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t :-- x i : k:~ :=  k - 1; 

x!ii := x i - i ! :  
x [ k  :=  ~,: I~[k :=  ~ i 1 ( - -  i;  
i f  lh l< ='~ i) 1 b e n  g(~ ~(, I:iN['I': 
p!l< :=  k 

eHd [<; 
i[!'>; ;= Iru(';  

! iN[T :  e n d  Pt ' i I IMi- ' f l ' ;  

=\i.(;t)l{iT[[3[ 87 
i' E II ~ t [ :TATION (; EN EIIATOR 
.i~.~× l{. ll()wl.:t,L 

~Hm~do Aerospace I ) iv i4ou,  3[ar t in  Mariet ta Corp., 
~ )rlanclo, l:'lorida 

p , ' o e c d u r e  I ' t ~ I I M I T A ' I ' I O N  iN, l(J;  
~ a l u e  l(, N ;  i n t e g e r  K; i n t e g e r  a r r a  3 N; 
r ~ H n m e n t  Th i s  p r o c e d u r e  gene ra t e s  ibe  nex t  p e r m u t a t i o n  in 

lexieographic  order  f rom a given pe rmu~a l i on  of t he  K marks  
0, 1, ---  , ( K - I )  by  t he  r epea t ed  a d d i t i o n  of ( K - l )  radix K. 
T h e  radix K a r i t h m e t i c  is s i m u l a t e d  by  the  add i t i on  of 9 radix 
I0 n.nd a t es t  to d e t e r m i n e  if the  s u m  cons i s i s  of only  the  original  
K digi ts .  Before each  e n t r y  in to  t he  p r o e e ( h t r e  the  IC marks  
are a s s u m e d  to h a v e  been p r e v i o u s l y  specif ied e i the r  by i npu t  
da.t~ or as the  result  of a p rev ious  e n t r y .  [ ' p e n  each such  en t ry  a 
uew p e r m u t a l i o n  is s to red  in N[l i  lhr ( )ugh N{K]. In ease the  
givcn p e r m u t a i i o n  is (K 13, ( K - 2 ] ,  - . -  , 1, 0, t h e n  the  nex t  
p e r m u t a t i o n  is t a k e n  to be 0, 1, - . .  , (K - t ) .  A FORTRAN 
s u b r o u t i n e  for the  IBM 7(}90 has  been  wr i t t en  and  t e s ted  for 
severa l  examples  ; 

t,~.gln i n t e g e r  i, j. c a r ry ;  
fo r  i :=  I sl .ep 1 u n t i l  K do  

i f  N[i[ - K + i # 0 the~l  go  to  add ;  
for  i :=  l s t e p  l u n t i l  K do  N[i] : =  i -- 1; 
go  to  e×it.; 

:~dd: N[KI : -  X{t(i + 9; 
for  i :=  l s t e p  1 u n t i l  K - 1  d o  

b e g i n  if  K > 10 t h e n  go  to  I~; 
c a r ry  : =  N [ K - i - l - l ! + 1 0 ;  go  to  C; 

t~: ca r ry  : =  N [ K - i - i - l  !+  K; 
C:  i f  c a r ry  = 0 t h e n  go  Io t e s t ;  

N{ tC- i l  : -  N [ K - i l  -~. ca r ry ;  
N [ I ( - i - i - l ]  :=  N [ K - i + t ]  - 1 0  X ca r ry  

e n d  i ; 
;.est: for  i := I s t e p  1 u n t i l  K do  i f  N[i! - (K - 1) > 0 

t h e n  go to add ;  
fo r  i : -  l s t e p  l u n t i l  K - - i  (1o 

for  j := iqbl s l e p  l u a l i l  l(  do  
i f  N [ i ] - N [ j l  = 0 t h e n  go  Io add ;  

,?,,it: e n d  I)I:;IIMI.TTATION GENEICATOI{  

('I'2I{TII:ICATION O1:" AI,GOtHTI:[M 35 
SIEVE IT. C. Wood, Comm. AC_I/, March 1961) 
P. J. BI~owx 
University of Xorth Caroli~m, Chapel Hill, X. C. 

S I E V E  was t . r ans l i t e ra ted  in to  G A T  for t he  UNIVAC 1105 
and  success fu l ly  r un  f,-)r a i l u n l D e r  o f  eases.  

