
c[2] : =  numc/denc;  
f o r  j : = 1 s t e p  1 u n t i l  jmax  do  

q[2, ]1 : =  y[/] -- c[21; 
f o r  m : = 3 s t e p  1 u n t i l  mmax  do  b e g i n  

numc  : =  denc : =  dend : =  0.0; 
f o r  j : = 1 s t e p  1 u n t i l  jmax  d o  b e g i n  

n u m c  : =  numc  + w[i] X y[]] X q[m--1,  ]] T 2; 
denc : =  d e n c +  w[]] X q[m--1,  j] T 2; 
dend : ~  dend + w[]] X q[m--2,  j] ~ 2 e n d ;  

c[m] : =  numc/denc;  d[m] : =  denc/dend; 
f o r  j : = 1 s t e p  1 u n t i l  ]max d o  

q[m, j] : = (yb']-c[m]) × q[m-1, il - dim] × q [ m - 2 ,  ]] e n d ;  
c o m m e n t  eva lua te  con t r i bu t i on  of each o r thogona l  po lynomia l  

to the  min imiza t ion  of the  res iduals ;  
f o r  n : = 1 s t e p  1 u n t i l  nmax  do  b e g i n  

denpa[n] : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  imax  do  
denpa[n] : =  denpa[n] + u[i] × p[n, i] ~ 2 e n d ;  

f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  
denqa[m] : =  0.0; 
f o r  j : =  1 s t e p  1 u n t i l  jmax  do  

denqa[m] :=  denqa[m] + w[j] × q[m, j] T 2 e n d ;  
f o r  n : = 1 s t e p  1 u n t i l  nntax d o  b e g i n  

f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  
alph : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  imax  do  b e g i n  

f o r  3" : = 1 s t e p  1 u n t i l  ]max d o  
alph : =  alph + u[i] × w[j] × z[i, j] X pin ,  i] X q[m, i l  

e n d  ; 
alpha[n, m] : = a lph /  (denpa[n]X denqa[m]) ; 
beta[n, m] :=  alpha[n, m] × alph; e n d  e n d ;  

c o n l m e n t  app l ica t ion  of G a u s s '  cr i ter ion to de te rmine  the  de- 
gree po lynomia l  which  yields the  closest  fit to  the  given da ta .  
Gaus s '  cr i ter ion is, s t r i c t ly  speaking,  appl icable  only  to  cases 
where  the  weights  u[i] and w[j] are un i t y ;  

sumzsq : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  imax  d o  b e g i n  

f o r  j : = 1 s t e p  1 u n t i l  ]max do  
sumzsq  :=  sumzsq + ~t[i] X w [ ] ]  X z[i, 3"] T 2 e n d ;  

s : = t : = l ;  
f o r  n : =  1 s t e p  1 u n t i l  nmax  do  b e g i n  

betasum : =  0.0; 
f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  

f o r  r : = 1 s t e p  1 u n t i l  n do  
betasum : =  betasum + beta[r, m]; 

i f  betasum > sumzsq t h e n  tr ialgausscri t  : = 0.0 
e l se  
tr ialgausscri t  : = (sumzsq--  b e t a s u m ) / ( i m a x X  ] m a x -  n ×  m) ; 
i f  n = 1 h m = 1 t h e n  gausscrit  : = trialgausscrit;  
i f  gausscrit  = trialgausscri t  t h e n  b e g i n  

i f n  × m < s × t t h e n  b e g i n  
s : = n ;  
t : =  m e n d  e n d ;  

i f  9ausscrit  > trialgausscri l  t h e n  b e g i n  
gausscri t  : = trialgansscrit  ; 
8 : = n ;  
t : = m e n d  e n d  e n d ;  

?lVtt~ax : = t ; 
minsqd : = (gausscri tX ( i m a x × j m a x - n m a x X  mmax)  / ( i m a x X j m a x )  ) 

