n t  This  finds the polynomial  of degree k -  1 whose graph  

contains  (a4,b0,. - . ,  (at:,bs.) supply ing  |tte ~i,~i,si, 0 < i < k; 
b e g i n  rea l  rho;  rho  := 0; 

f o r  j : =  !. s t e p  1 u n t i l  tit d o  
l )egin  rho := rho -1- w[jl; 
x[J] :=  (x[j] -- x0)/gammn, e n d  j; rho := m / r h o ;  

c o m m e n t  The factor  0 is used to normalize the weights.  We shall 
now put  sk = 0 in order  to ewdua te  pk(x) and the polynomial  of 

degree k -  1 s imul taneous ly  ; 
s [ k l  : =  0;  
fo r  j := 1 s t e p  1 u n l i l  nl do  

b e g i n  Evahte (x[j/ ,k); 
i f  p = 0 t h e n  go to  error ;  

Y[jl := ( Y [ J ] -  fJ /P;  
w[j] := w[j] X p X p X rho e n d  j 

e n d  rho ; 
c o m m e n t  We have now normalized the weights and adjus ted 

the weights and ordinates  ready for tile least squares  approxi-  

mat ion; 
G E F Y T  (n,k,x,y,w,m) ; 
c o m m e n t  The eoet|icients ~i,.Bi, 0 < i < n, and si, 0 < i < n 

are now ready. The  polynomial  may  be evaluated for x = zt,z.,, 
-..,z~, bu t  the wtriable mus t  be ad jus ted  first. No te  tha t  we 
may evaluate the best  polynomial  of lower degree by  deereas- 

ing n; 
b e g i n  rea l  x; 

fo r  j := I s t e p l  u n t i l  r d o  
h e g i n  x :=  (z[ j l - -x0) /gamma;  
Evalue (x,n); c o m m e n t  the values of zj and f should now be 

pr inted;  e n d  j; 
c o m m e n t  We may now adjus t  the eoefifieients for scale and then 

find the coefficients of tim power series e0 + clx + .- - + e.x" = 

s0p0(x) + " "  + snp.(x);  
fo r  i :=  0 s t e p  l u n t i l  n - - 1  d o  

b e g i n  alpha[i] := alpha[i] X gamma + x0; 
beta[i] := beta[i] X gamma e n d  i; Iambda := gamma;  

Coda (n ,e )  ; 
c o m m e n t  We m a y  now re-evaluate the polynomial  from the 

power series; 
f o r  j : =  1 s t e p  1 u n t i l  r d o  

b e g i n  x : =  z[j];  f : =  c [n] ;  
f o r  i : =  n - 1  s t e p  - -1  u n t i l  0 d o  

f : =  f X x +  e l [ l ;  
c o m m e n t  the values of x and f should now be pr inted;  e n d  j 

e n d  x 
e n d  Curve fitting 

IIEFERE:veE: PECK, J. E .  L. Polynomial  curve fitt ing with 

constra int ,  Soc. Indust. Appl.  Math. Rec. (1961). 
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F A C T O R S  

J .  E.  L. PECK, 
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S O R T I N G  P t { O C E I ) U R E S  

IvA x FLoa~, :s  

Priw:~te Const : t l tani>,  N o r w M k ,  C ( m n e c t i e u t .  

> i 

p roced u re  factors (n ,a ,u ,v ,r ,e ) ;  
c o m m e n t  This  p r o c e d m e  finds all t h e  ra t ional  l inear  f ac to r s  of 

the  polynomial  a0x" ÷ a x " -  t + • .- + a¢~-tx @ an, wi th  i n t eg ra l  
eoeltlcicnts. An abso lu t e  va l ue  p rocedure  abs  is a s s u m e d  ; 

va lue  Ilia; i n t e g e r  r,n,e; i n t e g e r  a r r a y  g , a , v ;  
b e g i n  c o m m e n t  We firm whe t he r  p d iv ides  a0, I ~ p < ia0] and  

qd iv ide sa~ ,  0 <  q < !a.l. If th is  is t he  case we t r y  ( p x ± q ) ;  
i n t e g e r  p,q,a0,an; 
r := 0; e :=  1; c o m m e n t  r wilt be t he  m t m b e r  of l inea r  fac tors  

