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FOIl  "l'[ll,] VIll.]SNEI, S I N E  A N I )  C:()SINE I N T E -  
(] I I A I,S 

, lonx 1.. Ct XDJVV 
]!]ngine('rinK Exp( 'r im(qti  S l a i i o n ,  Georg ia  [ n s i i i u t e  cff 

Te( .hnology,  Al[a l l (a ,  (~a. 

real p r o c e d u r e  FH'JSN]' ;I ,  (u) llesull: (freos, frsin); value 
(u); 

c o m m e n t  Th is  pl'0e(!dlll 'e (~vlt[lla((!s the Vresne[ sine [tilt[ cosil)e 
integruls fo,' large u by ('xlmnding the ttnymptotic series given 
by 

1 cos (x) ~ 1,3 1.3"5"7 7 
. . . . . . .  ' L l  . . . . . .  4 . . . . . . . . .  s(,,) i~ x/'-'~i~ ('_,.: ~2:,-), ] 

sin far) [ I  1"3"5 1"3'5"7"9 ] 
x /L ,L .  :Li ('_,.), ('_,.):, 

,'md 

I st,, (x, [ 1.3 1"3"5-7 1 
c<,,~ = , ; -  v . i L ;  | - - < 2 x ) ~  + ,,...," - "  

cos (x) V I I-3-5 1'3"5"7-9 - I  

- -  ~ " : : : : :  : :  / . . . .  i " ~ 7 7 "  @ " . " ; . . . . . . . .  i V/2~,:r L2,v (2x),, t2x I , '  

iq which.r = ,'ruU2. ltet'ercnce: Iq.:aRCE~', T. Table ~( the I"resnel 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Contributions to this departnmnt must he in the form 
stated in the Alg.twilhms De.partlnent policy s ta tement  
(Com.munication.*, l,'el)ru:try, 1960)except that  A t , r i o | ,  60 
noitttion should be used (see Communicalions, May 1960). 
Contributions shoul<l be sent in duplicate to J. 11. Wegstein, 
(?omputation Laboratory, National Bureau of Standards,  
Washington 25, 1). C. Algarii hms should be in the Reference 
form of ALGOL 60 and writ ten in a style pat terned after the 
most rccent algorithlns appearing in this department.  F o r  
the convenienee of the p|'inter, please underline words tha.t 
are delimiters to appear in boldface type. 

Although each algorittun has been tested by its contrib- 
utor, no warranty,  expressed or implied, is made by the con- 
tributor, (he editor, or the Association for  Computing 
Machinery as to the a.ceuracy and functioning of the algo- 
r i thm aim related algorithm |nateri:d, and no responsi- 
biliiy is :tssumed by the contributor,  the editor, or the 
association for Computing Maehinery in connection there- 
with. 

The reproduction of algorithms appearing in this depart-  
mcnt is explicitly permitted without any charge. When re- 
p r o d u c t i o n  is fro" publication purposes, reference must b e  
m a d e  to  t h e  a l g o r i t h m  a u t h o r  a n d  to  t h e  C o m m u n i c a t i o n s  
i s s u e  b e a r i n g  t h e  a l g o r i t h m .  

[,degral /o Ni:r l)e::im~d /'l,u'e.~. The Syndics of the ('ambri(lg(: 
( 'niversity l':(,ss, 3.Ielt)ourne, Au:~ ralia (1:i56). ; 

.~.IH.)A-,) ark := pi X (u * ' ) ' : ' )  t i JCgi l l  ! l )  i ; =  ") : ( 9  'y- '  a .  - - ,  t ( ? l i l l )  : =  1 ;  

a r g s q  : =  / / ( 4 .  X. {I t rg .  7 9 :  _. ~; t e r n l  : =  - - ;~  )<  ~tt'~*~ ' ; ~  

series := 1 + lerm: N := 3; 
first: i f  * / / ! l i )p  = series t h e n  go to seeond; lenlp := series; 

term| := ierm; 
tern! := - l m ' m i X ( 4 X  N - 7 i X ( 4 × N  - 5 )  X /argsq>; 
i f a i ) s ( t ( : r l / l )  > a | t s ( l e r m i  } t | l e n  g o  t o  second; 
series := temp ÷ term; N := N ÷ 1; go t o  first: 

se(.ond: series2 := ~ × al'g; iemp := 0; term := series2: 
N : = 2 ;  