~ ;  
c o m m e n t  eva lua t ion  of o r thogona l  po lynomia l  coefficients; 
f o r  n : = 1 s t e p  1 u n t i l  nmax  d o  b e g i n  

pc[n, m] : =  1.0; 
f o r  s : =  1 s t e p  1 u n t i l n  -- 1 d o  b e g i n  

pc[n, sl : =  --a[nl × p c [ n - - l ,  8]; 
i f  s # 1 t h e n  pc[n, s] :=  pc[n, s] + p c [ n - - l ,  a - - l ] ;  
i f  s # n -- 1 t h e n  pc[n, s] : =  pc[n, s] -- b[n] X p c [ n - 2 ,  s] 

e n d  e n d ;  

f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  
qc[m, m] : =  1.0; 
f o r  t : = 1 s t e p  1 u n t i l  m -- 1 do  b e g i n  

qc[m, t] :=  --c[m] X qc[m--1,  t]; 
i f  t # t h e n  qc[m, t] : = qc[m, t] + qc[m--1,  t - - l ] ;  
i f  t # m -- 1 t h e n  qc[m, t] : =  qc[m, t] -- dim] X q c [ m - 2 ,  t] 

e n d  e n d  ; 
c o m m e n t  eva lua t ion  of a p p r o x i m a t i n g  po lynomia l  coefficients; 
f o r  s : = 1 s t e p  1 u n t i l  nmax do  b e g i n  

f o r  t : = 1 s t e p  1 u n t i l  mmax  d o  b e g i n  
phi[s, t] : =  0.0; 
f o r  n : = s s t e p  1 u n t i l  nmax d o  b e g i n  

f o r  m : = t s t e p  1 u n t i l  mmax d o  
phi[s, t] : =  phi[s, t] + alpha[n, m] X pc[n, s] x qc[m, t] 

e n d  e n d  e n d ;  
c o m m e n t  eva lua t ion  of dependen t  var iab les  us ing  the  approx i -  

m a t i n g  p01ynomial ; 
minsqdeomp :=  8umdi fcomp :=  maz id i f comp : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  i m a x  d o  b e g i n  

f o r  j ." = 1 s t e p  1 u n t i l  jmax do  b e g i n  
zcomp[i,  i] :=  0.0; 
f o r  8 : = nmax  s t e p  -- 1 u n t i l  1 d o  b e g i n  

poly :=  phi[s, mmax]; 
f o r  t : = mmax -- 1 s t e p  1 u n t i l  1 d o  

poly :=  poly X y[j] + phi[s, t]; 
zcomp[i,  j] :=  zcomp[i,  j] X x[i] + poly end ;  

rescomp :=  z[i, j] -- zcomp[i,  j]; 
zcomp[i,  j] :=  zcomp[i,  j] + meanz;  
minsqdcomp :=  minsqdcomp + u[i] X w[j] X rescomp ~ 2; 
sumdi fcomp := sumdi fcomp + abs(rescomp) ; 
i f  ab8 (rescomp) > maxdi fcomp t h e n  
maxdi fcomp : =  abs(rescomp) e n d  e n d ;  

minsqdcomp.  : = .  (minsqdcomp/  (imax × jmax)  ) T 1/~; 
sumdi fcomp : =  s u m d i f c o m p /  (imax X jmax)  ; 
e n d  8u~facefit 

ALGORITHM 165 
COMPLETE ELLIPTIC INTEGRALS 
HENRY C. THACHER, J R . *  

Reactor Eng. Die., Argonne National Lab., Argonne, Ill. 

