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r e a l  t i r o e e d u r e  A V I N T  (nop,  i t ,  xat'g, xto, xllp, xa, ya) ;  L(i: 
value hop,  j t, xarg, xlo, xup; rea l  xarg,  xlo, xlip; 
i l l t ege r  liop, jr ;  r e a l  a r r a y  xa, ya;  L7: 

e o n l m e n t  This  p rocedure  will pe r form in te rpola t ion ,  differen-  L8: 
t ia t ion,  or in tegra t ion  opera t ing  Ilpon funct ions  of one vari-  Lg: 
able which over  p a r t  or all of the in te rva l  of in te res t  are  ado- e o m m e n  t 
quate ly  descr ibed  by a d i -parabo l ie  fit. IA0: 

The rout ine  was or iginal ly  p rogramnied  as an Ol:)en subrou-  e o l n l n e i l t  
tine for the IBM 704 in IeowrR,tx I [  ali(l occupied 32a m e m o r y  LI1 : 
locat ions .  I t  is based upon a Lagrange  in te rpo la t ion  scheme eom~ne~t  t 
special ized for averaged  second order  parabolas .  The teeh-  IA2: 
nique finds the slope of a function numerically defined at 
poin ts  1, 2, 3 and  4 by" f i t t ing a pa rabo la  t h rough  the po in t s  IA6: 
1, 2, 3, and a n o t h e r  l)araJJola t h rough  tlle po in t s  2, 3, and 4. 

e O l n l l l e l l  t 
The slope, then, all, point 2, is the aver,Lge analytietd deriwa, iw~ 
of tile two par~O)olas, i .e.  the coefficients of the  pa r abo l a  
th rough  po in t s  1, 2 and 3 (a~x:2+bix~+c0 aad  the  coefficients 
of the pa rabo la  th rough  po in t s  2, 3, and 4 (aex~+bex~.4-c2) 
are de t e rmined  by app ly ing  I ,agrange ' s  equa t ions  as shown be- 
low. The  a r i th ine t ie  inean of these  eoeltieients a = (a~+ae)/2,  
b = (t)t+l)z)/2, e = (e l+e :0 /2  ~Lre used to supply  the  slope 
in the i n t e r w d  from 2 to 3, namely  (2ax + b). 

The i n t e r po l a t i oa  is ca lcu la ted  in similar  fashion,  except  the  
final formula  is t h a t  a pa rabo la  (ax 2 + bx + e). 

The i n t e g r a t i o n  is pe r fo rmed  l ikewise by a curve t i l t ing  
process,  e.g. the  integral  be tween  any two po in t s  say 2 and 3 
is the average  in tegra l  of the two parabo las  be tween  the  inde-  
penden t  coord ina te  l imits for po in t s  2 and 3. The  averag ing  IA3: 
proeess is done for  each in terval  along the abscissa  as the  
results  ob ta ined  are accumula t ed  to evalua te  the defini te  L14: 
integral .  

Apply ing  Lagrange ' s  equa t ions ,  the coefficients a, b, and c IA5: 
may be found by  defilfing: T i = yj/[I[2~. ~/~ (Xj - X~) where 
y = f ( x ) ,  n = 3, j = 1, 2 , - - .  , n,  t h e n  a = ~ 2 t  T ~ ,  

b e g i n  r e a l  ca, eb,  ec, a, b, e, syl, syu ,  t e rml ,  term2, term3, da,  eoini l lent  
dif, suill ; 

i n t e g e r  jm,  i s ,  jill, ia, ib;  
s t a r t :  s w i t c h  alpha :=  L1, L1, IA2; s w i t c h  be ta  :=  1,9, 

L5, 1,6 ; term : 
switch gamma := LIO, IAl; switch delta := L8, comment 

L8, L13; 
c o m m e n t  For i n t e rpo la t ion ,  d i f ferent ia t ion  or i n t eg ra t ion  set  ex i t l :  

j t  = 1, 2, or 3 respec t ive ly ;  exit2: 
go  to  a lpha  [jt]; exit3: 

