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A L G O R I T H M  160 
COMBINATORIAL OF M T H I N G S  
T A K E N  N AT A T I M E  
M .  L .  W O L F S O N  AND H .  V.  W R I G H T  

United States Steel Corp., Monroeville, Penn. 

integer p r o c e d u r e  combination (m, n) ; 
v a l u e  n ;  i n t e g e r  m,  n ;  
e o m m e u t  c a l cu l a t e s  t h e  n u m b e r  of c o m b i n a t i o n s  of m t h i n g s  

t a k e n  n a t  a t i nm.  If  n is less t h a n  ha l f  of m, t h e n  t he  p r o g r a m  
ca l cu l a t e s  t h e  c o m b i n a t i o n s  of m t h i n g s  t a k e n  m - n a t  a t i m e  
wh ich  is t h e  exac t  e q u i v a l e n t  of m t h i n g s  t a k e n  n a t  a t i m e ;  

begin integer p, r, i;  
p : = m - - n ;  
i f n  < p t h e n  b e g i n p  : =  n ;  n : =  m - -  p e n d ;  
i f p  = 0 t h e n  b e g i n  r : =  1; go  t o  ex i t  e n d ;  
r : = n + l ;  
f o r t  : =  2 s t e p  1 u n t i l p  d o  r : =  (r X (n+i ) ) / i ;  

ex i t :  combination : =  r 
end  combination 

A L G O R I T H M  161 
COMBINATORIAL OF M T H I N G S  
T A K E N  ONE AT A TIME,  TWO AT A T I M E ,  
UP TO N AT A T I M E  
H.  V.  WRIGHT AND ~t[. L. WOLFSON 

United States Steel Corp., Monroeville, Penn. 

p r o c e d u r e  combination vector (m, n, v); 
integer m, n ;  i n t e g e r  a r r a y  v; 
c o m m e n t  c a l cu l a t e s  all c o m b i n a t i o n s  of m t h i n g s  t a k e n  f r o m  1 

to  n a t  a t ime .  T h e  r e su l t  is a vec to r ,  v, w i t h i n  w h i c h  t h e  f i rs t  
e l e m e n t  is t h e  c o m b i n a t i o n  of m t h i n g s  t a k e n  1 a t  a t i me ,  t h e  
s e c o n d  e l e m e n t  is t h e  c o m b i n a t i o n s  of m t h i n g s  t a k e n  2 a t  a t i m e ,  
t he  t h i r d  e l e m e n t  t a k e n  3 a t  a t i me ,  . . . ,  and  t h e  n t h  e l e m e n t  
t a k e n  n a t  a t ime .  

begin integer i; 
rill := m; 
f o r  i : = 2 s t e p  1 u n t i l  n d o  

viii := (v i i - - l ]  X ( m - i + l ) ) / i ;  
e n d  combination vector 
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XYMOVE P L O T T I N G  
FRED G.  STOCKTON 

S h e l l  D e v e l o p m e n t  C o . ,  E m e r y v i l l e ,  C a l i f .  

p r o e e d u r e  xymove (XZ,  YZ ,  X N ,  Y N ) ;  v a l u e  X Z ,  YZ ,  X N ,  Y N ;  
integer X Z ,  YZ ,  X N ,  Y N ;  
c o m m e n t  xymove c o m p u t e s  t h e  code s t r i n g  r e q u i r e d  to  m o v e  t he  

pen  of a d ig i ta l  i n c r e m e n t a l  X , Y - p l o t t e r  f r om an  in i t i a l  p o i n t  
(XZ,  YZ)  to a t e r m i n a l  p o i n t  (XN,  YN)  by  t h e  " b e s t "  app rox i -  

m a r i o n  to t h e  s t r a i g h t  l ine b e t w e e n  t he  po in t s .  T h e  p e r m i t t e d  
e l e m e n t a l  pen  m o v e m e n t  is to  an  a d j a c e n t  p o i n t  in a p l an e  
C a r t e s i a n  p o i n t  l a t t i ce ,  d i agona l  m o v e s  p e r m i t t e d .  T h e  e ig h t  
p e r m i t t e d  pen  m o v e m e n t s  are  coded  

1 = + Y ,  2 = + X + Y ,  3 = + X ,  4 = + X - Y ,  

5 = - Y ,  6 = - X - Y ,  7 = - X ,  8 = - X + Y .  

T h e  a p p r o x i m a t i o n  is " b e s t "  in t h e  sense  t h a t  e ach  p o i n t  t r a -  
v e r s e d  is a t  l e a s t  as n e a r  t h e  t r u e  l ine as t h e  o t h e r  c a n d i d a t e  
p o i n t  for  t h e  s a m e  m o v e .  
xymove does  n o t  u se  m u l t i p l i c a t i o n  or d iv i s ion . ;  

begin integer A,  B, D, E,  F, T, I ,  move; 
c o m m e n t  code (J) is a p r o c e d u r e  wh ich  r e t u r n s  a v a l u e  of code 

acco rd ing  to ti le fo l lowing  t a b l e :  

d 1 2 3 4 5 6 7 8 

code 1 2 3 2 3 4 5 4 

J 9 10 11 12 13 14 15 16 

code 5 6 7 6 7 8 1 8 

plot (move) is a p r o c e d u r e  wh ich  s ends  move to  t he  p l o t t e r  as a 
p l o t t e r  c o m m a n d .  ; 

i f  X Z  = X N  h Y Z  = Y N  t h e n  go  t o  return; 
A : = X N - - X Z ;  B : =  Y N -  YZ;  D : = A + B ;  T : =  
B - - A ;  1 : = 0 ;  
i f B  ~ 0 t h e n / : =  2; 
i f D  ~ t h e n  I : =  I - +  2; 
i f T  >= 0 t h e n l  : =  f +  2; 
i f  .4 _>- 0 t h e n  I : = S - I e l s e  I : = I + 10; 
A : = a b s ( A ) ;  B : = a b s ( B ) ;  F : = A + B ;  D : = B - - A ;  
i f D = > 0 t h e n b e g i n T : = A ;  D : =  - - D  e n d  e l s e  T : = B;  
E : = 0 ;  

repeat: A : =  D + E ;  B : =  T +  E +  A ;  
i f  B => 0 t h e n  b e g i n  E : =  A ;  move : =  code(l); 
F : =  F -- 2 e n d  
e l s e  b e g i n  E : =  E + .7'; F : =  F -- 1; 
move : =  code(I--I)  e n d ;  
plot (move) ; 
i f  F > 0 t h e n  go  t o  repeat; 

return : 
e n d  

A L G O R I T H M  163 
M O D I F I E D  H A N K E L  F U N C T I O N  
H E N R Y  E .  FETTIS  

Aeronautical Research Laboratories, Wright-Patterson 
Air Force Base, Ohio 

p r o e e d u r e  E X P K  (P, X ,  E ) ;  r e a l  P ,  X ,  E ;  
e m n m e n t  t h i s  p r o c e d u r e  ca l cu l a t e s  t h e  modi f i ed  I t a n k e l  F u n c -  

t ion  e*Kp(x) to  w i t h i n  a g iven  a c c u r a c y  E f rom t h e  i n t eg ra l  
r e p r e s e n t a t i o n  : 

# 
e~Kp(x) = ] e~(1-co,h e cosh (pt)dt; 

Jo 
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b e g i n  real  F, G, H, R, S, T, U, Y, Z, Z P ;  
R : =  0.0; 

H : =  1.0; 
iteration: b e g i n  

G : = R ;  
T : =  . 5 X H ;  
S : = 0 ;  
Z := exp(T) ;  
U : = Z X Z ;  

integration: b e g i n  
Y : =  X X ( 1 - - . 5 X ( Z + i / Z ) ) ;  
i f P  = 0 t h e n Z P  := 1 
e l s e Z P  : =  Z ~" P; 
F := .5 X e x p ( Y )  X ( Z P + I / Z P ) ;  
S : = S + F ;  
Z : = Z ×  U; 
e n d ;  
i f  F _-> E t h e n  go  t o  integration 
e l s e R  : =  H X  S; 
H : =  . 5 X  H ;  

e n d  ; 
i f  abs ( R - G )  => E t h e n  go  t o  iteration 
e l se  E X P K :  = R 

e n d  E X P K  

ALGORITHM 164 
ORTHOGONAL POLYNOMIAL LEAST SQUARES 
SURFACE FIT 
R .  E .  CLARK, R .  :N. K U B I K ,  L .  P .  PHILLIPS 

The Babcock & Wilcox Co., Atomic Energy Div., 
Lynchburg, Va. 