loop: if series2 = temp l h e n  go to exit; lermi := term; 
l(q'[l| := --lerlni M argst t X (4XN--5) X (4MN--3~; 
i f  abs(ierm) > a)s(iermi) t h e n  go to exit; 
temp := series2; series2 := telltp -}- let'in; 
N := N + 1; go to loop; 

exit: if tl < 0 t h e n  half := - ~  else half := ½; 
frct,s := half-+- sin(at'g) X series -- eos!.arg) :> series2~. 
(pi X u); 
frsin := half .:- (eos(arg) X series2 -.> sin(at'g) X series 
(pi X u~ 

end  I"ll ESNI:]I,; 
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E VA L U A T I O N  () I" T I t  E F R  E S N  E L S [ N E  I N T E G  t{AL 

J o H x  I,. C rx D n , ' v  
13ngineering l?;xperimcnt Stat ion,  Georgia Ins t i tu te  of 

Technology,  Atlanta,  Ga. 

real  pr¢,cedure FIIESNEI.SIN (u) l{esuh: fit'sin); value u; 
c o m m e n t  This algorithm computes the l"resnel sine integral 

defined by, 

P u 

S .  ~) = Jo s in rrt~/2 dl, 

by evaluating the series expansion 

S ( x )  = / 2x  _ _ + 
• '~/ 7 r.a: i i : -~ - i5-T: + . . . .  

where .r = ~rue/2. Reference: PEaRCEV, T. 7)~ble of the 
Fresnel Integral to Six Decimal Places. The Syndics of the 
C a n | b r i d g e  lYniversity Press, Melbourne, Australia (1956~.; 

b e g i n  Pi2  : =  1.5707903; x : =  Pi2 x ( u ' 7 2 i ;  frs in : =  x /3 ;  
frsqr : =  x 2; N :=  3; t erm : =  ( - x  X f r s q r ) / 6 ;  

frs ini  : =  frs in h t e r m / 7 ;  
L o o p :  i f  frs in  = frs ini  t h e n  g o  t o  ex i t ;  f rs in  : =  frs ini ;  

t erm : =  - - t e r m  X f r s q r / ( ( 2 X N - 1 )  × ( 2 X N - 2 ) ) ;  
frs ini  : =  frs in + t e r m / ( 4 X N - D ;  N : =  N + 1; 

g o  t o  L o o p ;  
ex i t :  frs in  : =  frs in i  X u 
e n d  F R E S N E L S I N ;  
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_~LGOR!THM 90 
EVALUATION OF T I l E  FI{ESNEL COSINE INTE-  

GR.AL 
,loFt× L, C U X m F F  

E n g i n e e r i n g  E x p e r i m e n i ;  S t a t i o n ,  Geo rg i a  Ins t i t ,  u te  of 

Technology, Atlanta, Ga. 

r ea l  p r o c e d u r e  FRESN EI~COS (u) result : (freos); va lue  (u;~; 
e o n u n c n t  This algori thm computes the Fresnel cosine integral 

defined by 

~ ~t~ dl, C(~) = cos ,~- 

by evaluat ing the series expansion 

= ; l - + " '"  ' 
" " ' 9-~! 13.6! 

where x = 7ru"/2. Reference: PEARCEY, T. Table o!" lhe Fresnel 
Integral to Six Decimal Places. The Syndics of the Cambridge 
Univers i ty  Press,  Melbourne, Austral ia  (1956).; 

b e g i n  pi2 := 1.5707963; x := pi2 X (uT2); frcos := 1; 
xsqr := x ~'2; N := 3; te rm := - x s q r / 2 ;  
freoi := 1 + (term/5); 

loop: i f  frcoi = freos t h e n  go to  exit; t e rm := - t e r m  × 
x s q r / ( ( 2 X N - 2  X ( 2 A N - 3 ) ) ;  freos := freoi; frcoi := 
frcos + t e r m / ( 4 X N - 3 ) ;  N := N A- 1; go to  loop; 

exits: freos := u X freos 
e n d  FRESNELCOS;  
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7 r ~  r CIIEBY ~.IIE\ CURVE-FIT  