* Work  s u p p o r t e d  by  the  U.S. Atomic  E n e r g y  Conmfission.  

p r o c e d u r e  K A N D E ( m l ,  K ,  E ,  tol, alarm); 
v a l u e  ml ,  tol; 
rea l  m l ,  K ,  E ,  tol; 
l a b e l  alarm ; 
e o n u n e n t  th is  p rocedure  compu te s  the  comple te  elliptic in te-  

grals K ( m l )  = f~/2 (1 -- (1 -- ml )  8in2v) -112 dv and  E ( m l )  = 
f~/2 (1 - (1 -- ~nl) sin2~) ~I2 dv by the  a r i thmet i c -geomet r i c -  
mean  process.  The  accuracy  is l imi ted  only by  the  accuracy  of 
the a r i thmet ic .  

Excep t  for the  p rov is ion  of t es t s  for  pa thologica l  values  of t he  
pa rame te r ,  the ea lcula t ion  of K is only a s l ight  modif icat ion of 
the second procedure  of A lgo r i t hm No.  149 (Comm. A C M .  5 
(Dee. 1962), 605). These  in tegra ls  m a y  also be a p p r o x i m a t e d  to  
l imited (gD) accuracy  by  Algor i thms  55 and 56 (Comm.  ACM. 4 
(Apr. 1961), 180). Unless  the  squa re - roo t  is exeeptionall 'y fas t ,  
the  l a t t e r  a lgor i thms  are p r o b a b l y  more  efficient for  6D-accu-  

racy.  
The  c o m p l e m e n t a r y  p a r a m e t e r ,  ml ,  is chosen as the  inde-  

penden t  var iable ,  r a t he r  t h a n  the  pa rame te r ,  m, the  modu lus ,  
k or the  m o d u l a r  angle a,  because  of the  poss ib i l i ty  of ser ious 

loss of significance in genera t ing  ml  f rom the  o ther  poss ible  
i ndependen t  var iab les  when  ml  is small  and d K / d m l  is ve ry  
large. These  var iables  are re la ted  by  ml  = 1 -- m = 1 -- k 2 = 
costa. 

V o l u m e  6 / N u m b e r  4 / A p r i l ,  1963 C o n l n l u n i c a t i o n s  o f  t h e  ACM 163 



The  formal  p a r a m e t e r ,  tol, de te rmines  the  re la t ive  accuracy  
of the  resul t .  To p r e v e n t  en te r ing  a n o n t e r m i n a t i n g  loop, tol 
should  no t  be less t h a n  twice the  re la t ive er ror  in the  squa re  
root  rout ine .  If  ml  =< 0 or if m i  > 1, the  p rocedure  exits  to  
a la rm.  K(0) = ~¢ while E(0)  = 1.00000000. 

The  body of th is  p rocedure  has heen tes ted  using the  Dar t -  
m o u t h  SCALP processor  for  the LGP-30. Wi th  tol = 510 -- 7, 
resu l t s  agreed wi th  t abu la t ed  values  to wi th in  3 in the seven th  
s ignif icant  digit ;  

b e g i n  r e a l  a, b, c, sum,  temp; 
i n t e g e r  fact  ; 
i f m  1 > 1 V m l  =< 0 t h e n  go  t o  alarm; 
a : =  fact  : =  1; 
b := sq r t (m l ) ;  
temp : =  1 -- m l ;  
sum .  : ~ 0; 

i ter: s u m  : =  s u m  + temp; 
c : =  (a -- b) /2;  

fact  : =  fact  + fact; 
temp : =  (a + b)/2;  
b : =  sqrt (a X b); 
a : = letup; 
temp : =  fact  X c X c; 
i f  abs(e) >= tol X a V temp > tol X s u m  t h e n  go  t o  i ter; 
gum : ~  gum + letup; 
K : =  3.141592654/(a + b); 
c o m m e n t  pi  m u s t  be given to the  full accuracy  desired;  
E : =  K X (1 -- sum~2) 

e n d  

ALGORITHM 166 
MONTECARL0 
R. D. ]~ODMAN 
Burroughs Corp., Pasadena, Calif. 