The s t a t e m e n t  : 
go t o  i f  n/p[i]  = n + p[i] t h e n  bl  e l s e  b2; 

was changed  to the  s t a t e m e n t :  
go  t o  i f  n/p[i]  - n + p[i] < . 5 / N n m x  t h e n  b l  e l s e  b2; 

Roundof f  e r ror  nf ight  lead  to the  fo rmer  g iv ing  undes i r ed  resul ts .  

CI ;RTil"I( 'ATiON OF AI~GOIllTHM 71 
I)I'3;~MUTATI()N t.R. II. Coveyou and d. G. Sullivan, 

('o*~m*. _1( ' .1/ ,  N o v .  1 9 6 i )  

P.  a .  B i a ) w x  

U n i v e r s i t y  of  N o r t h  C a r o l i n a ,  C h a p e l  H i l l ,  X .  (3. 

P tLI{MUTATI t )N was t r a n s l i t e r a t e d  into ( ; A T  for the  Ux~- 
VAC i 11)5 zl! td  s U C C e S s f t l l [ y  r l u l  f o r  a i t u t l l l ) c r  o f  cases .  

( ' I ] I T I H C A T I ( ) N  01: AI ,GORITHM 7/ 
I ) E R 3 [ I T A T I O N  ill. R. Coveyou and ,1. (i. Sulliwm, 

( 'cram.. . l( 'Jl ,  N ( w .  19(i1) 

,1. E. L. l h c c K  AXD G.  I:. S e r m A c K  

V n i v e r s i t y  of  A l b ( , r t a ,  C a l g a r y ,  A l b e r t a ,  C a n a d a  

P E I I M U T A T I t ) X  was t r a n s l a t e d  in to  F o m ' R x ×  for the  IBM 
1620 :m(l it pe r fo rmed  sa i i s fac to r i ly .  The  o w n  i n t e g e r  a r r a y  
xi0:nl m a y  be sho r t ened  to x [ l : nh  p rov ided  c o r r e s p o n d i n g  cor-  
rec t ions  are  made  in the  first two fo r  s t a t e m e n t s .  

t [owcver ,  I ' E I I M U T E  (Algor i thm 86) is supe r io r  t o P E R M U -  
T A T I O N  in twe respects .  

(1) Iq - ; I{MI:TAT[ON,  us ing  s to rage  of order  2n, is des igned  to 
p e r m u t e  the  specific vector  0, l ,  2, . - .  , n - 1 r a t h e r  t h a n  an 
a r b i t r a r y  vector .  T h u s  s to rage  of o rder  3n is r equ i red  to p e r m u t e  
an  at'bit ra ry  vector .  P E R M U T E ,  in con t r a s t ,  only  needs  s t o r ag e  
of order  2n to p e r m u t e  an arl.)itrary vector .  

(2~ P E R M U T E  is hui l t  up  f rom cyclic p e r m u t a t k m s .  T h e  
numl)c r  of t ) e rmuta t ions  ac tua l ly  execut.ed i n t e r n a l l y  ( the re- 
d u n d a n t  ones arc  suppressed)  by  PEID,  I U T E  is a s y m p t o t i c  to 
(e - I'm'. r a the r  th :m n!. In sp i te  of this ,  PERMUTI . ]  is dis-  
l inc th"  fas te r  (131(i aga ins t  2823 seconds  for n = 8) t i t an  P E R M U -  
T A T I O N .  If  t ,  is t im t ime t aken  for all  p e r m u t a t i o n s  of a vec to r  
wi th  n c o m p o n e n t s ,  and  if r ,  = t , , /nt , ,_t  , t h e n  one wo u ld  expec t  
r .  to be close to 1. E x p e r i m e n t  wi th  smal l  va lues  of n gave  t h e  
fol lowing resu l t s  for r , , .  

n 6 7 8 
P E R M U T E  0.96 9.99 1.00 

P E R M U T A T I O N  1.10 l.  13 1.12 
Is the re  ye t  a f a s te r  way to do it? 
See also:  C. T o m p k i n s ,  " M a c h i n e  A t t a c k s  on P r o b l e m s  whose  

Var iab les  are  P e r n m t a t i o n s " ,  P roceed ings  of S y m p o s i a  in Appl ied  
M a t h e m a t i c s ,  Vol. VI :  Numerical ATudysis IN. Y., M c G r a w - H i l l ,  
1956). 

The Calculation of Easter... 
By D o n a l d  K n u t h  
California Institute of Technology, Pasadena, California 

Here are two programs, written to demonstrate ALGOL 
and COBOL. Object: to determine the month and day of 
Easter, given the year. The ALGOL program (1) is written 
as a procedure, which sets up "month" and "day' given 
the value of "year." The COBOL program (2) prepares a 
printed table of Easter &Lte, from 500 to 4999 A.D. 