and c the common c o n s t a n t  fac tor ;  
TRY AGAIN:  a0 :=  a[0]; an  :=  a[n];  
for p := I s t e p  1 u n t i l  abs(a0) do  

b e g i n  i f  (a0 + p) X p = aO t h e n  
beg in  c o m m e n t  p d iv ides  ,'to; 
for  q := 0 s t e p  1 u n t i l  abs(an)  d o  

b e g i n  i f  q = 0 V (an + q) X q = an t h e n  
b e g i n  c o m m e n t  q d iv idesa ,~  (or q = 0). If  p = q we 

may  have  ~ c o m m o n  c o n s t a n t  factor ,  t he re fo re ;  i f  q 
> 1 /~ p = 1 t h e n  
b e g i n  i n t e g e r  j ; 
f o r j  := l s t e p l  u n t i l  n - 1  do  

i f  (a[j] + q) X q ¢ a[j] t h e n  go  tn  NO C ( ) N S T A N T ;  
h~t" j := 0 s t e p  1 u n t i l  n d o  

a[j] :=  a[ j ] /q;  

e := c X q;  go to  TR.Y A G A I N  
e n d  the search  for a c o m m o n  cons t :mt  f ac to r ;  

NO C O N S T A N T :  
b e g i n  c o m m e n t  t ry  (px -- q) as a fac tor ;  
i n t e g e r  f ,g,i;  f :=  a0; g := l;  
c o m m e n t  we t r y  × = q / p ;  
t~ l ' i  := 1 s t e p  1 u n t i l  n d o  

b e g i n  g :=  g M p;  f :=  f M q -~ :t{i] X g 
e n d  eva lua t ion  ; 

i f  f = 0 t h e n  
b e g i n  e o m / a e n t  we h a v e  found  the  fac tor  (px - q) ;  
r := r + 1; u[r] := p; v[r] := q; 
e o , n , n ~ n l  there  are now r l inear fac tors ;  

b e g i n  c o m m e n t  we d iv ide  by (p× - q) ;  
i n t e g e r  i , t ;  t :=  0; 
for i : =  0 s t e p  1 u n t i l  n do  

b e g i n  a[i] :=  t :=  (a[i] + t ) /p ;  t :=  t M q 
e n d  i; 

n : = 1 1 - - 1  
e n d  reduc t ion  of po lynomia l .  Therefore ;  

go to i f  n = 0 t h e n  RI ' ] I )UCEI)  e l s e  T R Y  A G A I N  
e n d  discovel  T of px - q ~rs a factor .  B u t  

if we got, t h i s  far it was no t  a factor so t r y  px  + q; 
q := - q ;  i f  q < 0 t h e n  go  to  NO C O N S T A N T  
e n d  t r ia l  of px ± q, 

e n d  q d iv ides  a,, and  
end  of q loop. 

e n d  p divides a~, also 
e n d  p lo0p, which  means ;  

R E D U C E D :  i f n  = 0 t h e n  
b e g i n c  := c X a0;  a0 :=  1 
e n d  if n = 0 

end factors procedure .  T he re  are  now r (r > 0) r a t i ona l  l inear  
factors (rex - v 0 ,  1 < i < r, a n d  t he  reduced  p o l y n o m i a l  of 
reduced degree n replaces t h e  or iginal .  T he  c o m m o n  c o n s t a n t  
factor is c. A c k n o w l e d g m e n t s  to Clay Perry .  