ALBERT NEWHOUSE 

University of Houston, Houston, Texas 

p r o c e d u r e  C H E B F I T ( m ,  n, X, Y); i n t e g e r  m, n; array" X, Y; 
c o m m e n t  This procedure fits the tabular  function Y(X) (given 

as m points ( X  Y)) by a polynomial P = ~ A~ Xq This 
i = 0  

polynomial is the best  polynomial approximation of Y(X) in 
the  Chebyshev sense. Reference: S T I E F E L ,  I~. Numerical 
Methods of Tchebycheff Approximation, U. of Wise. Press (1959), 
217-232; 

b e g i n  a r r a y  X[1 :m], Y[1 :m], T[1 :m], A[0 :n], AX[1 :n+2], 
AY[1 :n+21, Att[1 :n+2], BY[1 :n+2], BH[1 :n+2];  

i n t e g e r  a r r a y  IN [ l :n+2];  r ea l  TMAX, It ;  i n t e g e r  i, 
j, k, imax; 

e o n H n e n t  Initialize; 
k := ( m - 1 ) / ( n + l ) ;  
for  1 := 1 s t e p  1 u n t i l n - H  do IN [i] := ( i - i ) X k  + 1; 
IN[n+2] := m; 
START: c o m n l c n t  I terat ion begins; 
for  i := 1 s t e p  1 u n t i l  n - l -2do  

beg in  AX[i] := X[IN[i]]; 
AY[il := Y[IN[i]]; 
AH[i] := ( - 1 ) T  ( i - 1 )  

e n d  i; 
D I F F E R E N C E :  c o m m e n t  divided differences; 
for  i := 2 s t e p  1 u n t i l  w4-2 do 

b e g i n  
fo r  j := i - 1  s t e p  1 u n t i l  n-4-2 do  
b e g i n  BY[j] := AY[j]; 

BH[j] := AH[j] 
e n d  j ; 

L1 : 

L2: 

L3 : 

L4: 

L5: 

FIT:  

fi)r j := i s t e p  1 u n t i l  n + 2  do 
b e g i n  AY[j] := ( B Y [ j ] - B Y [ j - l ] ) / :  

(AX[j] - A X [ j - i + I ] ~ ;  
AH[j] := ( B H I j } - - B I t [ j - i ] ) /  

(AX[j] - A X [ j  - i + l ] )  
e n d  j ; 

end  i ; 
It  := - A Y [ n + 2 ] / A H [ n + 2 ] ;  
POI.Y: c o m m e n t  polynomial coefficients; 
for i := 0 s t e p  1 unt i l  n do 

begin  All] := AY[il +AH[i] × H ;  
BY[i] := 0 

e n d  i ; 
BY[l] := 1; TMAX := abs( t t ) ;  imax := IN[ll ;  
for i := 1 s t e p  1 u n t i l  n do 

b e g i n  
for  j := 0 s t e p  l u n t i l  i - 1  do 

b e g i n  
B Y [ i + I - j ]  := B Y [ i + I - j ]  - B Y [ i - j ]  ×X[IN[i] l ;  
A[j] := A[j] +A[il X B Y [ i + I - j ]  
e n d  j ; 

e n d  i ; 
ERROR:  c o m m e n t  coinpute deviations; 
l~r  i := 1 s t e p  1 u n t i l  m do  

b e g i n  T[il := A[n]; 
fo r  j := 0 s t e p  1 u n t i l  n do  T[il := T[il X[i] + A [ n - j ] ;  
T[i] := T [ i ] - Y [ i ] ;  
i f  abs(T[i]) < TMAX t h e n  go to L1; 
TMAX := abs(T[i]); 
imax := i 
e n d  i ; 

for  i := 1 s t e p  1 u n t i l  n + 2  do 
b e g i n  
i f  imax < IN[i] t h e n  go to  L2; 
i f  imax = IN[i] t h e n  go to  F IT  e n d  
e n d  i ; 

i f  T[imax] X T[IN[i]I < 0 t h e n  go to  L3; 
IN[i] := imax; 
go to START; 
i f  IN[l] < imax t h e n  go to L4; 
for  i := I s t e p  1 u n t i l  n + l  do  I N [ n + 3 - i ]  := IN[n+2- - i ] ;  
IN[i] := inmx; 
go t o  START; 
i f  IN[n+2] < imax t h e n  go to L5; 
IN[i--2] := imax; 
go to  START; 
for  i := 1 s t e p  1 u n t i l  n + l  do IN[i] := IN[ i+ l ] ;  
IN[n+2] := imax; 
go  to START; 
e n d  C H E B F I T  

C E R T I F I C A T I O N  OF A L G O R I T H M  60 
R O M B E R G  I N T E G R A T I O N  (F. L. Bauer, Comnm. 