p r o c e d u r e  montecarlo (n, a, row, tol, mxm,  inv,  test, count);  
v a l u e  n, row, tot, m x m ;  i n t e g e r  n, row, m x m ,  count;  
r e a l  tol; r e a l  a r r a y  a, inv,  test; 
c o m m e n t  th i s  procedure  will com pu t e  a single row of the  

inverse  of a given m a t r i x  us ing  a m o n t e  carlo t echn ique .  
n is the  size of the  ma t r ix ,  a r r a y  a is the  ma t r ix ,  row indicates  

which  inverse  row is to be compu ted ,  tol is a to lerance  fac to r  
and  t h u s  a cr i te r ion  for  t e r m i n a t i n g  the  process ,  mxm is 1000 

t imes  the  m a x i m u m  n u m b e r  of r a n d o m  walks  to be taken ,  
: a f te r  which  the  process  is t e rmina t ed ,  a r r ay  i nv  conta ins  the  

inverse  row, a r r ay  test conta ins  the  i n n e r p r o d u c t  of inv  with  
the  r o w t h  co lumn of a, count is the  n u m b e r  of r a n d o m  walks  

executed  u p o n  t e rmina t ion ,  r e a l  p r o c e d u r e  R A N D O M  m u s t  
be declared in the  b lockhead  of p r o c e d u r e  M O N T E  C A R L O  
and  genera tes  a single r a n d o m  n u m b e r  be tween  0 and  1. I f  

a is the  m a t r i x  to be inver ted ,  the  abso lu te  va lue  of the  la rges t  
e igenvalue  of the  m a t r i x  I -- a ( I  is the  un i t  ma t r ix )  m u s t  be 
less t h a n  one to assure  convergence .  Th i s  p rocedure  is easi ly 
adap t ed  to finding a single u n k n o w n  f rom a se t  of s imu l t aneous  
l inear  e q u a t i o n s ;  

b e g i n  i n t e g e r  i ,  ], k,  nwk ,  lastwalk, walk; r e a l  res, p, g; 
r e a l  a r r a y  sum[l:n],  v tl :n, 1 :n]; 

start: p :=  ( n - - 1 ) / n  X n; 
for  i : = 1 s t e p  1 u n t i l  n d o  f o r  j : = 1 s t e p  1 u n t i l  n d o  
vii,j] : =  i f  i ~ j t h e n  - -a[ i , j ] /p  e l s e  (1 - -a[ i , j ] ) /p ;  
nwk  : =  1000; 
count :=  res : =  0; 
for  k : =  1 s t e p  1 u n t i l  n do  lest [k] : =  sum  [k] : =  O; 

start l :  lastwalk : =  row; g :=  1; 
start2: walk : =  ( R A N D O M ~ p )  + 1; 

i f  walk > n t h e n  go  t o  stop; 
g : =  v[lastwalk,walk] X g; lastwalk :=. walk;  
go  t o  start2; 

stop: count : = count + 1; sum[lastwalk] : = sum[lastwalk] + g; 
i f  count < nwk  t h e n  go  t o  start l  ; 
f o r  k : = 1 s t e p  1 u n t i l  n do  inv[k] : = n X sum[k]/count;  
f o r  i : = 1 s t e p  1 u n t i l  n do  for k : = 1 s t e p  1 u n t i l  n d o  
test[i] : =  inv[k] X a[k, i] + test[i]; 
f o r  i : = 1 s t e p  1 u n t i l  r o w - - l ,  r o w + l  s t e p  1 u n t i l  n d o  
res : =  abs(test[i]) + res; res : =  abs( tes t[row]-- l )  + res; 
i f  res < tol t h e n  go  t o  exit; 
i f  count _> 1000 X m x m  t h e n  go  t o  exit; 
nwk  : =  nwk  + 1000; res : =  0; 
f or  k : = 1 s t e p  1 u n t i l  n do  test [k] : = 0; 
go  t o  start l ;  