48  C o m m u n i c a t i o n s  o f  t h e  A C M  

c o m m e n t  T h e  fol lowing AL(a)L 60 a l g o r i t h m s  ar~ l : rOcei  res f(r 
the  so r ( ing  of records  s to red  wi th in  ~he m e m o r y  o f  ~ h(. ( o m l ) ~  er. 
T h e s e  p rocedures  are descr ibed in deta i l ,  fb~w-<,harte~ ('om- 
t)arcd,  a n d  c o n t r a s t e d  ia "A:t~alysis of [n t e rnaA C o m p u t e r  Sor~.. 
i n g "  by  I v a n  Flores  [J. ~tCM 8 ( Jam 196t) 1. A l t l ~ o u g h  s(}rti~g is 
u s u a l l y  a bus iness  c o m p u i e r  ,,~i)pli(:a(;ion, i t  c a n  be dJs " led 
c o m p l e t e l y  in ALl;eL if we s t r e t c h  our  i m a g i t m i i ( ~  ~ little. 
Sor t ing  is o rder ing  wi th  respe(.t to  ~t key c o n i a i : ~ m d  wi ih ia  ~tm 
record. If  the  key  is  t he  ac t ive  record,  t he  s o r t i n g  i:s tri~iM. 
m e a n s  is requi red  to ex t r ac t  the  key f rom t h e  record  Th i s  is 
e s sen t i a l l y  s t r i ng  m a n i p u l a t i o n ,  for  which n o  p "ovis ()~, ~s yet, 
has been  made  in ALoot,. We c i r c u m a m b u l a t e  ~ h i s  ~ itlicuE v I)y 
de, f ining an i n t e g e r  p r o c e d u r e  1((1) wMet:~ " c r e a t e s "  a key 
f rom the  rceol'd, if. ALl;el. does provide  f o r  m ~ e b i ~ m  la~gu;~ge 
code s u b s t i t u t i o n s ,  wh ich  is one  way to ~ t~ ink  of K( l ) ,  Tiffs 
could be  more  accu ra t e ly  r ep r e sen t ed  by  u : s i ng  the. s t r ing  lint> 
l ion  p roposed  by  Jul ien  Green  [ " R e m a r k s  (m A L(a::)~, ar*d Sy~n- 
bol  M a n i p u l a t i o n , "  Comm. A C M  2 (Sepi,. 1959) ,  25-27i. The 
f u n c t i o n  s u b  ($,i,g) r ep resen t s  t he  p r o c e d u r e ,  K ( I ) ,  S corre- 
sponds  to the  record I, i co r responds  to t h e  st:,art]~:~g po:ai~ io~ of 
the  key  and  g co r re sponds  to the  l eng th  of t h e  k e y .  Both  i ,~)!t g 
are v a h t e s  which  m u s t  be specif ied when  t h e  s o r t  pr(~t:cd~r~, is 
cal led for as a s t a t e m e n t  i n s t e a d  of a d e e l m ' a t i e m .  

A n o t h e r  fac tor ,  which  m i g h t  vex  some,  is  t t m t  t tw key migt~ 
be MphM)etie i n s t ead  of numeric. T h e n ,  o f  e ( m r s ( ,  K(I)  we! l id  
not  be in teger .  I t  would,  however ,  be s t r i n g  ~ he:~ su ch  is defined 
even tua l l y .  No te ,  also, t h a t  keys  are  f r( (it e~lt  ly  c(,m pa red. This 
is done  us ing  t he  o rder ing  rc la t ious  " > "  f o r  " g r e a a , r  h: :~, '  
ere. T h e s e  are not  real ly defined in t, he AL( ;o~  s~,atemcmt iN 
t.)ETI,3g, ET AI,. " I { e p o r l ~  o n  l h e  A l g o r i t h m i c  1mt~guage a l,/a)I, 
60".  Comm. ACz [ 3 (May  1960), 294--3141. " F h e v  ea.a ~iml)iy )e 
det ined so t h a t  Z > Y > . . .  > A > 9 > - . .  > 1 > 0. AI:( : , I~ 
a.ssignmenl~ X[i] :=  z s h o u l d / m  i n t e r p r e t e d  a s  "Ass ig l l  t im key 
'z '  wh ich  is la rger  t h a n  arly o the r  key " F o r  a n y  sort  pro(.edure 
( [ ,N,S) ,  " 1 " i s  Ihc se t  of u n s o r t e d  r e c o r d s ,  " N " i s  their  r a m >  
ber,  a n d  ' " ' "  the  sor ted  set. ef records .  