ACM, June 1961) 
KARL HEIXZ BUCILNER 

Lurgi Gesellschaft fur Mineraloltechnik m.b.H., Frank- 

furt, Germany 

Since August 1961, the Rombcrt Integration has been success- 
fully applied in FORTgAN language to various problems on an 
IBM 1620. Due to its elegant method and the memory saving 
features, the Roinbcrg Integration has succeeded other nlethods 
in our program library, e.g., the Newton-Cotes integration of 
order I0. 

Reference is made to Stiefel, Numerische Mathermatik (Teubncr 
Verlag. Stut tgart) .  Stiefel discusses in his book various methods 
of numerical integrat ion including the  Romberg algorithm. 

[ALGORITHMS ARE CONTINUED ON PAGE 286] 
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O b s e r v a t i o n s  a n d  Conc lus ions  

The following observations and inferences are based on 
the initial experiences with a multiprogramming system: 

1. It: has been possible to make a significant improve- 
ment in the utilization of the main-frame time of the 
computer with large classes of real problems rurming at 
Lewis Research Center. 

2. The interrupt feature is the basic tool that permits 
the automatic time sharing of independently coded and 
unrelated problems. 

3. A clock that interrupts periodically would be a 
highly desirable tool to be used in the nmnagement of 
more general nmltiprogramming systems. Such a clock 
would be useful in preventing a " l o o p i n g "  problem from 
"hogging" the computer, as well as for running-time 
accounting. 

4. Multiprogranmfing provides the incentive for more 
eftieient problem and system codes by removing the 
output  barrier. Previously, there was little motivation 
to prepare efficient eodes in output-limited problems, 
sinee there was little advantage to be gained. The multi- 
programming system has provided a method of exploiting 
such gains and has produced pressure for nmre efficient 
codes. 

5. Operator attention to the input-output devices, 
such as a tape change, no longer need delay the computer. 
The computer can push ahead any problem that  is not 
using the device undergoing the ehange. 

6. Multiprogranmfing seems to develop a trend to- 
wards splintering of problems and their input-output 
tasks. This appears to have two advantages for multi- 
programming in computers of limited store and input 
devices. First, it provides a nmch better opportunity to 
obtain a feasible mix of problems in the high-speed 
memory. Splintering of problems or data-reduction tasks 
will increase the possibility of getting compatible prob- 
lems for a parallel-operation schedule. 

7. Schedulin,~ of parallel problems could be facilitated 
by an inexpendi'e procedure for code relocation. I t  would 
be desirable to relocate the codes of a current problem in 
the high-speed memory without more than a nominal 
delay in computation. 

8. On-line debugging of problems is costly of eomputer 
time and an inefficient use of eomput:er capabilities. 
However, from an individual problem standpoint, it is 
often an effective method of debugging. Parallel operation 
during on-line debugging, if it could be made safe, may 
reduce the eosl~ of on-line debugging to a point, where it 
is feasible. 

R E F E R E N C E  

1. TURNER, L.  R. ,  AND I~AWLINGS, J .  I-I. R e a l i z a t i o n  of r a n d o m l y  
t i m e d  c o m p u t e r  i n p u t  and  o u t p u t  by  m e a n s  of an  i n t e r r u p t  
f e a tu r e .  [ R E  Trans. EC-7, no.  2 ( June  1958), 141-149. 

286 C o m m u n i c a t i o n s  o f  t h e  A C M  

ALGORITHMS Continued 

BLX1ULTAXEOUS ~ :S ~' : ,.k ~. .LA[  0 I /  E Q U A T I t ) N ~  - \ N i l )  
; \ tATtNX INVEI{SION ]~C)UTiXE 

:l)gl{ E K J o f f z x x -  [{OE.K 

A p p l i e d  P h y s i c s  L a b o r a t o r y  o f  , Johl]s  l l o p k i n s  l . - ] d v e r s i  r 5 