p r o c e d u r e  surfacefit (x, u, y, w, z, nmax,  mmax,  imax, jmax) 
r e su l t :  (beta, phi,  zcomp, minsqd,  minsqdcomp, sumdifcomp, 
maxdifcomp) ; 

r e a l  a r r a y  x, u, y, w, z, phi,  beta, zcomp; 
i n t e g e r  nmax,  mmox,  imax, ]max; 
r e a l  minsqd, minsqdcomp, sumdifcomp , maxdifcomp ; 
c o m m e n t  th is  is a t r a n s l i t e r a t i o n  of an  ope ra t i ng  p r o g r a m  wr i t -  

t e n  in B u r r o u g h s  ALOoL for  t he  B-220. I t  fi ts,  in t he  leas t  squares  
sense ,  a po lynomia l  f unc t i on  of two  i n d e p e n d e n t  va r i ab les  to  
va lues  of a d e p e n d e n t  va r i ab l e  specif ied a t  po in t s  on a r ec t angu -  
lar  gr id  in t he  p lane  of t h e  i n d e p e n d e n t  var iab les .  T h e  use of 
o r thogona l  po lynomia l s  leads  to  a p a r t i c u l a r l y  s imple  s y s t e m  of 
l inear  equa t i ons  r a t h e r  t h a n  t h e  i l l - cond i t ioned  s y s t e m  which  
ar ises  f rom t h e  usual  no rma l  equa t ions .  I t  also p rov ides  a meas -  
ure  of t he  i m p r o v e m e n t s  r e su l t i ng  f rom each  new t e r m  inc luded  
wh ich  f u r t h e r  leads ,  in th is  a lgo r i t hm,  to  an  a u t o m a t i c  se lec t ion  
of a " b e s t "  degree  po lynomia l  f unc t i on  as d e t e r m i n e d  by  
Gauss '  c r i t e r ion .  The  in i t ia l  n o r m a l i z a t i o n  of t h e  va r i ab les  re- 
su l t s  in s igni f icant  r educ t i on  of r o u n d  off er rors  in  m a n y  cases.  
Th i s  a lgo r i t hm is deve loped  more  fu l ly  in BAW-182. F o r  a ve ry  
s imi la r  a pp r oa c h  to  th i s  and  r e l a t ed  p rob l ems  see Cadwel l ,  
J .  H . ,  " L e a s t  Squares  Surface  F i t t i n g  P r o g r a m " ,  The Computer 
J .  8 (1961), 266 and  Cadwell ,  J. H., a n d  Wil l iams,  D. E.,  " S o m e  
Or thogona l  M e t h o d s  of C u r v e  and  Surface  F i t t i n g , "  The Com- 
puter J .  4 (1961), 260. A f u r t h e r  re fe rence  is Gauss ,  C. F. ,  " T h e o -  
r ia  C o m b i n a t i o n i s  O b s e r v a t i o n u m  E r r o r i b u s  Min imi s  O b n o x i a l , "  
Gauss Werke ~ (Go t t i ngen  1873), 3-93. x[i] and  y[]] are  t he  inde-  
p e n d e n t  var iab les ,  z[i, #] is t h e  d e p e n d e n t  va r iab le ,  u[i] and  
w[/] r e p r e s e n t  t h e  we igh t s  co r r e spond ing  to  x[i] and  y[/], re-  
spec t ive ly ,  nmax is one more  t h a n  the  m a x i m u m  degree  of x to  be 
cons idered ,  mmax is one more  t h a n  the  m a x i m u m  degree  of y to  
be cons idered ,  imax is t h e  n u m b e r  of x ' s ,  and  ]max is t he  n u m b e r  
of y ' s .  beta[n, m] is a measu re  of t h e  i m p r o v e m e n t  r e su l t i ng  
f rom the  inc lus ion  of t h e  x~y"th t e r m .  phi[n, m] is t he  po ly-  
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nomial  coefficient for  t he  x"y'~th t e rm.  N o t e  t he  degree  of t h e  
r e su l t ing  po lynomia l  m a y  be less t h a n  t h e  m a x i m u m  degree  
specif ied as a resu l t  of t he  app l i ca t ion  of Gauss '  c r i t e r ion .  
zcomp is t h e  c o m p u t e d  d e p e n d e n t  va r iab le .  

- i . ~  [ ~  u [i] .w [j] .z [i,j] 2 - ~ beta [n ,m]\  ~'2 

minsqd = ~ , i  n,m ) ~:max . j m a z  
% 

[ E  u[il. w[j1(z[i, jl - zeomp[i, 51)2\1'2 
min. eomp = U' ) 

I z[i, j l  - zcomp[i, j l  I 

sumdi fcomp = ~'j 
imax  . jmax  

maxdi fcomp = max  I z(i, j )  -- zcomp((i ,  j )  I 
minsqd and  minsqdcomp are equa l  if c o m p u t a t i o n  is exac t .  I n  
p rac t i ce  t h e y  will  n o t  be equal  due  to  t h e  imprec i se  n a t u r e  of  
ca lcu la t ion .  A wide d i s c r e p a n c y  i nd i ca t e s  excess ive  er rors  in 
ca lcu la t ion ;  

b e g i n  
r e a l  a r r a y  a, b, deupa[l:nmax], c, d, denqa[l:mmax], 

alpha[l:nmax,  l:mmax], p[ l :nmax,  l:imax], q[l:mmax, ]:jmax], 
pc[1 :nmax, 1: nmax], qc[1: mmax,  1 : mmax] ; 

i n t e g e r  n, m, i,  j ,  s, t, r; 
real  sumx,  sumy,  sumz,  meanx, meany, meanz, numa,  dana, denb, 

numc,  denc, dend, alph, sumzsq, gausscrit, trialgausscrit, betasum, 
rescomp, poly; 

c o m n l e n t  n o r m a l i z a t i o n  of va r i ab les ;  
sumx := sumy : = sumz : = 0.0; 
for i : = 1 s t e p  1 u n t i l  imax d o  

sumx :=  sumx + x[i]; 
meanx :=  sumx/ imax;  
for i : = 1 s t e p  1 u n t i l  imax d o  

x[i] : =  x[i] -- meanx; 
for j : = 1 s t e p  1 u n t i l  jmax d o  

sumy :=  sumy + y[]]; 
meany : = sumy/]max;  
for j : = 1 s t e p  1 u n t i l  j ~ x  d o  

y[j] : =  y[]] -- meany; 
for i : = 1 s t e p  1 u n t i l  imax d o  b e g i n  

for ] : = 1 s t e p  1 n n t i l  jmax  d o  
sumz := sumz + z[i,j] e n d ;  

meanz :=  s u m z / ( i m a x  X ]max);  
for i : = 1 s t e p  1 u n t i l  imax d o  b e g i n  

for j : =  1 s t e p  1 u n t i l  jmax  d o  
z[i, j] : =  z[i, j] -- meanz e n d ;  

e o n l m e n t  eva l ua t e  o r thogona l  po lynomia l s ;  
numa : =  dana := 0.0; 
for i : = 1 s t e p  1 u n t i l  imax d o  b e g i n  

p[L i l := 1.0; 
numa : =  numa + u[i] X x[i]; 
dana := dana + u[i] e n d ;  

a[2] : =  numa/dena;  
f o r  i : = 1 s t e p  1 u n t i l  imax d o  

p[2, i] : =  x[i] -- a[2]; 
for n : = 3 s t e p  1 u n t i l  nmax d o  b e g i n  

numa : =  dana :=  denb : =  0.0; 
f o r  i : = 1 s t e p  1 n n t i l  imax d o  b e g i n  

numa := numa + u[i] X x[i] X p[n- -1]  m 2; 
dana : =  dana + u[i] X p i n - l ,  i] ~ 2; 
denb : =  denb + u[i] X p[n--2 ,  i] ~ 2 e n d ;  
a[n] : =  numa/dena; bin] : =  dena/denb; 
f o r  i : = 1 s t e p  1 n n t i l  imax d o  

p[n,.i] : =  (x[i]--a[n]) X p in - - ] ,  i] -- b[n] X p[n--2 ,  i] e n d ;  
numc :=  denc :=  0.0; 
f o r  ] : = 1 s t e p  1 u n t i l  ]max d o  b e g i n  

q[1, ]] : =  1.0; 
numc : =  numc + w[]] X y[J]; 
denc : =  d e n c +  w[j] e n d ;  
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c[2] : =  numc/denc;  
f o r  j : = 1 s t e p  1 u n t i l  jmax  do  

q[2, ]1 : =  y[/] -- c[21; 
f o r  m : = 3 s t e p  1 u n t i l  mmax  do  b e g i n  

numc  : =  denc : =  dend : =  0.0; 
f o r  j : = 1 s t e p  1 u n t i l  jmax  d o  b e g i n  

n u m c  : =  numc  + w[i] X y[]] X q[m--1,  ]] T 2; 
denc : =  d e n c +  w[]] X q[m--1,  j] T 2; 
dend : ~  dend + w[]] X q[m--2,  j] ~ 2 e n d ;  

c[m] : =  numc/denc;  d[m] : =  denc/dend; 
f o r  j : = 1 s t e p  1 u n t i l  ]max d o  

q[m, j] : = (yb']-c[m]) × q[m-1, il - dim] × q [ m - 2 ,  ]] e n d ;  
c o m m e n t  eva lua te  con t r i bu t i on  of each o r thogona l  po lynomia l  

to the  min imiza t ion  of the  res iduals ;  
f o r  n : = 1 s t e p  1 u n t i l  nmax  do  b e g i n  