C a u t  on,  t hese  a lgo r i t hms  were devel( p e d  p u r e l y  for the  love 
of it.: No  one was ava i l ab le  wi th  the  c o m b i n e d  knowh,d~e )f 
so r t i ng  and  A[x:l(m to check  th i s  work. l l O l l ( ~ e  c l l c I /  r ig(  ' 

s houk l  be carefu l ly  checked  before use. I w i l t  t)e g lad  io at~swer 
any  quesl, ions  wh ich  m a y  ar ise;  

Sort  insert  ( [ , N , S ) ;  v a l u e  N;  a r r a y  I l l : N ] ,  S I t : N 1 ;  
i n t e g e r  p r o c e d u r e E ( D ;  i n t e g e r  N;  
b e g i n  i n t e g e r  i, j, k; 

SIl l  :=  I[1]; 
for  i :=  2 s t e p  1 u n t i l  N d o  b e g i n  

f o r j  :=  i - -  1, j - 1 w h i l e K ( I [ i D  > K ( S I j l )  do  
f o r  k :=  i s t e p  -- 1 u n t i l  j -4- 1 do  

S[k] :=  S [ K -  11; 
S[j + 1] :=  I[i] e n d  e n d  

Sor t  c o u n t  ( I ,N,S) ;  v a l u e  N; a r r a y  I l l : N 1 ,  i g [ l : N t ;  
i n t e g e r  p r o c e d u r e  K ( i ) ;  i n t e g e r  N;  
b e g i n  i n t e g e r  a r r a y  C [ I : N ] ;  i n t e g e r  i , j ;  

for  i :=  1 s t e p  1 u n t i l  N d o  C[i] :=  0 ;  
for i :=  2 s t e p  1 u n t i l  N d o  

for  j :=  1 s t e p  1 mat i l  i --  1 do  
i f  K(I[ i ] )  > K(I [ j l )  t h e n  C[i] :=  C [ i l  + l 
e l s e  C[31 := C[j] + 1; 

f~)r i :=  1 s t e p  1 u n t i l  N d o  
SIC[ill :=  I[iJ e n d  

![ 

~X#iI 
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Sor t  se lect  (1,N,S); v a l u e  N;  a r r a )  I [ I : N ] , S [ I : N ] ;  
i n | e g e r  p r o c e d u r e  K ( I ) ;  i n t e g e r  N ;  
b e g i n  i n t e g e r  i , j ,A,h ;  

f o r i  :=  I s t e p  1 u n t i l  N d o  b e g i n  
h := K ( I [ l l ) ;  
t ~ r  j :=  2 s t e p  1 u n t i l N  d o  
i f  h > K(I[ j ] )  t h e n  b e g i n  it := K( i [ j ] ) ;  A := j e n d ;  
S[i] := I[A]; 
I[A] := z e n d  e n d  

Sor t  se lect  exchange ( I ,N) ;  v a l u e  N ;  a r r a y  i l l : N ] ;  
i n t e g e r  p r o c e d u r e  K ( I ) ;  i n t e g e r  N ;  
l~egin i n t e g e r  h , i , j ,H ;  r e a l  T;  

f u r  i :=  1 s t e p  1 u n t i l  N d o  b e g i n  
II : -  K(I [ i ] ) ;  h := i; 
for  j :=  i + l s t e p  1 u n t i l  N d o  

i f  K(I[ j ] )  < t{ t h e n  b e g i n  
H := K(I [ j ] ) ;  h := j e n d  

T := i[il ;  I[i] :=  I[h];  I[A] :=  T e n d  
e n d  

S0r t  b i n a r y  inse r t  ( I ,N ,S ) ;  v a l u e  N;  a r r a y  I l l : N ] ,  S [ I :NJ ;  
i n t e g e r  p r o c e d u r e K ( I ) ;  i n t e g e r N ;  
b e g i  u i n t e g e r  i ,k,j  ,1 ; 

if" K(I[1]) < K(I[2])  t h e n  b e g i n  
8[l] := I l l ] ;  S[2] := I[2] e n d  
e l se  b e g i n  SIll  :=  I[21; 8121 :=  I l l ]  e n d ;  

s l : t r t :  tk)r i :=  3 s t e p  1. u n t i l  N do  b e g i n  
j :=  (i ~ 1) + 2; 

t i t ldsp0~:  tk~r k := (i + 1) + 2 , ( k + l )  + 2 w h i l e k > l d o  
i f  K(I[i])  < K(S[j])  t h e n  j :=  j -- k 
e l s e ]  := j + k; 

i l K ( I l l ] )  > K ( S [ j ] ) t h e n j  :=  j - 1; 
m o v e i ~ e m s :  f o r l  := i s t e p  - l u n t i l j  d o  