L i :  i f  xarg >_ xa [nop] t h e n  g o  t o  L2; exi t :  
i f  x a r g  > xa [ n o p - 1 ]  t h e n  g o  t o  L2; 
i f  x a r g  < xa [1] t h e n  go  t o  L3; 
i f x a r g  _< xa [2] t h e n  go  t o L 3 ;  go t o L 4 ;  

jm  :=  h o p - - l ;  js := 1; go  to  t e r m ;  
jm :=  2; js  := 1; go to t e r m ;  
Loca te  a rgument ;  
fo r  ia := 2 s t e p  1 u n t i l  nop do  b e g i n  
i f  xa [ia] > xarg then go to  L7; ,ira :=  ia end; 
Before loop is complete  xarg 5 xa [ia]; 
ca : =  a; eb := b; ec := c; js := 3; jm := 

j m + l ;  go  t o t e r m ;  
a := ( c a + a ) / 2 ;  b :=  ( e b + b ) / 2 ;  e :=  (cc+e)/2; 

g o  t o  Lg; 

.is := 2; go to  t e rm;  
go to  beta [js]; 
go t o  gamma ijt}; 
In te rpo la t ion ,  j t  = 1; 
d a : =  a X  xarg "F 2 + b X  x a r g - f - e ;  g o t o e x i t l ;  
Dif ferent ia t ion ,  j t  = 2; 
dif : =  2 X xarg + b;  go to  exit2; 
In tegra t ion ,  j t  = 3; 
sum : =  0; syl : =  xlo;  j u l  : =  n o p -  1; 

ib  : = 2; 
tktr jm  : =  ib s t e p  1 u n t i l  jul  do  b e g i n ;  
Lagrange  formulae;  
term1 : =  ya  [jm - l ] / ( (xa  [jin - 1] - xa[jm]) × 

(xa{jm -- 11 - xa[jm -4- 1])); 
te rm2 : =  ya [ jm]/((xa [jm] - xa [jtii - l]) X 

(xa{jml - xa {jm + 1])); 
term3 : =  ya  [jm + l l / ( ( xa  [jm + 11 - xa [jm - 1}) × 

(xa [jm + 1J - xa [jrn])); 
a : =  t e rml  + term2 + tenna; 
b : =  - ( x a  [jnl] + xa [jn, + 1]) X ternf i  - (xa 

[jm -- 1] + xa [jm + 11) × term2 - (xa [jm - 1] + 
xa {jml) × terni3; 

e : = xa [jm} X xa [jm + 1] X terrnl  + xa [jni - l} × 
xa [jln + 11 X term2 -4- xa [jm -- 1] X xa [jm] X 
term3; go to  del ta  lit]; 

i f  j in # 2 t h e n  go to  L i t ;  
ca : =  a; eb : =  b; ee : =  e; go t o l A 5 ;  
ca : =  (a + ca)/2;  eb : =  (b + cb) /2 ;  cc := 

(c + ce)/2;  
syu : =  xa [jm}; 
sum : =  Slim + ca X (syu ~ 3 -- syl 'I" 3)/3 + cb X 

(syu T 2 - syl T 2)/2 + ee x (syu - syl);  
ea : =  a; eb : =  b; ee : =  e; syl  : =  sytl e n d ;  
E n d  of loop on [jm] index;  
SULII : =  Stltll -JF Ca X (xap I" 3-syl  ~ 3)/3 + eb × 