denpa[n] : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  imax  do  
denpa[n] : =  denpa[n] + u[i] × p[n, i] ~ 2 e n d ;  

f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  
denqa[m] : =  0.0; 
f o r  j : =  1 s t e p  1 u n t i l  jmax  do  

denqa[m] :=  denqa[m] + w[j] × q[m, j] T 2 e n d ;  
f o r  n : = 1 s t e p  1 u n t i l  nntax d o  b e g i n  

f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  
alph : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  imax  do  b e g i n  

f o r  3" : = 1 s t e p  1 u n t i l  ]max d o  
alph : =  alph + u[i] × w[j] × z[i, j] X pin ,  i] X q[m, i l  

e n d  ; 
alpha[n, m] : = a lph /  (denpa[n]X denqa[m]) ; 
beta[n, m] :=  alpha[n, m] × alph; e n d  e n d ;  

c o n l m e n t  app l ica t ion  of G a u s s '  cr i ter ion to de te rmine  the  de- 
gree po lynomia l  which  yields the  closest  fit to  the  given da ta .  
Gaus s '  cr i ter ion is, s t r i c t ly  speaking,  appl icable  only  to  cases 
where  the  weights  u[i] and w[j] are un i t y ;  

sumzsq : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  imax  d o  b e g i n  

f o r  j : = 1 s t e p  1 u n t i l  ]max do  
sumzsq  :=  sumzsq + ~t[i] X w [ ] ]  X z[i, 3"] T 2 e n d ;  

s : = t : = l ;  
f o r  n : =  1 s t e p  1 u n t i l  nmax  do  b e g i n  

betasum : =  0.0; 
f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  

f o r  r : = 1 s t e p  1 u n t i l  n do  
betasum : =  betasum + beta[r, m]; 

i f  betasum > sumzsq t h e n  tr ialgausscri t  : = 0.0 
e l se  
tr ialgausscri t  : = (sumzsq--  b e t a s u m ) / ( i m a x X  ] m a x -  n ×  m) ; 
i f  n = 1 h m = 1 t h e n  gausscrit  : = trialgausscrit;  
i f  gausscrit  = trialgausscri t  t h e n  b e g i n  

i f n  × m < s × t t h e n  b e g i n  
s : = n ;  
t : =  m e n d  e n d ;  

i f  9ausscrit  > trialgausscri l  t h e n  b e g i n  
gausscri t  : = trialgansscrit  ; 
8 : = n ;  
t : = m e n d  e n d  e n d ;  

?lVtt~ax : = t ; 
minsqd : = (gausscri tX ( i m a x × j m a x - n m a x X  mmax)  / ( i m a x X j m a x )  ) 

~ ;  
c o m m e n t  eva lua t ion  of o r thogona l  po lynomia l  coefficients; 
f o r  n : = 1 s t e p  1 u n t i l  nmax  d o  b e g i n  

pc[n, m] : =  1.0; 
f o r  s : =  1 s t e p  1 u n t i l n  -- 1 d o  b e g i n  

pc[n, sl : =  --a[nl × p c [ n - - l ,  8]; 
i f  s # 1 t h e n  pc[n, s] :=  pc[n, s] + p c [ n - - l ,  a - - l ] ;  
i f  s # n -- 1 t h e n  pc[n, s] : =  pc[n, s] -- b[n] X p c [ n - 2 ,  s] 

e n d  e n d ;  

f o r  m : = 1 s t e p  1 u n t i l  mmax  do  b e g i n  
qc[m, m] : =  1.0; 
f o r  t : = 1 s t e p  1 u n t i l  m -- 1 do  b e g i n  

qc[m, t] :=  --c[m] X qc[m--1,  t]; 
i f  t # t h e n  qc[m, t] : = qc[m, t] + qc[m--1,  t - - l ] ;  
i f  t # m -- 1 t h e n  qc[m, t] : =  qc[m, t] -- dim] X q c [ m - 2 ,  t] 

e n d  e n d  ; 
c o m m e n t  eva lua t ion  of a p p r o x i m a t i n g  po lynomia l  coefficients; 
f o r  s : = 1 s t e p  1 u n t i l  nmax do  b e g i n  

f o r  t : = 1 s t e p  1 u n t i l  mmax  d o  b e g i n  
phi[s, t] : =  0.0; 
f o r  n : = s s t e p  1 u n t i l  nmax d o  b e g i n  

f o r  m : = t s t e p  1 u n t i l  mmax d o  
phi[s, t] : =  phi[s, t] + alpha[n, m] X pc[n, s] x qc[m, t] 

e n d  e n d  e n d ;  
c o m m e n t  eva lua t ion  of dependen t  var iab les  us ing  the  approx i -  

m a t i n g  p01ynomial ; 
minsqdeomp :=  8umdi fcomp :=  maz id i f comp : =  0.0; 
f o r  i : = 1 s t e p  1 u n t i l  i m a x  d o  b e g i n  

f o r  j ." = 1 s t e p  1 u n t i l  jmax do  b e g i n  
zcomp[i,  i] :=  0.0; 
f o r  8 : = nmax  s t e p  -- 1 u n t i l  1 d o  b e g i n  

poly :=  phi[s, mmax]; 
f o r  t : = mmax -- 1 s t e p  1 u n t i l  1 d o  

poly :=  poly X y[j] + phi[s, t]; 
zcomp[i,  j] :=  zcomp[i,  j] X x[i] + poly end ;  

rescomp :=  z[i, j] -- zcomp[i,  j]; 
zcomp[i,  j] :=  zcomp[i,  j] + meanz;  
minsqdcomp :=  minsqdcomp + u[i] X w[j] X rescomp ~ 2; 
sumdi fcomp := sumdi fcomp + abs(rescomp) ; 
i f  ab8 (rescomp) > maxdi fcomp t h e n  
maxdi fcomp : =  abs(rescomp) e n d  e n d ;  

minsqdcomp.  : = .  (minsqdcomp/  (imax × jmax)  ) T 1/~; 
sumdi fcomp : =  s u m d i f c o m p /  (imax X jmax)  ; 
e n d  8u~facefit 

ALGORITHM 165 
COMPLETE ELLIPTIC INTEGRALS 
HENRY C. THACHER, J R . *  

Reactor Eng. Die., Argonne National Lab., Argonne, Ill. 

* Work  s u p p o r t e d  by  the  U.S. Atomic  E n e r g y  Conmfission.  

p r o c e d u r e  K A N D E ( m l ,  K ,  E ,  tol, alarm); 
v a l u e  ml ,  tol; 
rea l  m l ,  K ,  E ,  tol; 
l a b e l  alarm ; 
e o n u n e n t  th is  p rocedure  compu te s  the  comple te  elliptic in te-  

grals K ( m l )  = f~/2 (1 -- (1 -- ml )  8in2v) -112 dv and  E ( m l )  = 
f~/2 (1 - (1 -- ~nl) sin2~) ~I2 dv by the  a r i thmet i c -geomet r i c -  
mean  process.  The  accuracy  is l imi ted  only by  the  accuracy  of 
the a r i thmet ic .  

Excep t  for the  p rov is ion  of t es t s  for  pa thologica l  values  of t he  
pa rame te r ,  the ea lcula t ion  of K is only a s l ight  modif icat ion of 
the second procedure  of A lgo r i t hm No.  149 (Comm. A C M .  5 
(Dee. 1962), 605). These  in tegra ls  m a y  also be a p p r o x i m a t e d  to  
l imited (gD) accuracy  by  Algor i thms  55 and 56 (Comm.  ACM. 4 
(Apr. 1961), 180). Unless  the  squa re - roo t  is exeeptionall 'y fas t ,  
the  l a t t e r  a lgor i thms  are p r o b a b l y  more  efficient for  6D-accu-  

racy.  
The  c o m p l e m e n t a r y  p a r a m e t e r ,  ml ,  is chosen as the  inde-  

penden t  var iable ,  r a t he r  t h a n  the  pa rame te r ,  m, the  modu lus ,  
k or the  m o d u l a r  angle a,  because  of the  poss ib i l i ty  of ser ious 

loss of significance in genera t ing  ml  f rom the  o ther  poss ible  
i ndependen t  var iab les  when  ml  is small  and d K / d m l  is ve ry  
large. These  var iables  are re la ted  by  ml  = 1 -- m = 1 -- k 2 = 
costa. 
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The  formal  p a r a m e t e r ,  tol, de te rmines  the  re la t ive  accuracy  
of the  resul t .  To p r e v e n t  en te r ing  a n o n t e r m i n a t i n g  loop, tol 
should  no t  be less t h a n  twice the  re la t ive er ror  in the  squa re  
root  rout ine .  If  ml  =< 0 or if m i  > 1, the  p rocedure  exits  to  
a la rm.  K(0) = ~¢ while E(0)  = 1.00000000. 