Sit + 1] :=  S[1]; 
ent~er this 
(m(:: S[j] :=  I[il e n d  e n d  

S0r~ address  eMeulat i0n ( I ,N ,S ,F ) ;  v a l u e N ;  
a r r a y  S[I:N'[], I l l : N ] ;  i n t e g e r  p r o c e d u r e  F ( K ) ,  K ( I ) ;  

i n t e g e r  N,M;  
b e g i n  i n t e g e r  i , j , G , H , F , M ;  

M := cut ler(2.5 × N) 
for  i :=  1 s t e p  t u n t i l  M d o  S [ i ] =  0; 

Add r e s s :  for  i :=  1 s t e p  1 u n t i l  N d o  b e g i n  
F := F (K( I [ i ] ) ) ;  
i f  S[F] = 0 t h e n  b e g i n  S[F] := I{i]; 

go to  N E X T  e n d  
e l se  i f  K(S[F])  > K(I[i])  t h e n  go to S M A L L E R ;  

LAR(' ,EI~:  for  H := iF, H + 1 w h i l e  K(S[H])  < :K(I[i]) do  
for  G := H, G + 1 w h i l e  K(S[G]) ~ 0 d o  
h~r j :=  G s t e p  --1 u n t i l  H -t- 1 d o  

S{j/ :=  s[j  - 11; 
Slit]  :=  I[il; go to  N E X T ;  

S M A L L E R :  fo r  Hi := F ,  H -- 1 w h i l e  K(S[H])  > K(I[ i ])  d o  
for  G := H,  G - 1 w h i l e  K(S[G])  ¢ 0 d o  
for  j :=  (I s t e p  1 u n t i l  H - 1 do  

S[j] = S[j ÷ 1]; 
S[H]  : =  I[i];  

N E N T  : e n d  e n d  

:Sort, quadra t i c  se lect  ( I ,N,S) ;  v a l u e  N;  a r r a y  I l l : N ] ,  S [ I :N] ;  
i n t e g e r  p r o e e d n r e  K ( I ) ;  i n t e g e r  N;  

b e g i n  i n t e g e r  i , j , k , C , D , J , M ;  
i n t e g e r  a r r a y  C[ I :M] ,  D [ i : M ] ;  
a r r a y  I [ i : M ,  I : M ] ;  

D iv ide  i npu t s :  M := en t i e r  (sqr t  (N)) + 1; j :=  k := 1; 
f o r  i :=  1 s t e p  1 u n t i l  N d o  b e g i n  

IIj,k] :=  I[i]; k := k -4- 1; 
i f k  > M t h e n  b e g i n  k := 1; 

j : =  j + 1 e n d  e n d  

Fil l  up i npu t s :  

Set  cont ro ls  : 

F i n d  least  : 

Fi l l  file: 

R e s e t  cont ro ls :  

S T O P  : 

I[j,k] := z; k :=  k + 1; 
i l k  > M t h e n b e g i n k  := l ;  j := j + l e n d  
i f  j < M t h e n  gn to  Fil l  up  inpu t s ;  
f o r  j := 1 s t e p  1 u n t i l  M d o  b e g i n  
c [ j ]  :=  K( I [ j ,  l ] ) ;  D[j] : =  1; 
fo r  k = 2 s t e p  1 u n t i l  M d o  

i f  C[j] > K(I[ j ,k])  t h e n  b e g i n  
C[j] := K(I [ j ,k ] ) ;  D[j] := k e n d  e n d ;  

i : = 1 ;  
C := C[1]; D :=  I)[ l] ;  J := 1; 
tk)r j := 2 s t e p  1 u n t i l M  do  

if" C > C[j] t h e n  b e g i n  C := C[j]; 
D := D[j]; J : =  j e n d ;  