(xup ~" 2-syl  ~" 2)/2 + ec X (xup -- sy l ) ;  go 
to  exit3; 

ib : =  jm; jul : =  ib; go to  LI6; 
The  resul ts  for in te rpo la t ion ,  d i f ferent ia t ion,  and 

i n t eg ra t ion  are da,  dif,  and sum respec t ive ly ;  
A V I N T  : =  da;  go t o  exi t ;  
A V I N T  : =  dif;  go t o e x i t ;  
A V I N T  : =  sum; 
e n d  
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c o m m e n t  This ALl;or  t)roeedure,  [mined re , fac t ,  for finding 
rati(mal roots of I)olynomiMs wi th  in teger  coefficients is a 
ped:~gogical example  i l lus t ra t ing the  use of the for  s t a t emml t  
descr ibed in sec t ion  4.6.3. Also, an extet ,sion sugges ted  by 
J. Peek  of the wel l .known polynomial  evahmt ion  by nest ing,  
i.e. t t o r n e r ' s  me thod ,  is used. The polynomial  f (x )=  a0 + a,x-k' 
. . .  ÷a~,x" with in teger  coefficients and with a0a,~¢-o has a 
lowest  te rm rat ional  root p /q  if and oMy if a0q" q- atq**qp -] 
. . . . .  ~a,,_~q l )''< ~ a~,p"~ 0, also q mus t  be a faetor  of a,, and 
p a factor  of a0 l)roeedure RArFAcT ou tpu ts  the  nonzero 
rat ional  roots p /q  by execution of the proeedurc  whose formal 
name is pr in t .  The  ou tpu t  l)roeedure uses the s t r ing whose  fro'real 
name is fo rmat  for control  of tile ou tpu t  format ;  

p r o c e d u r e  ra t fae t  (a, n, pr in t ,  fo rmat ) ;  
i n t e g e r  a r r a y  a[():n]; i n t e g e r  n; p r o c e d u r e  p r in t ;  s t r i t , g  

format  ; 
b e g i n  i n t e g e r  i, p, q, r, t, f, g; 
p loop: for  p := 1 s t e p  1 u n t i l  abs (a[0]) d o  

b e g i n  c o m m e n t  if p is not  a factor  of a [0] or q is not  a faetor  
of a[n] then  skip to the  end of the loop for advance  in the  
respect ive  for  list; 
i f  a[()] ~ ( a [ 0 j + p ) X p  l h e n  go  to 1 
e l se  q loop: fo r  q := l s t e p  l u n t i l  abs (ale]) do  

b e g i n  i f  a[n] # (a[n]+ q ) X q  t h e n  go  to 2 
e l s e  
b e g i n  c o m m e n t  root test. and pr in t ;  

c o m m e n t  s t a r t  polynomial  evaluat ion;  
f := g : =  a[0l; t := p; 
for  i :=  1 s tep 1 u n t i l  n do 
b e g i n  r := a[ i ]Xt ;  

f := fX(t-~r;  
g := - g X q + r ;  
t : =  t X p ;  

e n d  polynomial  cvahmtiol l ;  
e o m ~ n e n t  comput ing  r saves onc subscr ip t  

eva lua t ion ;  
i f  f = 0  t h e n  pr in t  (format ,  1), q);  
i f  g = 0  t h e n  pr in t  ( for lna t , - -p ,  q) ;  
c o m m e n t  pr in t  is the formal name of the  procedure  

to be used to ou tpu t  the  variables  in the  format  
specified by the  s t r ing whose formM name is fo rmat ;  

e n d  root  test  and pr in t ;  
2: e n d  q loop;  

1: e n d  p loop; 
e n d  ra t fae t ,  w i thou t  overflow tes t .  
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p r o c e d u r e  dicol (k, n, xp, x tab ,  coef ) ;  
v a l u e  k, n; integer  k, n; real  xp ;  
a r r a y  xtab,  eoef; 
c o n , m e n ,  dieol t)roduces the  eoef l ie ients  for the  n ordinaies  