The  body of th is  p rocedure  has heen tes ted  using the  Dar t -  
m o u t h  SCALP processor  for  the LGP-30. Wi th  tol = 510 -- 7, 
resu l t s  agreed wi th  t abu la t ed  values  to wi th in  3 in the seven th  
s ignif icant  digit ;  

b e g i n  r e a l  a, b, c, sum,  temp; 
i n t e g e r  fact  ; 
i f m  1 > 1 V m l  =< 0 t h e n  go  t o  alarm; 
a : =  fact  : =  1; 
b := sq r t (m l ) ;  
temp : =  1 -- m l ;  
sum .  : ~ 0; 

i ter: s u m  : =  s u m  + temp; 
c : =  (a -- b) /2;  

fact  : =  fact  + fact; 
temp : =  (a + b)/2;  
b : =  sqrt (a X b); 
a : = letup; 
temp : =  fact  X c X c; 
i f  abs(e) >= tol X a V temp > tol X s u m  t h e n  go  t o  i ter; 
gum : ~  gum + letup; 
K : =  3.141592654/(a + b); 
c o m m e n t  pi  m u s t  be given to the  full accuracy  desired;  
E : =  K X (1 -- sum~2) 

e n d  

ALGORITHM 166 
MONTECARL0 
R. D. ]~ODMAN 
Burroughs Corp., Pasadena, Calif. 

p r o c e d u r e  montecarlo (n, a, row, tol, mxm,  inv,  test, count);  
v a l u e  n, row, tot, m x m ;  i n t e g e r  n, row, m x m ,  count;  
r e a l  tol; r e a l  a r r a y  a, inv,  test; 
c o m m e n t  th i s  procedure  will com pu t e  a single row of the  

inverse  of a given m a t r i x  us ing  a m o n t e  carlo t echn ique .  
n is the  size of the  ma t r ix ,  a r r a y  a is the  ma t r ix ,  row indicates  

which  inverse  row is to be compu ted ,  tol is a to lerance  fac to r  
and  t h u s  a cr i te r ion  for  t e r m i n a t i n g  the  process ,  mxm is 1000 

t imes  the  m a x i m u m  n u m b e r  of r a n d o m  walks  to be taken ,  
: a f te r  which  the  process  is t e rmina t ed ,  a r r ay  i nv  conta ins  the  

inverse  row, a r r ay  test conta ins  the  i n n e r p r o d u c t  of inv  with  
the  r o w t h  co lumn of a, count is the  n u m b e r  of r a n d o m  walks  

executed  u p o n  t e rmina t ion ,  r e a l  p r o c e d u r e  R A N D O M  m u s t  
be declared in the  b lockhead  of p r o c e d u r e  M O N T E  C A R L O  
and  genera tes  a single r a n d o m  n u m b e r  be tween  0 and  1. I f  

a is the  m a t r i x  to be inver ted ,  the  abso lu te  va lue  of the  la rges t  
e igenvalue  of the  m a t r i x  I -- a ( I  is the  un i t  ma t r ix )  m u s t  be 
less t h a n  one to assure  convergence .  Th i s  p rocedure  is easi ly 
adap t ed  to finding a single u n k n o w n  f rom a se t  of s imu l t aneous  
l inear  e q u a t i o n s ;  

b e g i n  i n t e g e r  i ,  ], k,  nwk ,  lastwalk, walk; r e a l  res, p, g; 
r e a l  a r r a y  sum[l:n],  v tl :n, 1 :n]; 

start: p :=  ( n - - 1 ) / n  X n; 
for  i : = 1 s t e p  1 u n t i l  n d o  f o r  j : = 1 s t e p  1 u n t i l  n d o  
vii,j] : =  i f  i ~ j t h e n  - -a[ i , j ] /p  e l s e  (1 - -a[ i , j ] ) /p ;  
nwk  : =  1000; 
count :=  res : =  0; 
for  k : =  1 s t e p  1 u n t i l  n do  lest [k] : =  sum  [k] : =  O; 

start l :  lastwalk : =  row; g :=  1; 
start2: walk : =  ( R A N D O M ~ p )  + 1; 

i f  walk > n t h e n  go  t o  stop; 
g : =  v[lastwalk,walk] X g; lastwalk :=. walk;  
go  t o  start2; 

stop: count : = count + 1; sum[lastwalk] : = sum[lastwalk] + g; 
i f  count < nwk  t h e n  go  t o  start l  ; 
f o r  k : = 1 s t e p  1 u n t i l  n do  inv[k] : = n X sum[k]/count;  
f o r  i : = 1 s t e p  1 u n t i l  n do  for k : = 1 s t e p  1 u n t i l  n d o  
test[i] : =  inv[k] X a[k, i] + test[i]; 
f o r  i : = 1 s t e p  1 u n t i l  r o w - - l ,  r o w + l  s t e p  1 u n t i l  n d o  
res : =  abs(test[i]) + res; res : =  abs( tes t[row]-- l )  + res; 
i f  res < tol t h e n  go  t o  exit; 
i f  count _> 1000 X m x m  t h e n  go  t o  exit; 
nwk  : =  nwk  + 1000; res : =  0; 
f or  k : = 1 s t e p  1 u n t i l  n do  test [k] : = 0; 
go  t o  start l ;  

exit: e n d  of mon te  carlo invers ion  procedure  

ALGORITHM 167 
CALCULATION OF CONFLUENT DIVIDED 
DIFFERENCES 
W .  K.AHAN AND I .  FARKAS 

Institute of Computer Science, University of Toronto, 
Canada 

r e a l  p r o c e d u r e  D V D F C ( n ,  X, V, B, W);  i n t e g e r  n;  
r e a l  a r r a y  X ,  V ,  B,  W;  

c o m m e n t  D V D F C  ca.culates  the  fo rward  divided difference 
Axf(Xl , X2 , "." X , ) .  n is an in teger  which  takes  the  vMues 
n = 1, 2, 3 , . . .  in t u rn .  X is a real a r r a y  of d imens ion  a t  leas t  
n i n w h i c h X [ i ]  = X ~ f o r i  = 1, 2 , . . -  , n .  The  va lues  X~ need 
no t  be d i s t inc t  nor  in any  special  order ,  b u t  once the  a r r ay  X 
is chosen i t  will fix the  i n t e r p r e t a t i o n  of the  a r r ays  B and V. 
If  X[1], X[2], .-" , X[n] are in mono ton ic  order ,  t hen  the  effect 
of roundoff  upon  any  n t h  divided difference is no more  t h a n  
would  be caused by  p e r t u r b i n g  each f (X[ i ] )  by  n un i t s  a t  m o s t  
in i ts  l as t  s ignif icant  place. B u t  if the  X ' s  are no t  in mono-  
tonic order ,  the  er ror  can be ca t a s t roph i c  if some of the  divided 
differences are re la t ive ly  large.  V is a real a r r a y  of d imens ion  
at  leas t  n con ta in ing  the  values  of the  func t ion  f ( X )  and  per-  
haps  i ts  der iva t ives  a t  the  po in t  X~. Vii] = fm(X~) /m!  and  
m =  m l f o r i  = 1, 2, 3 , ' - "  , n .  ml is the  n u m b e r  of t imes  t h a t  
the  v a l u e  of Xi  has  p rev ious ly  appea red  in the  a r r a y  X.  B is 
a real a r r ay  of d imens ion  a t  leas t  n con ta in ing  back ward  divided 
differences. Before a reference to D V D F C  is executed  one should  
have  B[i] = z~f (X~ , X~+i , " "  , X , _ i )  for i = 1, 2, . . .  , n - 1 .  
Af ter  t h a t  reference to D V D F C  is executed  one will find B[i] = 
A~f(Xi  , Xi+l , " "  , X~_i ,  X~) for i = 1, 2, . - -  , n - l ,  n.  When  
n = 1 the  init ial  s t a t e  of B is i r re levan t .  W is a real a r r a y  of 
d imens ion  (2 + ~t) at  least ,  where  ~t is the  m a x i m u m  value of 
m l f o r i  = 1 , 2 , . . -  , n .  W is used for work  space ; 

b e g i n  r e a l  D E N O M ;  i n t e g e r  i ,  j ,  N K ,  N 1 N ;  
i f n  = 1 t h e n  go  t o L l ;  
N K  :=  1; 
f or  i : = 1 s t e p  1 u n t i l  n d o  
b e g i n  
i f  X[i] = X[n] t h e n  b e g i n  N K  : = N K  + 1; 

W I N K ]  : =  Vi i i  e n d  
e n d  i ; 
f o r t  : =  n s t e p  --1  u n t i l  2 d o  
b e g i n  W[1] : =  B[i  - 1]; B[i] : =  W[2]; 
N I N  : =  i f n  - i + 2 < N K t h e n n  -- i + 2 e l s e N K ;  
for  j : =  N I N  s t e p  - 1  u n t i l  2 d o  
b e g i n  
D E N O M  : =  X[n] -- X[ i  + j -- 3]; 
i f  D E N O M  # 0 t h e n  go  t o  L2; 
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w[j] := w[j + l]; 
i f  N K  -- ] -- 1 ~- 0 t h e n  go Cont; 
N K  := N K  - 1; 
go to  Cont; 

L2: W[j] : =  (W~'] -- W[] -- 1])/DENOM; 
Cont: e n d  ] 

e n d  i;  
BIl l  : =  W[21; 
go to  L3; 

L i :  B[1] : =  V[1]; 
L3: DVDFC := B[1] 

e n d  DVDFC 
The following program segment is an example of how D V D F C  can 

be used to construct  a table of forward or backward differences. 
for  n : =  1 s t e p  1 u n t i l  N do  
b e g i n  
X[n] : . . . .  ; V[n] : . . . .  ; Fin] : =  DVDFC(n,  X ,  V, B, W) 

end  ; 
The array F can be used in F N E W T ( z ,  N ,  X ,  F, R, D, E) or the 

array B in B N E W T ( z ,  N,  X ,  B, P, D, E). See algorithms "New- 
ton interpolat ion with forward (backward) divided differences." 