(1) 

p r o c e d u r e  E a s t e r  (year, m o n t h ,  d a y ) ;  v a l u e  y e a r ;  i n t e g e r  
year ,  m o n t h ,  day ;  

c o m m e n t  Th i s  procedure  ca lcu la tes  the  d a y  an d  m o n t h  of 
Easter  g iven  the  year.  I t  gives t h e  actual  date  of "Western  
Easter"  (not the  Eas tern  Eas ter  of the  E a s t e r n  Orthodox  
churches)  after  A.D.  463. "golden n u m b e r "  is the n u m b e r  of the  
year in the  Metonic  cycle,  used to d e t e r m i n e  the  p o s i t i o n  of the  
calendar moon.  "Gregorian correct. ion" is the  n u m b e r  of  preced-  
ing years  l ike 1700, 18(10, 1900 w h e n  leap year  was  not  held,  
"Clavian correct ion" is a correct ion  for t h e M e t o n i c  cyc le  of about  
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8 d a y s  e v e r y  2500 y e a r s .  " e p a c t "  is  t h e  a g e  of  t h e  c a l e n d a r  m o o n  

a t  t h e  b e g n n i n g  of  t h e  y e a r .  " e x t r a  d a y s "  s p e c i f i e s  w h e n  S u n d a y  

o c c u r s  i n M a r c h .  "epac t "  s p e c i f i e s , w h e n  f u l l  m o o n  o c c u r s .  E a s t e r  

is  t h e  f i r s t  S u n d a y  f o l l o w i n g  t h e  f i r s t  f u l l  m o o n  w h i c h  o c c u r s  

o n  o r  a f t e r  M a r c h  21.  R e f e r e n c e :  A ,  l ) e  M o r g a n ,  A B u d g e t  of  
P a r a d o x e s ;  

b e g i n  i n t e g e r  g o l d e n  n u m b e r ,  c e n t u r y ,  G r e g o r i a n  c o r r e c t i o n ,  

C l a v i a n  c o r r e c t i o n ,  e x t r a  d a y s ,  e p a c t ;  

i n t e g e r  p r o c e d u r e  r o o d  (a ,  b ) ;  v a l u e  a ,  b ;  i n t e g e r  a ,  b ;  

r o o d  : =  a -  b X (a  + b ) ;  

g o l d e n  n u m b e r  : =  m o d  ( y e a r ,  / 9 )  + 1; i f  y e a r  N 1582 t h e n  g o  

t o  J u l i a n ;  

G r e g o r i a n :  c e n t u r y  : =  y e a r  + 100 q- 1; 

G r e g o r i a n  c o r r e c t i o n  : =  (3 X c e n t u r y )  + 4 - 12;  

C l a v i a n  c o r r e c t i o n  : =  ( c e n t u r y  - 16 - -  ( c e n t u r y  - 18) + 25)  

+ 3 ;  

e x t r a  d a y s  : =  (5 X y e a r )  + 4 - G r e g o r i a n  c o r r e c t i o n  - 10;  

e p a e t  : =  r o o d  I l l  X g o l d e n  n u m b e r  4-  20 4- C l a v i a n  c o r r e c -  
t i o n  - G r e g o r i a n  c o r r e c t i o n ,  3 0 ) ;  

i f  e p a e t  N 0 t h e n  e p a c t  : =  e p a e t  + 3 0 ;  

i f  ( e p a e t  = 25  A g o l d e n  m t m b e r  > 11) ~/  e p a e t  = 24  t h e n  

e p a e t  : =  e p a e t  -4- 1; 

g o  t o  e n d i n g  r o u t i n e ;  

J u l i a n :  e x t r a  d a y s  : =  (5 X y e a r )  + 4 ;  e p a e t  : =  r o o d  (11 X 

g o l d e n  n u m b e r  - 4 ,  30)  + 1; 

e n d i n g  r o u t i n e :  d a y  : =  4 4  - e p a e t ;  i f  d~Ly < 21 t h e n  d a y  : =  

d a y  + 30;  

d a y  : =  d a y  -4- 7 - r o o d  ( e x t r a  c l a y s  q- d a y ,  7 ) ;  

i f  d a y  > 31 t h e n  b e g i n  m o n t h  : =  4 ;  d a y  : =  d a y  - 31 e n d  