S[i] :=  I [J ,D];  i :=  i + 1; I[J,D] := z 
i f i  = N + 1 go to  STOP;  
f o r  j :=  J do  b e g i n  
C[j] :=  K(I[j ,  1]); D[j] :=  1; 
f2~r k :=  2 s t e p  1 u n t i l  M d o  

i f  C[j] > K(I[ j ,k] )  t h e n  b e g i n  C[j] :=  
K(I [ j ,k] ;  D[j] :=  k e n d e n d ;  

go  to  F i n d  least ;  
e n d  

P r e s o r t  quad ra t i c  se lec t ion  ( I ,N,S) ;  v a l u e  N;  
a r r a y  I l l : N ] ,  S [ i : N ] ;  i n t e g e r  p r o c e d u r e  K ( I ) ;  i n t e g e r  aN; 

b e g i n  i n t e g e r  i , j ,k ,C ,J ,M;  
i n t e g e r  a r r a y  C[I:M],  D [ i : M ] ;  

a r r a y  I [ i : M , I : M ] ;  
Div ide  inpu t s :  M :=  en t ie r  ( sq r t (N) )  + 1; j :=  k :=  1; 

f o r  i :=  I. s t e p  1 u n t i l  N d o  b e g i n  
I[j,k] := I[i]; k : =  k +  1; 
i l k  > M t h e n b e g i n k  :=  1; 

j := j + l e n d  e n d  
Fi l l  up inpu t s :  I[j ,k] := z; k :=  k + 1; 

i l k  > M t h e n b e g i n k  :=  1; j = j + 1 e n d  
i f  j < M t h e n  go  t o  Fill up inputs ;  

F i r s t  sor t :  f o r  j :=  1 s t e p  1 u n t i l  iV[ do  
sor t  select  exchange (I[j ,k],M); 

Set  cont ro ls :  f o r  j :=  1 s t e p  1 u n t i l  M do  b e g i n  
CIj] := K( I [ j , i ] ) ;  D[j] :=  1 e n d  

i : = l ;  
F i n d  least :  C := (?[1]; J :=  1; 

f a r  j :=  1 s t e p  l u n t i l M d o  
i f C  > C[j] t h e n  b e g i n  C := C[j]; 

J :=  j e n d ;  
Fi l l  file: S[i] := I[J ,D[J]] ;  i := i + 1; 

i f i  = N + 1 go  to  STOP 
R e s e t  cont ro l :  f o r  j :=  J do  b e g i n  

D[j] := :l,)[j] + l ;  
i f  D[j] > M t h e n  C[j] := z e l se  C[j] := 

K(I [ j ,  D{j]]) e n d  
go  to  F i n d  leas t ;  

S T O P  : e n d  

Sor t  b ina ry  merge  ( I ,N,S) ;  v a l u e  N;  a r r a y  I l l : N ] ;  
i n t e g e r  p r o c e d u r e  K(I )  ; i n t e g e r  N; 
b e g i n  r e a l  a r r a y  S[I :N];  
i n t e g e r  a r r a y  A[0 : i ,  0:J[a]],  B[0 : i ,  0:K[b]] ,  A10c[0:I, 0:J[a]],  

B10c[0:l, 0 :K[b]] ,  J [0 : l ] ,  K[0:I] ,  j [0: l] ,  k[0: l ] ;  
i n t e g e r  a ,b , i , j ,k ;  

d i s t r i bu te :  a := b := j{0] :=  j[1] :=  1; 
f o r  i :=  1 s t e p  1 u n t i l N  do  b e g i n  

i f  K(I[i])  < K ( I [ i - 1 ]  t h e n  
i f a  = 1 t h e n  a := 0 e l s e a  := 1; 

A[a, j[a]] :=  K(I[ i]) ;  A10c[a, j[a]] := i; 
j[a] := j[a] + 1 e n d ;  

J[0] :=  j[0]; J[1] := j[1]; 
n e x t  sor t :  b e g i n  a :=  b :=  j[0] := j[1] := k[0] :=  

k[l l  :=  1; 
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} 

two inputs :  i f  All, j i l l]  ~ A[0, j[0]] t h e n  a := 1 e lse  
a : = 0 ;  