DVDFC has been wri t ten as a FORTRAN II  function and is avail- 
able from I.C.S., Universi ty  of Toronto;  

ALGORITHM 168 
NEWTON INTERPOLATION WITH 
BACKWARD DIVIDED DIFFERENCES 
W. ~AHAN AND I. FARKAS 

Institute of Computer Science, University of Toronto, 
Canada 

p r o c e d u r e  B N E W T ( z ,  N,  X ,  B, P,  D, E);  va lue  z, N;  
rea l  z, P,  D, E; i n t e g e r  N;  rea l  array  X,  B; 

c o m m e n t  X is a real array of dimension at  least N in which 
X[i] = X i  for i = 1, 2, 3, . . .  , N. The values X~ need not  be 
dis t inct  nor in any special order, but  once the array X is chosen 
it will fix the in terpre ta t ion of the array B. B is a real array of 
dimension at  least N and contains the backward divided differ- 
encesB[i]  = 3xf(X~ , X~+l , . . .  , XN) i = 1 , 2 , . - .  , N .  I f t w o  
or more of the values X~ are equal then some of the B's nmst  
be confluent divided differences, see algori thm: "Calculat ion of 
confluent divided differences." P is the value of the following 
polynomial in z of degree N--1  at  most,  B(N)  + ( z - -Xy) .  
{B(N--1) + ( z - X N _ ~ ) { B ( N - 2 )  + . . .  + (z--X2)B(1)} . . .  }}. 
This polynomial is an interpolat ion polynomial which would, 
but for rounding errors, match  values of the function ff(x) and 
any of its derivatives tha t  DVDFC might have been given. D 
is the value of the derivative of P .  E is the maximum error in 
P caused by roundoff during the execution of B N E W T .  The 
error est imate is based upon the assumpt ion  tha t  the result  of 
each floating point  ar i thmetic operation is t runcated  to 27 sig- 
nificant binary digits as is the case in FORTRAN programs on 
the 7090. B N E W T  has been wri t ten as a FORTRAN II  subroutine 
and is available from I.C.S.,  Universi ty  of Toronto;  

b e g i n  rea l  zl ;  i n t e g e r  i;  
P : =  D : =  E : = O ;  
for  i : = 1 s t e p  1 u n t i l  N do  
b e g i n  
zl := z - X [ i ] ;  

D : =  P + z l  X D; 
P := B[i] + zl  X P; 
E : =  abs(P) + E X abs(zl) 
end  ; 
E : =  (1.5XE -- abs(P))X3~o -- 8 
e n d  B N E W T  

ALGORITHM 169 
NEWTON INTERPOLATION WITH 
FORWARD DIVIDED DIFFERENCES 
W. ~AHAN AND I.  FARKAS 

Institute of Computer Science, University of Toronto, 
Canada 

p r o c e d u r e  F N E W T ( z ,  N,  X ,  F, R,  D, E);  va lue  z, IV; 
rea l  z, R, D,  E; i n t e g e r  N;  rea l  array  X,  F;  

c o m m e n t  X is a real array of dimension at  least N in which 
X[i] = Xi  for i = 1, 2, . - .  , N. The values Xi need not  be dis- 
t inct  nor in any special order, but  once the array X is chosen 
it will fix the in terpre ta t ion  of the array F. F is a real array 
of dimension at  least N and contains the forward divided 
differences F[i] = A~f(X1, X2 , " "  , X~) i = 1 , 2 , . . .  , N.  If 
two or more of the values X~ are equal then some of the F ' s  
must  be confluent divided differences, see algori thm: "Calcu- 
lation of confluent divided differences." R is the value of the fol- 
lowing polynomial in z of degree N - 1  at  most,  F(1) -4"- (z-X~)"  
{F(2) + (z--X2){F(3) + . . .  + (Z-XN_~)F(N)} " "  }}. This 
polynomial is an interpolat ion polynonfial which would, but  
for rounding errors, match  values of the function f(x)  and any 
of its derivatives tha t  DVDFC might have been given. D is the 
value of the derivative of R. E is the maximum error in R 
caused by roundoff during the execution of F N E W T .  The 
error est imate is based upon the assumption tha t  the result  of 
each floating-point ar i thmetic  operation is t runcated  to 27 
significant binary digits as is the case in FOi~TrUN programs 
on the 7090. F N E W T  has been wri t ten as a FORTRAN II  sub- 
routine and is available from I.C.S., Universi ty  of Toronto;  

b e g i n  rea l  z l ;  i n t e g e r  i;  
R : =  D : = E : =  O; 
for  i : = N s t e p  --1 u n t i l  1 do  
b e g i n  
zl : =  z - X[i]; 
D := R + zl × D; 
R := F[i] + z lXR;  
E := abs(R) + abs ( z l )XE  
e n d  ; 
E : =  (1.5XE - abs(R))X31o - 8 
e n d  F N E W T  

ALGORITHM 170 
REDUCTION OF A MATRIX CONTAINING 
POLYNOMIAL ELEMENTS 
PAUL E. HENNION 
Giannini Controls Corp., Astromechanics Res. Div., 
Berwyn, Penn. 

rea l  p r o c e d u r e  P O L Y M A T R I X  (A, NCOL, N,  COE, NP1) ;  
va lue  A, NCOL, N;  rea l  array  A;  i n t e g e r  NCOL, N;  

c o m m e n t  this procedure will expand a general de terminant ,  
where each of the elements are polynomials in the Laplace com- 
plex variable. This program is useful for the invest igat ion of 
dynamic s tabi l i ty  problems when using the t ransfer  funct ion 
approach. The process is one of t r iangularizat ion of a poly- 
nomial matr ix  with real coefficients whereupon mult ipl icat ion 
of the diagonal elements the de terminant  polynomial is formed. 
The polynomial matr ix  as defined herein is a mat r ix  whose 
elements are polynomials of the form ~ = 0  ai x*. When such a 
matrix is triangularized, all elements below the main diagonal 
are nulled. Then upon expanding, the nonvanishing terms are 
those formed by the product  of these diagonal elements.  Hence 
stabi l i ty  criteria may be checked by evaluating the roots of the 
characterist ic  equation thus formed using some suitable root 
extract ing routine. 
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Cons ide r  t he  po lynomia l  m a t r i x  w i t h  quad ra t i c  e l emen t s  
(N = 2). I n  th is  case t he  t h r ee -d imens iona l  i n p u t  m a t r i x  A is 
size A[i:NCOL,  I:NCOL, i : M ] ,  whe re  NCOL is t he  order  of 
t h e  m a t r i x  and  M = N X NCOL --}- 1. H e r e  t he  f i rs t  s u b s c r i p t  
of A refers  to  t he  row,  t he  s econd  to  t he  co lumn,  a n d  t h e  t h i r d  
to t he  po lynomia l  coefficient.  There fo re ,  p r io r  to  e n t r y  t he  con-  
s t a n t  t e r m  of a genera l  po lynomia l  e l emen t  is c o n t a i n e d  in 
A[i ,  1, 1], t h e  l inear  t e r m  is con t a ined  in A[i, j, 2], and  the  
quad ra t i c  t e r m  in A [i, j ,  3]. U p o n  comple t i on  of t he  rou t ine ,  t h e  
coefficients of t h e  d e t e r m i n a n t  po lynomia l  are  con t a ined  in 
COE [ i :M] .  T h e  c o n s t a n t  coefficient be ing  in COE [1], t he  l inear  
coefficient  in COE [2], t he  quad ra t i c  coefficient in COE [3], e tc .  
T h e  va r i ab le  NP1 will spec i fy  t h e  n u m b e r  of coefficients of t he  
d e t e r m i n a n t  po lynomia l .  In  genera l  NP1 ~ M s ince some t e rms  
m a y  van i sh  dur ing  the  expans ion .  
o I f  t he  po lynomia l s  compr i s ing  t h e  m a t r i x  e l emen t s  are  no t  

all of equal  degree ,  se t  N pr ior  to  e n t r y  equal  to  t he  degree  of 
t h e  h ighes t  o rde red  po lynomia l ;  

b e g i n  r e a l  sa, sb; i n t e g e r  i ,  j ,  k, j l ,  j2, j3, j4, j5, 3"6, iT, j8, j9, j l0 ,  
f l l ,  NP1,  M; a r r a y  CI [ i :M] ,  C2[ i :M],  COE[i:M]; 
i n t e g e r  a r r a y  M A T  [1 : NCOL, 1 : NCOL] ; 

start: M : =  N X N C O L + i ;  for i : =  1 s t e p  u n t i l  NCOL do 
b e g i n  f o r  j : = 1 s t e p  1 u n t i l  NCOL d o  b e g i n  M A T  [i,]] : = 0; 
for k : =  1 s t e p  1 u n t i l M  d o  b e g i n  
i f A [ i , ] , k ] ~ O t h e n M A T [ i , j ] : =  k; e n d e n d e n d ;  3 ' 1 :=  1: 