e l s e  m o n t h  : =  3 e n d  E a s t e r  

(2) 
000100 I D E N T I F I C A T I O N  DIVISION. 
000209 PROGRAM-ID.  DATE OF EASTER.  
000300 AUTHOR.  D E K N U T H .  
000400 I )ATE-WRiTTEN.  J A N U A R Y  22. 1962. 
000500 DATE-COMPILED.  J A N U A R Y  23. 1962. 
000600 E N V I R O N M E N T  DIVISION. 
000700 C O N F I G U R A T I O N  SECTION. 
0011800 SOURCE-COMPUTER.  COBOLIAC. 
000900 OBJECT-COMPUTER.  COBOLIAC-2, P R I N T E R .  
001000 SPECIAL-NAMES. 
0011O0 PRINTER-OVERFLOW IS SKIP-TO-NEXT-PAGE.  
001200 INPUT-OUTPUT SECTION. 
001300 FILE-CONTROL.  
001400 SELECT ANSWER-TABLE,  ASSIGN TO P R I N T E R .  
001500 DATA DIVISION. 
001600 FILE SECTION. 
001700 FD ANSWER-TABLE; LABEL RECORDS ARE STANDARD;  DATA 

RECORD IS EASTER-DATES.  
001800 01 EASTER-DATES.  
001900 02 EASTER-DAY; OCCURS 6 TIMES. 
002000 03 MONTH; SIZE IS 5 ALPHABETIC DISPLAY 

CHARACTERS.  
002100 03 F ILLER;  SIZE IS I Ci IARACTERS.  
(102200 03 DAYS; P ICTURE IS Z9,. 
002300 03 YEARS; P ICTURE IS ZZ999. 
002400 03 FILLER;  SIZE IS 6 CHARACTERS.  
002500 WORKING-STORAGE SECTION. 
002600 77 TEMP; SIZE 6 NUMERIC COMPUTATIONAL. 
002701) 77 TEMPq;  SIZE 6 NUMERIC COMPUTATIONAL. 
002800 77 BASE-YEAR; SIZE 4 NUMERIC COMPUTATIONAL. 
002900 77 LINE; SIZE 2 NUMERIC COMPUTATIONAL. 
003000 77 COLUMN; SIZE 1 NUMERIC COMPUTATIONAL. 
003100 77 COLUMN-YEAR; SIZE 4 NUMERIC COMPUTATIONAL. 
003200 77 YEAR; SIZE 4 NUMERIC COMPUTATIONAL. 
003300 77 GOLDEN-NUMBER;  SIZE 2 NUMERIC COMPUTATIONAL.  
003400 77 C E N T U R Y ;  SIZE 2 NUMERIC COMPUTATIONAL. 
003500 77 GREGORIAN-CORRECTION;  SIZE 2 NUMERIC 

COMPUTATIONAL. 
003600 77 CLAVIAN-CORRECTION;  SIZE 2 NUMERIC 

COMPUTATIONAL. 
003700 77 EXTRA-DAYS;  SIZE 4 NUMERIC COMPUTATIONAL. 
003800 77 EPACT; SIZE 2 NUMERIC COMPUTATIONAL. 
003900 77 DAY; SIZE 2 NUMERIC COMPUTATIONAL. 
004000 P R O C E D U R E  DIVISION. 
004001 CONTROL SECTION. 
004002 OUTER-LOOP.  

004100 
004200 

004300 
004400 
004500 
004600 

004700 
00,t800 

004900 

005000 

005100 
005201} 
005300 

005400 
005500 
005600 

005700 

005800 
005900 
(106000 
006100 

006200 

006300 

006400 

006500 

006600 
006700 

(10~8(10 

006900 
007000 

007100 

007200 

007300 

007400 

007500 
007600 
007700 
007800 

007900 

008000 

008100 

008200 
008300 

008400 
008500 
008600 

008700 
008800 

008900 
009000 
009100 

009200 

OPEN OUTPUT ANSWER-TABLE. 
PERFOI{M MiDDLE-LOOP VARYING BASE-YEAt{ FROM 500 

BY 300 
UNTIL  BASE-YEAR EQUALS 51)00. 
STOP RUN.  

Mi D DLE-LOOP. 
PERFORM INNER-LOOP VARYING LINE FROM 0 BY 1 

UNTIL LINE EQUALS 50. 
INNER-LOOP.  