exit: e n d  of mon te  carlo invers ion  procedure  

ALGORITHM 167 
CALCULATION OF CONFLUENT DIVIDED 
DIFFERENCES 
W .  K.AHAN AND I .  FARKAS 

Institute of Computer Science, University of Toronto, 
Canada 

r e a l  p r o c e d u r e  D V D F C ( n ,  X, V, B, W);  i n t e g e r  n;  
r e a l  a r r a y  X ,  V ,  B,  W;  

c o m m e n t  D V D F C  ca.culates  the  fo rward  divided difference 
Axf(Xl , X2 , "." X , ) .  n is an in teger  which  takes  the  vMues 
n = 1, 2, 3 , . . .  in t u rn .  X is a real a r r a y  of d imens ion  a t  leas t  
n i n w h i c h X [ i ]  = X ~ f o r i  = 1, 2 , . . -  , n .  The  va lues  X~ need 
no t  be d i s t inc t  nor  in any  special  order ,  b u t  once the  a r r ay  X 
is chosen i t  will fix the  i n t e r p r e t a t i o n  of the  a r r ays  B and V. 
If  X[1], X[2], .-" , X[n] are in mono ton ic  order ,  t hen  the  effect 
of roundoff  upon  any  n t h  divided difference is no more  t h a n  
would  be caused by  p e r t u r b i n g  each f (X[ i ] )  by  n un i t s  a t  m o s t  
in i ts  l as t  s ignif icant  place. B u t  if the  X ' s  are no t  in mono-  
tonic order ,  the  er ror  can be ca t a s t roph i c  if some of the  divided 
differences are re la t ive ly  large.  V is a real a r r a y  of d imens ion  
at  leas t  n con ta in ing  the  values  of the  func t ion  f ( X )  and  per-  
haps  i ts  der iva t ives  a t  the  po in t  X~. Vii] = fm(X~) /m!  and  
m =  m l f o r i  = 1, 2, 3 , ' - "  , n .  ml is the  n u m b e r  of t imes  t h a t  
the  v a l u e  of Xi  has  p rev ious ly  appea red  in the  a r r a y  X.  B is 
a real a r r ay  of d imens ion  a t  leas t  n con ta in ing  back ward  divided 
differences. Before a reference to D V D F C  is executed  one should  
have  B[i] = z~f (X~ , X~+i , " "  , X , _ i )  for i = 1, 2, . . .  , n - 1 .  
Af ter  t h a t  reference to D V D F C  is executed  one will find B[i] = 
A~f(Xi  , Xi+l , " "  , X~_i ,  X~) for i = 1, 2, . - -  , n - l ,  n.  When  
n = 1 the  init ial  s t a t e  of B is i r re levan t .  W is a real a r r a y  of 
d imens ion  (2 + ~t) at  least ,  where  ~t is the  m a x i m u m  value of 
m l f o r i  = 1 , 2 , . . -  , n .  W is used for work  space ; 

b e g i n  r e a l  D E N O M ;  i n t e g e r  i ,  j ,  N K ,  N 1 N ;  
i f n  = 1 t h e n  go  t o L l ;  
N K  :=  1; 
f or  i : = 1 s t e p  1 u n t i l  n d o  
b e g i n  
i f  X[i] = X[n] t h e n  b e g i n  N K  : = N K  + 1; 

W I N K ]  : =  Vi i i  e n d  
e n d  i ; 
f o r t  : =  n s t e p  --1  u n t i l  2 d o  
b e g i n  W[1] : =  B[i  - 1]; B[i] : =  W[2]; 
N I N  : =  i f n  - i + 2 < N K t h e n n  -- i + 2 e l s e N K ;  
for  j : =  N I N  s t e p  - 1  u n t i l  2 d o  
b e g i n  
D E N O M  : =  X[n] -- X[ i  + j -- 3]; 
i f  D E N O M  # 0 t h e n  go  t o  L2; 
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