(corresponding to the absc i s sae ,  x t a b )  in the  n-point  finite 
difl 'erenee expression for t he  k - t h  der iw~t ive  eva lua ted  at xp. 
T h e  method  used is to d e t e r m i n e  the  anMyt ic  expression for 
the  k- th  der iwt t ive  of each eoef~e ien t  in t h e  n -po in t  Lagrangian 
in te rpo la t ion  formul:~ and e v a l u a t e  i t  at  xp. Note  t ha t  k = 0  
will produce tile Lagrangian  in t e r [ r e l a t ion  coefficients them- 
selves ; 

b e g i n  i n t e g e r  a r r a y  xuse [l : n - - l ] ;  ,real factk,  sum, dehorn, 
p a r t  ; 

i n t e g e r  i, terms,  j, m, high;  
f a e t k  := 1.0; for  i := 2 s t e p  I u n t i l  k d o  fae tk  := i × f a e t k ;  
t e r m s  := n - k - l ;  i f  t e r m s < 0  t h e n  go to  Z; 
[~)r j := l s t e p l  u n t i l n d o  
lool): b e g i n  sum := 0; dehorn : =  1.0; p a r t  := 1.0; 

fo r  i :=  1 s tep 1 u n t i l  n do  
if  i ¢ j t h e n  denom := d e n o m X  (xtab [j] - x tab [i]); 
if  te rms = 0 t h e n  g o  to  Y; 
m := 1; high :=  1; 

A: i f  (high = j ) V { x t a b  fhigh] = xp) t h e n  
AI: b e g i n  high :=  h i g h  + l ;  go to A e n d  A1; 
i f  bigh > n t h e n  A2: b e g i n  m := m - l ;  if  m > 0  

t h e n  
A3: b e g i n  high := xuse  [ l n ] + l ;  go to  A e n d  A3; 
go to X e n d  A2; 
xuse [m] := high;  m : =  r e + t ;  
i f  m N t e r m s  t h e n  b e g i n  h igh  :=  high + 1; go to 

A e n d ;  
for  i := l s tep  i u n t i l  t e r m s  do 

par t  := pa r tX  (xp - x t a b  [xuse Jill); 
sum := sum -k p a r t ;  m :=  t e r m s ;  p a r t  := 1.0; 
high :=  xuse [terms] + l ;  go  to  A; 

Y: sum := 1.0; 
X :  eoef [j] := sum X f a e t k / d c n o m  e n d  loop; 

go to  E X I T ;  
Z: for i :=  I s t e p  1 ut | l t l l  II ( | o  eoef  [i] := 0; 
E X I T :  e n d d i c o l  

Contributions to this department must be in the form 
stated in the Algorithms Department policy statement 
(Communications, Februa ry ,  1960) except  that, ALGOL 60 
nota t ion  should be used (see Communications, M a y  1960). 
Con t r ibu t ions  should be sent  in dupl ica te  to J. H. Wegste in ,  
Computation Laboratory, :National Bureau of Standards, 
Washington 25, D. C. Algorithms should be in the Reference 
form of ALGOL 60 and written in a style patterned after the 
most recent algorithms appearing in this department. For' 
the convenience of the printer, [)lease underline words that 
are delimiters to appear in boldface type. 

Although each algorithm has been tested by its contrib- 

utor ,  no warranty ,  express or i mp l i ed ,  is m a d e  by the  con- 
t r i b u t o r ,  the edi tor ,  or t he  A s s o c i a t i o n  for  Comput ing  
M a c h i n e r y  as to the  accuracy  and  f u n c t i o n i n g  of the  al- 
g o r i t h m  and re la ted a lgor i thm m a t e r i a l ,  and  no responsi-  
b i l i t y  is assumed by  the  c o n t r i b u t o r ,  t he  ed i to r ,  or the  
Assoc ia t ion  fur Comput ing  M a c h h m r y  in c o n n e c t i o n  there-  
w i th .  

T h e  reproduct ion  of a lgor i thms  a p p e a r i n g  in  th is  depar t -  
m e n t  is expl ic i t ly  pe rmi t t ed  w i t h o u t  a n y  charge .  When  re- 
p r o d u c t i o n  is for pub l ica t ion  p u r p o s e s ,  re fe rence  nmst  be 
m a d e  to the  a lgor i thm au t ho r  and  to  t h e  CommunicaHons 
i s sue  bear ing  the  a lgor i thm,  
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