L0: j9 : =  0; f o r ]  : =  j l  s t e p  l u n t i l  NCOL d o  b e g i n  
i f  M A T  [i ,jl ] < 0  t h e n  go  t o  exit; 
e l s e  i f  M A T  [i, i l l  = 0  t h e n  go  t o  L1 
e l s e ] 9  : =  j 9 + l ;  j3 : =  i ;  

L I :  e n d ;  i f  ( j 9 - - 1 ) < 0  t h e n  go  t o  exit 
e l s e  i f  ( j 9 - - 1 ) > 0  t h e n  go t o  L2 
e l s e  i f  ( j 3 - j l ) < 0  t h e n  go  t o  exit 
e l s e  i f  ( j 3 - j l ) = 0  t h e n  go  t o  L12 
e l s e  f o r  j : = ]1 s t e p  1 u n t i l  NCOL d o  
b e g i n  j2 : =  M A X ( M A T  b'3,]],MAT b'l ,]]);  ]4 : =  M A T  [j3,f]; 
M A T  [./3,3'] : =  M A T  ~'1, ]]; M A T  [11,]] : =  ]4; 
for k : = 1 s t e p  l u n t i l  ]2 d o  
b e g i n  sa : =  A [/3, ],k]; A[j3,],k] : =  A[j l ,  ], k]; 
A~'l,jfl] : = - s a ;  e n d  e n d ;  go  t o  L12; 

L2: i3 : =  j l + l ;  for i : =  ]3 s t e p  1 u n t i l  NCOL d o  b e g i n  
L3: i f  (MAT[i,]i])<O t h e n  go  t o  exit 

e l s e  i f  [MAT [ i j 1 ] ) = 0  t h e n  go  t o  L l l  
e l s e  i f  ( M A T  ~ '1 , j l ] )<0  t b e n  go  t o  exit 
e l s e  i f  (MAT[]I, j l])=O t h e n  go  t o  L4 
e l s e  i f  ( M A T  [i,]1] - M A T  []1,]1]) _>- 0 t b e n  go  t o  L5 e l s e  

L4: for ] : =  ]!  s t e p  1 u n t i l  NCOL d o  b e g i n  
]2 : =  M A X ( M A T  []l,f], M A T  [i, ]]);  ]4 : =  M A T  []l ,j];  
M A T  (11,]] : =  M A T  [i,1]; M A T  [i,j] : =  ]4; 
for k : =  1 s t e p  1 u n t i l  j2 d o  b e g i n  sa : =  A[i,] ,k];  
A[i,i,k] := A[]l,f,k]; A[]l , j ,k]  : =  - sa ;  
e n d  e n d ;  go  t o  L3; 
c o m m e n t  I n t e r c h a n g e  row i w i t h  ]1; 

L 5 : ] 7  : =  M A T  [i ,]l];  ]5 : =  M A T  [ ] l , f l ] ;  ]6 : =  j 7 - ] 5 ;  
sb := A[i,]l,]7]/A[]lj1,]51; 
i f  (abs(sb)-4)<O t h e n  go  t o  L6 
e l s e  i f  (j6) < 0  t h e n  go  t o  exit 
e l s e  i f  ( ]6 )=0  t h e n  go  t o  L4 e l s e  

L6: for  ] : = ]1 s t e p  1 u n t i l  NCOL do b e g i n  3"5 : = M A T  []1, ]]; 
for /~ : =  1 s t e p  1 u n t i l  ]5 d o  b e g i n  j7 : =  k+j6;  
i f  ( ] 7 - M ) > 0  t h e n  go  t o  L10 e l s e  

LT: i f  (abs(A[i,],]7] --sbXA[]l,],k])--21o-8)~O t h e n  go  t o  L8 
e l s e  A[i,],j7] := A[i,],37] - sbXA[f l , ] ,k] ;  
go t o  L9; 

LS: A[i,],]7] := 0; 
L9: e n d  e n d ;  
L10: f o r ]  : =  ]1 s t e p  1 u n t i l  NCOL d o  ~beg in  
~,.E]7 : =  M A X ( M A T  [i,il, MATD'I,j]+]6);. M A T  [i,]] : =  0; 

for k : =  1 s t e p  1 u n t i l  M d o  b e g i n  i f  (A[i,j,k])~O t h e n  
M A T  [i,]] : =  k e n d  e n d ;  

L l l :  e n d ;  go  t o  L0; 
L12: j l  : =  il-4-1; i f  ( j l - N C O L ) < O  t h e n  go  t o  L0 e l s e  

for j : =  1 s t e p  1 u n t i l  NCOL d o  b e g i n  
j2 : =  M A T  [j,j]; 
for k : = 1 s t e p  1 u n t i l  j2 d o  Cl[k] : = A[j,j,k]; 

L13: i f  ( j - - l ) < 0  t h e n  go  t o  exit 
e l s e  i f  ( j - - l ) = 0  t h e n  go  t o  L14 
e l s e  f o r  k : =  1 s t e p  1 u n t i l  NP1 d o  C2[k] : =  COE[k]; 
f o r  k : = 1 s t e p  1 u n t i l  M d o  COE[k] : = 0; 
i f  ( j 2 )<0  t h e n  go  t o  exit 
e l s e  i f  (j2) = 0  t h e n  go  t o  L15 
e l s e  f o r  k : = 1 s t e p  1 u n t i l  j2 d o  b e g i n  
for  j l 0  : =  1 s t e p  1 u n t i l  NP1 d o  b e g i n  
i l l  : =  k + j l 0 - - 1 ;  
COE[fll]: = COE[jll] +C1 [k]X C2 ~'10] ; 
e n d  e n d ;  NP1 : = i l l ;  go  t o  L15; 

L14: for k : =  1 s t e p  1 u n t i l  j2 d o  COE [k] : =  C1 [k]; 
NP1 : =  j2; 

L15: e n d ;  
exit: e n d  P O L Y M A T R I X  

CERTIFICATION OF ALGORITHM 55 
COMPLETE ELLIPTIC INTEGRAL OF THE FIRST 

KIND [John R. Herndon, Comm. ACM, Apr. 1961] 
and 

CERTIFICATION OF ALGORITHM 149 
COMPLETE ELLIPTIC INTEGRAL [J. N. Merner, 

Comm. ACM, Dec. 1962] 
HENRY C. THACHER, JR.* 

Reactor Eng. Div., Argonne National Laboratory, 

Argonne, Ill. 
* Work supported by the U.S. Atomic Energy Commission. 

The bodies of Algorithm 55 and of the second procedure of 
Algorithm 149 were tested on the LGP-30 computer using SCALP, 
the Dartmouth ~tLOAD-AND-GO" translator for a substantial sub- 
set of ALGOL 60. The floating-point arithmetic for this translator 
carr ies  7 +  s igni f icant  digi ts .  

I n  a d d i t i o n  to  nmdi f ica t ions  r equ i r ed  because  of t he  l i m i t a t i o n s  
of t he  SCALF subse t ,  t h e  fo l lowing need  co r r ec t ion :  

In  A l g o r i t h m  55: 
1. T h e  c o n s t a n t  0.054555509 should  be 0.054544409. 
2. T h e  func t i on  log shou ld  be ln. 

In  p rocedure  E L I P  2 of A l g o r i t h m  149, t h e  s t a t e m e n t  a : =  c 
shou ld  be a : =  C. 

T h e  p a r a m e t e r s  of A l g o r i t h m  149 are r e l a t ed  to  t h e  comple t e  
e l l ip t ic  in t eg ra l  of t he  first  k ind  by :  K = a X E L I P ( a ,  b) where  
the  p a r a m e t e r  m = k s = 1 -- b/a. 

T h e  m a x i m u m  a p p r o x i m a t i o n  e r ro r  in A l g o r i t h m  55 is given by  
H a s t i n g s  as abou t  0.610-6. In  a d d i t i o n  t h e r e  is t h e  poss ib i l i t y  of 
ser ious  cance l l a t ion  e r ror  in fo rming  t h e  c o m p l e m e n t a r y  p a r a m -  
e te r  t = 1 --k X k. F o r  k near  1, er rors  as g rea t  as 4 s igni f icant  
d ig i t s  were  sus t a ined .  In  these  regions ,  t h e  c o m p l e m e n t a r y  
p a r a m e t e r  i t se l f  is a far  more  s a t i s f a c t o r y  p a r a m e t e r .  