Bib, k[b]] := A[a, j[a]t; 
Bh)c[b, k[b]I := Aloe[a, j[a]]; 

j[a] := j[a] + 1; k[b] := k[b] -F 1; 
i f  A[a, .i[a]l >_ A[a, j[a] - 1] t h e n  go to two 

inputs e lse  
i f a  = 1 t h e n  a := 0 e l s e  a := 1; 

single s tep:  B i b ,  k[b] l  :-- A[a ,  j fall;  
Bloc{b, kl})]l := Aloe[a, j[:~]l; 

j[a] := j[a] +1 ;  k[b] := k[b] + 1; 
i f  A[a, j[a]] ~ A[a, j[a] - 1[ t h e n  go to  

single step ; 
switch file: i f  b = 1 t h e n  b := 0 e lse  b := 1; 
check rol lout :  for  a := 0, 1. do  

i f  j[a] = ,][a] t h e n  go to rollout; 
go to two inputs ;  

rollout:  B[b, k[b]] := A[a, j[a]]; 
Bloc[b, k[b]/ := Aloc [a, j[a]]; 

k[b] := k{b] -t'- 1; j[a] := j[a] + 1; 
i f  j[a] = J[a] t h e n  go to interchange files; 
i f  A[a, j[a]l < A[a, j[a] - 1] t h e n  

i f b  = l t h e n  b : =  0 e l s e  b : =  l ;  
g o  t o  rolloui; 

in terchange files: K[0[ := k[0]; K[1] := k[l]; 
i f  K[0] = 1 t h e n  go to output  e n d  
for b := l ,  0 do b e g i n  

for  k[b] := 1 s t ep  1 u n t i l  K[b]  d o  b e g i n  
A[b, k[b]] := B[b, k[b]]; 

Aloe[b, k[b]] := Bloc[b, k[b]]; 
J[b] := K[b] e n d  e n d  

go to next sort ;  
ou tput :  t'or i := l s t e p  1 u n t i l  N do 

S[i]  : =  I [Bloc[0 ,  i l l ;  
e n d  
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N U M E R I C A L  S O L U T I O N  O F  T H E  P O L Y N O M I A L  

EQUATION [K. W .  E l l e n b e r g e r ,  Comm. A C M  3 
(Dec .  :1960), a s  c o r r e c t e d  in t h e  p r e v i o u s  C e r t i f i c a t i o n  

b y  W i l l i a m  J .  A l e x a n d e r ,  Comm. A C M  ~ ( M a y  1961)]  

KALMAN" J .  Corn~:x  

G r a d u a t e  S c h o o l  of I n d u s t r i a l  A d m i n i s t r a t i o n ,  C a r n e g i e  

I n s t i t u t e  of  T e c h n o l o g y ,  P i t t s b u r g h ,  P a .  

The t /OOTP( )L  procedure originally published by Ellenberger  
as corrected and  modified by Alexander was coded for the Bendix 
G20 in 20-(lATE. Sortie serious errors were found in the th i rd  and 
four th  lines above  the  s t a tement  labelled "IIJ~;VERSE" in Ellen- 
berger ' s  Algor i thm which were not  ment ioned in Alexander 's  
Certif ication.  F i r s t ,  the function " log"  is not a s tandard  funct ion 
in ALGOL 60 ; it is c lear  from the context,  however, t ha t  El lenberger  
in tends  this  to be the  logari thm function to the base 10. Second, 
El lenberger ' s  Algor i thm failed to divide the accumulated sum of 
the  logari thms by n + l  before taking the ant i logar i thm.  