Silver Spring, Maryland 

p r o c e d u r e  S L \ I ( T L T A N E O [ ' S  (U, W, O, X,  B, n. k o u n l ,  o j , s  
absf)  ; 

a r r a y  U , W ,  C, X,  B ; i n t e g e r  n, k o u n t  ; 
r e a l  eps;  r e a l  p r o c e d u r e  abs f ;  

c o m m e n t  T h i s  p rocedure  so lves  the  p rob l em Ux :=  b for- i b.{:e 
vec to r  x. i~ a s s u m e s  t h e  p r o b l e m  w r i t t e n  in t he  fo rm x ' U '  : =  1 ,"  
where  ' d e n o t e s  t r an spose .  T h e  p rocedu re  is eomlp le t ed  i t~ 
eyeles  and  ma.y be liberated kount t imes  (konnt _~ 6). T h e  t r a i l s  
pose of U is in U[,] a n d  t he  row vec to r  b '  is in B. T h e  i n t e g e r  t~ 
is t h e  d i m e n s i o n  of U, and  t h e  so lu t i on  row v e c t o r  x '  i s  in  X .  
T h e  m a t r i x  C is a cheek  of a c c u r a c y .  I t  s hou ld  h a v e  b '  i n  i z s  
first row, t h e  f irst  e l emen t  bt of b '  a long  i t s  m a i n  d i a t o m : s t ,  
and  zeros e lsewhere .  T h e  rea.l n u m b e r  eps cheeks  to see  h o w  e h  s , .  
t h e  ae tua l  r e s u l t  is to  th i s  t heo re t i c a l  ram. Also if we l e t  b" : - -  
(1, 0, . . .  , 0), t h e n  t h i s  p rocedu re  f inds the  i n v e r s e  W[ , ]  {,f [ - .  
T h e  f u n c t i o n  absf f inds the  a b s o h a e  va lue  of i t s  a r g u m e n t .  T h e  
I)roeedure chooses  t h e  c o l u m n  vec to r s  of U as t h e  row v e e t o t - 8  o f  
W in the  0 'a' cycle  of t h e  first i t e r a t i on .  Fo r  all s u b s e q u e n t  i t e r a . -  
t ions ,  t h e  row v e c t o r s  of W, c o m p u t e d  a t  t h e  n '-h c y c l e  o f  . the  
las t  i t e r a t i on ,  are  t h e  row vee to r s  of W in t he  0 :h c y c l e  ; 

b e g i n  i n t e g e r  i, j ,  k ,  p ; r e a l  bh,  b l ,  Z ; 
f o r  j :=  1 s t e p  l u n t i l  n d o  

f o r  i : =  1 s t e p  1 u n t i l  n do  WIj,  il := U[i, j]; 
Sl :  fo r  j :=  1 s t e p  1 u n t i l  n do  

f o r  i : =  1 s t e p  1 u n t i l  n d o  C[i,  j] :=  0 ; 
f o r  j :=  1 s t e p  1 u n t i l n d o  

b e g i n  f o r  k : =  1 s t e p  1 u n t i l  n d o  
b e g i n  e l i ,  j] :=  CIj, j] + W[i,  kl X Uik ,  j] e n d ;  
i f j  = 1 t h e n  Z :=  B[ j ] /C[ j ,  j l  e l s e  Z :=  I / C [ j ,  j ] ;  
f o r  k :=  1 s t e p  1 u n t i l  n do  

b e g i n  X [ k ]  :=  Z X W[j,  k] ;  
W[j,  k] :=  X[kl  

e n d  k;  
f o r  k :=  1 s t e p  1 u n t i l  n d o  

b e g i n  i f k  = j t h e n  g o  t o  S 2 e l s e  
f o r  p :=  1 s t e p  1 u n t i l  n d o  

C[k, j] :=  C[k,  j] + U[p,  j] X W[k,  p] ;  
i f j  = 1 t h e n  bh  : =  B[jl e l s e  bh  :=  1; 
i f  k = 1 t h e n  b l  : =  B[j] e l s e  b l  : =  0; 
f o r  p := 1 s t e p  1 u n t i l  n do  
b e g i n  X[p] :=  b h  X W[k,  p] + (bl  - C [k ,  j ] )  X 
w[j, p]; 

W[k,  p] :=  X[p] 
e n d  p ; 

$2: i f k  = j A j = n t h e n  g o  t o  $3 
e n d  k; 

e n d  j ; 
$3: f o r  j :=  s t e p l u n t i l  n d o  

i f  ab s f ( abs f (C[ j ,  J l) - absf (B[ l ] ) )  > eps  t h e n  g o  t o  S l  ; 
g o  t o  $6; 

$4: i f  k o u n t  > 0 t h e n  g o  t o  $5 e l s e  g o  t o  $6; 
$5: k o u n t  :=  k o u n t  - 1; 

g o  t o  S1; 
$6: f o r  j : =  s t e p  1 u n t i l  n d o  

X[j] : =  W[1, Jl; 
87: e n d  S I M U L T A N E O U S  
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