P E R F O R M  COMPUTATION VARYING COLU3JN FROM 1 
BY 1 UNTIL COLUMN 

E X C E E D S  6. IF LINE IS NOT EQUAL TO 49, WRITE 
EASTER-DATES;  

OTIIERWISE WRITE EASTER-DATES B E F O R E  
SKIP-TO-NEXT-PAGE,  

COMPUTATION SECTION. 
FIND-YEAR.  

MULTIPLY COLUMN BY 50 GIVING COLUMN-YEAR;  ADD 
COLUMN-YEAR, 

BASE-YEAR, LINE, AND --50 GIVING YEAR.  
F IND-GOLDEN-NUMBER.  

DIVIDE 19 INTO YEAR GIVING TEMP; MULTIPLY 19 BY 
TEMP; 

S U B T R A C T  TEMP FROM Y E A R  G I V I N G  
G O L D E N - N U M B E R  T H E N  

ADD 1 TO GOLDEN-NUMBER.  
IF YEAR IS LESS T H A N  1583 GO TO JULIAN.  

GREGORIAN.  
DIVIDE 100 INTO YEAR GIVING C E N T U R Y ;  ADD 1 TO 

C E N T U R Y .  
MULTIPLY C E N T U R Y  B Y  3 GIVING TEMP; DIVIDE 4 

INTO TEMP; 
SUBTRACT 12 FROM TEMP GIVING 

G R E G O R I A N - C O R R E C T I O N .  
SUBTRACT 18 FROM C E N T U R Y  GIVING TEMP; DIVII)E 

25 INTO TEMP; 
SUBTRACT TEMP AND 16 FROM C E N T U R Y  GIVING 

TEMP; 
DIVII)E 3 INTO TEMP GIVING CLAVIAN-CORRECTION.  
MULTIPLY YEAR BY 5 GIVING TEMP; DIVII)E 4 INTO 

TEMP; 
SUBTRACT 10 AND G R E G O R I A N - C O R R E C T I O N  FROM 

TEMP GIVING EXTHA-DAYS.  
FUDGE-EPACT.  

MULTIPLY GOLDEN-NUMBER BY 1I GIVING TIOMP; 
SUBTRACT 

G R E G O R I A N - C O R R E C T I O N  FROM TEMP; ADD 19, 
CLAVIAN-CORRECTION,  TEMP; 

DIVIDE 30 INTO TEMP GIVING TEMP-1; MULTIPLY 30 
BY TEMP-1; 

SUBTRACT TEMP-1 FROM TEMP; ADD TEMP,  1 GIVING 
EPACT. 

IF EPACT EQUALS 24 OR (25 AND G O L D E N - N U M B E R  IS 
G R E A T E R  T f t A N  11) 

ADD 1 TO EPACT. 
GO TO E N D I N G - R O U T I N E .  

JULIAN. 
MULTIPLY YEAR BY 5 GIVING TEMP; DIVIDE 4 INTO 

TEMP GIVING EXTRA-DAYS.  
MULTIPLY G O L D E N - N U M B E R  B Y  ll  G I V I N G  TEMP; 

SUBTRACT 4 FROM TEMP; 
DIVIDE 30 INTO TEMP GIVINGTEMP-1 ;  MULTIPLY 30 

BY TEMP-1; 
SUBTRACT TEMP-I FROM TEMP; ADD TEMP AND l 

QIVING EPACT. 
E N D I N G - R O U T I N E .  

SUBTRACT EPACT FROM 44 GIVING DAY; IF DAY IS 
LESS T H A N  21 ADD 

30 TO DAY. 
MAKE-DAY-SUNDAY. 

ADD DAY, EXTRA-DAYS GIVING TEMP; DIVIDE 7 INTO 
TEMP GIVING TEMP-1; 

MULTIPLY 7 BY TEMP-[;  SUBTRACT TEMP-1 FROM TEMP; 
SUBTRACT TEMP FROM 7 GIVING TEMP; ADD TEMP TO 

DAY. 
TRANSFER-ANSWER.  

IF DAY E X C E E D S  31 T H E N  SUBTRACT 31 FROM DAY; 
MOVE " A P R I L "  TO MONTH(COLUMN);  OTHERWISE 

MOVE " M A R C H "  TO MONTH(COLUMN).  
MOVE DAY TO DAYS(COLUMN); MOVE Y E A R  TO 

YEARS(COLUMN).  

.Vole. Each line of the COBOL algorithm above which has a blank sequence 
number represents a continuation of the preceding line. In the s tandard COBOL 
reference, format these two lines would actually be punched onto a single card. 
They are broken into two parts  here for typo~'aphical  reasons only. 
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