The correct,  and  slightly simplified, manner  in which the th i rd  
and fourth l ines above the s ta tement  labelled " R E V E R S E "  
should read is: 

i f  bi ¢ 0 t h e n  s := ln(abs(th))  
e n d ;  s := s / ( n + l ) ;  s := exp(s); 

With these correct ions,  the  nmnerical  results obtained essen- 
t ial ly agree wi th  these  reported by Alexander. 
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I N V E R S E  O F  A F I N I T E  S E G M E N ' F  O F  T I l E  I I IL -  

B E R T  3 / [ A T R I X  [J. t~. H e r l K l o n ,  Comm. A C M  .I 

(Apr .  1961)] 

B.  tlANDELL 

Ai~omic P o w e r  D i v i s i o n ,  T h e  E n g l i s h  E l e c t r i c  Co. ,  W h e t -  

s tone ,  E n g l a n d  

INV[fILt~EICT was t rans la ted  using the ] ) E t c h  ALC;OL com. 
plier and the following corrections being n e e d e d .  
1. S[1, 1] = n X n, replaced by S[1, 1] := n X n; 
2. S[j ,  i] :=  S( j ,  1 ] / ( i  -F j - -  : l )  
replaced by S[j, i] := S[j, i] /(i  + j - 1 )  
The compiled ttrogram, which used a 20 b i t  m a n t i s s a  floating point 
nota t ion then produced the  following 4 X 4 s e g m e n t  

10.0 - 120.0 240.0002 - 140.0 
--  120.0 120(i). 0 -- 2700. O 1080.0019 

240.0 - 2700.0 6480.0 - 4200.0 
- 140.0 1680.0019 -- 4200.0 2800.0039 
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I N V R S  (J .  Ca f f r ey ,  C o m m .  A C M .  J u l y  1.961) 

B.  RANDELL, C. G.  BRO~DEN. 

A t o m i c  P o w e r  D i v i s i o n ,  T h e  E n g l i s h  F ,  l e c t r i c  C o m p a n y ,  

W h e t s t o n e ,  E n g l a n d .  

INVRS was t rans la ted  using the I)E~:cn AL(;OL Compiler,  and 
needed the following correction. 

The repeat  of tim line, 
b e g i n  pivot  := 1.0/t[1, 1 ] ;  

was deleted. 
The compiled program, which used a 20 b i t  maat issa  floatir~g 

point  nota t ion,  was tested using Wilson's m a t r i x  

5 7 6 5 
7 10 8 7 
6 8 10 9 

7 9 10 5 

and gave results 

67. 9982 -- 40.9991 -- 16. 9995  9. 9997 
-- 40. 999 l 24. 9995 9. 9997 -- 5. 9998 
-- 16. 9995 9.9997 4. 9998  -- 2.9!)99 

9. 9997 - 5.9998 -- 2. 9999 l. 9999 

(The output  rout ine completed the s y n m m t r i c  matrix)  

INVRS will in fact  inver t  non-posi t ive s y n u n e t r i c  matrices, the 
only restr ict ion appear ing to be tha t  the  l e a d i n g  minors of the 
matr ix  must  be non-zero. The  variable T[1, 1] takes as its sucres: 
sive values ratios of the (r + 1)th to the r t i t  l eadng minors of the 
matrix,  and if it becomes zero the var iable  ' p i v o t '  camtot be corn o 

puled. 
The following matr ix ,  for which the s u c c e s s i v e  values of T[1, 11 

were --t--2, - 2 ,  - 1 ,  --0.6, + 5  gave results c o r r e c t  to one unit  in the 

fifth significant figure. 

2 - 3  1 - - 1  4 
- 3  2 - 4  3 - 2  

1 - 4  - 3  2 4 
--I 3 2 ~ 2  --3 

4 - 2  4 ~--3 2 

i ̧ 
~i~ i I 

C o n t r i b u t i o n s  to this  depar tmen t  mus t  be in the form 
s ta ted  in the  Algori thms Depar tmen t  policy s t a tement  (Com- 
municaHons, February ,  1960) exeept t h a t  ALGOL 60 no ta t ion  
should be used (see (/ommunications, May 1960). Contr ibu-  
tions should  be sent  in duplicate  to J.  H. Wegstein, Compu- 
ta t ion Labora to ry ,  Nat ional  Bureau of Standards,  Washington  

• b l l c a t m n  loan  of 25, D. C. Algori thms should be in the I u ' ." " " 
ALGOL 60 and wr i t ten  in a style p a t t e r n e d  a f t e r  the most re- 
cent  algori thms appear ing in this d c p a r t m e r l t -  For  the conven- 
ience of the pr inter ,  please underline word~ t h a t  are delimiters 
to appear  in boldface type.  
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