T h e  accu racy  ob t a inab l e  w i t h  A l g o r i t h m  149 is l imi t ed  only  by  
t h e  a r i t h m e t i c  a ccu racy  and  the  a m o u n t  of effor t  wh ich  i t  is 
des i r ed  to  expend .  Six-figure accu racy  was o b t a i n e d  w i t h  5 appl i -  
ca t ions  of t h e  a r i t h m e t i c - g e o m e t r i c  m e a n  for a = 1000, b = 2, 
a n d  wi th  one app l i ca t i on  for a = 500, b = 500. 

N e i t h e r  a l g o r i t h m  is s a t i s f a c t o r y  for k = 1. T h e  b e h a v i o r  for  
A l g o r i t h m  55 will be  gove rned  by  t h e  e r ro r  exi t  f rom t h e  l o g a r i t h m  
procedure .  U n d e r  these  c i r cums tances ,  A l g o r i t h m  149 goes in to  an 
endless  loop.  A lgo r i t hm 149 m a y  also go in to  an endless  loop of t h e  
t e r m i n a t i n g  c o n s t a n t  (10-8 in t he  pub l i shed  a lgor i thm)  is too  
smal l  for  t he  a r i t h m e t i c  be ing  used.  F o r  t h e  SCALP a r i t h m e t i c  i t  
was f m m d  necessa ry  to  increase  th is  t o l e r ance  to  5.010--7. T h e  

166 C o m m u n i c a t i o n s  o f  t h e  A C M  V o l u m e  6 / N u m b e r  4 / Apri l ,  1963 



resulting values of the elliptic integrals were, however, accurate 
to within 2 in the 7th significant digit (6th decimal). 

The relative efficiency of the two algorithms will depend 
strongly on the efficiency of the square-root  and logai'ithm sub- 
routines. With most  systems, Algorithm 55 will provide sufficient 
accuracy, and will be more efficient. If a square-root  operation or 
a highly efficient square-root  subroutine is available, Algorithm 
149 may well be the bet ter  method.  

(c) 3rd line after 
E R R O R  : c o m m e n t  compute deviat ions;  

should read 
fo r  j : = 1 s t e p  1 u n t i l  n do T[i] : = T[i] X X[i] + A [ n - j ] ;  

(d) Immediate ly  before s ta tement  L2 insert  i : =  n 4- 2; (as 
for  list may be exhausted and i no longer defined). 

(e) 2nd line af ter  s ta tement  L3 should read IN[l]  : = imax;  
(f) 1st line af ter  s ta tement  L4 should read I N [ i - - l ]  : = imax;  

CERTIFICATION OF ALGORITHM 73 
INCOMPLETE ELLIPTIC INTEGRALS [David K 

Jefferson, Comm. ACM Dee. 1961] 
R. P. VAN DE RmT 
Mathematical Centre, Amsterdam 

The algori thm contained three misprints:  
The 26th line of the procedure 

E : =  (2 X n - - l ) / ( 2  X N);  
should read 

E : =  (2 X n- -1) / (2  X n);  
The 46th line of the procedure 

T 2) T ((2 x ~-1)/(2 x n)); 
should read 

T 2) T ((2 x n - 1 ) / 2 ) / ( 2  x n);  
The 49th line of the procedure 

L [2] : =  L [41 + 1 / ( n  X 2 × n - l ) ) ;  
should read 

L [2] : =  L Ill -4- 1 / ( n  X (2 X n - l ) ) ;  
The program was run on the X l  computer  of the Mathematical  

Centre. For  phi  = 45 °, k = sin(lO°(lO°)180°), E and F were calcu- 
lated. The result  contained 12 significant digits. 

Comparison with a 12-decimal table of Legendre-Emde (1931) 
showed tha t  the 12th digit was affected with an error, at  most  
4 units large. After about  10 minutes of calculation (i.e. more 
than 100 cycles) no results were obtained for k = s in  89 °, phi = 1 ° 
and the calculation was discontinued. 

REMARKS.  As phi  is unchanged during the calculation, we 
placed the s ta tement  cos phi  : =  cos (phi) in the beginning of the 
program, to be certain tha t  the cosine was not calculated 30 or 
more times. Moreover,  in the expression for T[1] and T[2], sqrt 
(1-sin phi  ~ 2) was replaced by cos phi ,  so tha t  loss of significant 
figures does not  occur. 

The expression 2 X n was changed in a new variable,  to 
obtain a more rapid program. 

CERTIFICATION OF ALGORITHM 91 
CHEBYSHEV CURVEFIT [A. Newhouse, Comm. 

ACM, May 1962] 
ROBERT P .  HALE 

University of Adelaide, Adelaide, South Australia 

The C H E B F I T  algori thm was t rans la ted  into FORTRAN and 
successfully run on an IBM 1620 when the following al terat ions 
were made : 
(a) 2nd line after 

c o m m e n t  Initialize; 
should read 
f o r i  : =  l s t e p l u n t i l n + l d o I N [ i ]  :=  ( i - 1 )  X k + 1; 

(b) 2nd and 3rd lines after 
Poly:  c o m m e n t  polynomial coefficients; 

should read 
b e g i n  A[i] : =  A Y [ i + l ]  -4- A H [ i + i ]  X H;  B Y [ i + I ]  :=  0 

CERTIFICATION OF ALGORITHM 133 
RANDOM [Peter G. Behrenz Comm. ACM, Nov. 1962] 
JESSE H.  POORE, JR. 

Louisiana Polytechnic Institute, Ruston, La. 
Algorithm 133 was t rans l i tera ted  into FOnTRAN I I  for the IBM 

1620 computer.  A monitor  program performed the test  indicated in 
Algorithm 133 on the generated numbers.  

Results of the test  are shown in the following chart .  The nota-  
tion used is identical to tha t  used in the algorithm. 

13543288579 

24376589411 

34359738367 

11324679915 

.4986480931 

.4840396640 

.4996829627 

.4971414796 

.4997720126 

.4986380784" 

.4962408228 

.4974837457 

.4929612237 

.5313808305 

.5167083685 

.5043814637 

3280561242 
.3141520616 
.3321160892 

.3297990588 

.3326801987 

.3319949173 

.3339214302 

.3335720239 

.3253421270 

.3691599122 

.3498558251 

.3383429327 

N = 500 
N = 1000 
N = 5000 

N = 500 
N = 1000 
N = 5000 

N = 500 
N = 1000 
N = 5000 

N = 500 
N = 1000 
N = 5000 

CERTIFICATION OF ALGORITHM 145 
ADAPTIVE NUMERICAL INTEGRATION BY 
SIMPSON'S RULE [W. McKeeman, Comm. ACM, 

Dec. 1962] 
WM. M .  McKEEMAN 

Stanford University, Stanford, Calif. 

Suggested changes in the code: 
1. Replace all occurrences of eps/3 .0  by eps/1.7.  
2. Replace level ~ 7 by level ~ 20. 
3. The second parameter  a in the final call of Simpson was 

omit ted;  insert  it .  
With the above changes, a BALGOL translat ion of Integral  has 

been tes ted successfully on a large number of functions.  An ex- 
ample of its behavior is given below: 
Machine: Burroughs 220, 8 decimal digit floating-point mantissa.  
f ( x )  = 1.O/sqrt(abs(x))  
a = - 9 . 0 ;  b = 1000.0 

eps 

0.1 
0.01 
0.001 
0.0001 

which has a pole at  the origin. 
correct  answer = 206.0; 

computer answer 

200.22251 
206.00226 
206.00092 
205.99985 

relative error 

0.028 
0.0000107 
0.0000045 
0.0000007 
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If the  recursion was allowed to go th i r ty  levels deep we found:  

0.0001 206.00005 0.0000002 

The graph below shows the  adapt ive  cluster ing of the  points  of 
evaluat ion  around ~he pole of the funct ion ( taken from the  first 
example above) .  

(0.5)0(0.005)1.250. Wi th  a = 3.0 the  results  agreed wi th  t abu la t ed  
values to wi th in  3 in  the 6th  decimal place. This  is considered 
sa t is factory,  since one decimal place is lost  in applying the  recur- 
rence. Runn ing  t ime,  including ou tpu t  on the  Flexowri ter  and  
computa t ion  of new values of the  independen t  var iable ,  averaged 
abou t  30 seconds per  value.  

I t  should be observed t h a t  ps i f (x )  is ~ ( x + l )  as t abu la ted ,  for 
example, by  Jahnke-Emde-Losch .  

0! 
0.1 

0.0 

f(x) = 1.O/sqrt (abs( x) ) 

" Z i  
I11111 I I I I I I I I I/ I 

J.OO 200 300 400 560 600 760 800 960 1000 10000 

Each  ver t ical  line represents  a po in t  of 
eva lua t ion  for the funct ion dur ing the  
execution of the  call: 

i n t e g r a l ( f ,  --9.0, 10000.0, 0.1) ; 

CERTIFICATION OF ALGORITHM 147 
PSIF [D. Amit, Comm. ACM., Dec. 62] 
HENRY C. THACHER, JR .*  

Reactor Eng. Div., Argonue National Lab., Argonne, Ill. 

* Work suppor ted  by the  U. S. Atomic Energy  Commission.  

The following minor  errors were noted  in this  a lgor i thm:  
a. (3) in the  comment  should read e < 1/240 x s. 
b. The funct ion  tan is not  a s t anda rd  ALGOL funct ion.  I t  should be 

declared, or replaced by  s in  ( ) /cos(  ). 
c. The block label led large should be closed by  inser t ing  e n d  im- 

media te ly  af te r  252. 
The efficiency of the  program would be improved by  the  follow- 

ing modifications : 
a. Let  the  s t a t e m e n t  

i f x  = 0 t h e n  b e g i n  . . . e n d ;  

be the  first s t a t emen t  of the  procedure body.  
b. Delete  the  condi t ion x # 0 from the  if clause, 

i f x  > - 1  / k x  ~ 0 t h e n . . .  

e. Delete  the  dec lara t ion  of pei,  and the ass ignment  of the  value 
of 3.141592654 to pei  in the  s t a t emen t  

ps i  : =  pei  X s in (pe i  X (x+O.5) ) / cos (pe iX  (x+0.5)) ;  
replace pei  by the  value 3.141592654. 

d. Replace the  block labelled h~rge by:  
large: b e g i n  r e a l y ;  x : =  1/x;  y :=  x X x; 
ps i  : =  ps i  -- ln(x)  + x / 2  -- ( (y/252-0.008333333333) X y + 
0.08333333333) X y e n d ;  
With  these changes,  the  body of the procedure was t r ans la ted  

and  run  on the  LGP-30 computer  using the  D a r t m o u t h  SCALP 
processor. The  program was used to t abu la te  ps i f (x )  for x = - 1  

CERTIFICATION OF ALGORITHM 148 
TERM OF MAGIC SQUARE [D. M. Collinson, Comm. 

ACM, Dec. 1962] 
J .  N .  R .  BARNECUT 

University of Alberta, Calgary; Calgary, Alberta, Canada 

M A G I C T E R M  was t r ans l a t ed  in to  FORTRAN for the  I B M  1620. 
The procedure was t es ted  for te rms of squares  up to order 13. 
Correc t  results  were obta ined.  For  de t e rmina t ion  of complete  
squares  opera t ing  t ime was not  s ignif icant ly different f rom Al- 
gor i thm 118. 

CERTIFICATION OF ALGORITHM 148 
TERM OF MAGIC SQUARE [D. M. Collison, Comm. 

ACM, Dec. 62] 
DMITRI THORO 

San Jose State College, San Jose, Calif. 
This  a lgor i thm was t r ans l a t ed  in to  FORTRAN and FORGO for the  

IBM 1620. No changes in the  pi 'ogram were necessary.  The  ele- 
ments  of magic squares  of odd orders up to 15 were genera ted  
sat isfactor i ly .  

A con t r ibu t ion  to th is  depa r tmen t  mus t  be in the  form of 
an Algori thm,  a Certif ication,  or a Remark .  Con t r ibu t ions  
should be sent  in dupl icate  to the  Ed i to r  and  should be 
wr i t ten  in a style p a t t e r n e d  af te r  recent  con t r ibu t ions  
appear ing  in this  depa r tmen t .  An a lgor i thm mus t  be wr i t t en  
in ALGOL 60 (see Communica t ions  of  the A C M ,  J a n u a r y  
1963) and  accompanied by  a s t a t emen t  to the  Ed i to r  indica t -  
ing t h a t  i t  has been tes ted  and indica t ing  which computer  
and programming  language was used. For  the  convenience 
of the  pr in ter ,  con t r ibu to r s  are reques ted  to double space 
mater ia l  and  under l ine  del imiters  and logical values t h a t  
are to appear  in boldface type.  Whenever  feasible, Cert i -  
fications should include numerica l  values.  

Al though each a lgor i thm has been tes ted  by  its cont r ib-  
utor,  no war ran ty ,  express or implied, is made by  the  con- 
t r ibu to r ,  the  Edi tor ,  or the  Associat ion for Comput ing  
Machinery  as to the  accuracy and  func t ion ing  of the  al- 
gor i thm and  re la ted  a lgor i thm mater ia l ,  and  no responsi-  
b i l i ty  is assumed by  the  con t r ibu tor ,  the  Edi to r ,  or the  
Associat ion for Comput ing  Mach ine ry  in connect ion there-  
with.  

The reproduct ion  of a lgor i thms appear ing  in th is  depar t -  
ment  is explici t ly pe rmi t t ed  wi thou t  any  charge. When re- 
p roduc t ion  is for publ ica t ion  purposes,  reference mus t  be 
made to the  a lgor i thm au tho r  and  to the  Communica t ions  
issue bear ing the  a lgor i thm.  
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Notation. Throughout  this paper string quotes (' ') are 
used only as basic ALGOL symbols, whereas double quotes 
( . . . .  ) have no significance other than as punctuation 
marks in the English language. 

I t  seems to us that  while ALGOL 60 cannot be made 
into a good symbol manipulation language without many 
additions two simple extensions would make a consider- 
able difference, making 23kLGOL an adequate language for 
some symbol manipulation problems and also improving 
it in other ways. For a suggested way for incorporating 
full symbol manipulation features into A L G O L ,  s e e  "A 
String Language for Symbol Manipulation Based on 
ALGOL 60" by J. H. Wegstein and W. W. Youden [Comm. 
ACM, Jan. 1962]. We propose two extensions to the use 
of strings which, we think, could be added into an existing 
translator with virtually no effort. As ALGOL stands, 
strings can be used only as actual parameters of pro- 
cedures, presumably output  procedures; nested strings 
are allowed but  it would need some ingenuity to find a 
use for them. In our discussion we take "string" to mean 
a non-nested string. Our proposed additions (hence- 
forward referred to here as "the additions") are: 

(i) Strings can be assigned as values of variables. 
(ii) Strings can be used as operands of the relational 

operators: "="  and " ~ " .  

Examples: 

color : =  'b lack';  

i f  color = 'black '  t h e n ' "  ; 

A description of the exact syntactical changes necessary 
in the language is given at the end of this paper. The 
equivalent of the additions is already built into such 
algebraic languages as IT  and GAT. 

Variables having strings as value would be declared as 
being of type " s t r i ng" ,  and string arrays and string pro- 
cedures (i.e. function designators of type string) would be 
allowed. I t  would be natural to have input procedures to 
assign strings as values of variables and output  procedures 
to print string variables. 

I t  might be a practical necessity for fixed-word-length 
machines to restrict the length of strings to one word- 
length. Restrictions somehow do not seem to be in the 
spirit of the ALGOL 60 report (to the exasperation of 
translator writers) but, of course, there are implicit re- 
strictions on the size of integers and real numbers; so a 
restriction on the length of strings is not too unreasonable. 

Note that  the additions do not provide for a way to 
decompose strings within the language. However, "pack- 
ing" and "unpacking" routines could be added to a 
system which would respectively break a string down and 
store it symbol by symbol in a string array, and perform 
the reverse operation. A large class of symbol manipula- 
tion problems can be performed efficiently by splitting 
input strings into a nmnber of strings consisting of one 
symbol each and storing these in an array. 

The following advantages would be gained by in- 
corporating the additions. 

(i) Simple string manipulation programs could be 
written in ALGOL. Programs have been written in GAT, 
which is a subset of ALGOL aS extended, to formMly 
differentiate, prove theorems, transpose music, and 
perform other such functions. ALGOL could be a very 
powerful language for writing such nonnumeric programs. 

(ii) I t  would be possible to output  variable alphabetic 
information, for instance information input as data. This 
is not possible in ALGOL aS it stands. 

(iii) Algorithms involving multiple branching and 
sentinels could be better  expressed. Consider the situatiou 
when a variable or its value can be in three or more possible 
states (for instance, the value of an integer variable being 
prime of form 4 n + l ,  prime of form 4 n - - l ,  or non-prime, 
or, to take an example from an algorithm to be used in our 
ALGOL translator, the type of a variable being real ,  
i n t eg e r  (or s t r ing)  or Boolean) .  At one point in the pro- 
gram the state is found and later the program branches 
according to this state. At present a numerical indicator 
must be used for the state, for example, taking the values 
0, 1 or 2. A branching statement might read in present 
notation : 

i f  t ype  = 0 t h e n  " "  e l s e  i f  t ype  = 1 t h e n  " "  e l s e  " ' "  ; 

The meaning of this statement could be appreciated 
much more readily if it were written using the additions: 

i f  t ype  = ' r e a l '  t h e n  • • • e l s e  i f  t ype  = ' in teger '  t h e n  • • • e l s e  • " • ; 

In addition, anywhere a sentinel (i.e. a numerical 
variable whose value is meaningless as a number but  is 
used to convey information) is used, it would be useful to 
make it a string variable. When a sentinel has only two 
values a boolean variable (e.g. one named "number is 
prime") can be used. This is primarily an improvement to 
ALGOL in its role as a publication language for algorithms. 

We think it would cost virtually nothing to build our 
additions into a translator. Presumably, on encountering 
a string a translator encodes it into the internal alpha- 
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