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liEALT[ZI N G BOOLE ~N (20 N N EC I I~ E~ ON 
TilE LB~i i1620 

The liB),:[ lf~2() O,[~)(t 1) pe r forms  its add i t i on  by  a u t o m a t i c  
table iook*11) to a table  s t o r e d  in core s to rage .  Since the c o n t e n t s  
,d ~he t ab le  m a y  be changed  under  prograq~ control ,  severa l  
iweres t ing  and power fu l  ope ra t ions  m a y  be ,.,i)tained in a s imple  
mariner [! 

O~e such class of ope ra t ions  is the 16 Boo lean  connec t ives  of 
two variat)les.  Assume  the  s imples t  r ep re sen t a t i on  of o p e r a n d  
bits- -each ope rand  bit  is s t o r ed  as one IBM 1620 digit  (extens ion 
of the pr incip les  d i scussed  here to more  dense  pack ing  of up t<:) 
d+ree bi ts  per  digit  is s t r a i g h t f o r w a r d ) .  Any of the  16 Boolean  
connectives .,)f tw<) va r i ab l e s  m a y  l)e r ep re sen t ed  as a fou r -b i t  
string which gives the  t r u t  h table  for the  connect  ive. l"or example ,  
tim connec t ive  XOR can be r ep re sen t ed  b y  the  t r u t h  tab le .  

Ope,asd Opera nd 
Bit A Bit B Function 

0 0 1 
0 1 0 
1 0 0 
1. 1 0 

The coding ()f connec t ive  x o a  wotfld then  be 1000. Tab le  1 gives 
enc., din,~s for all 16 Bo(dean  connec t ives .  

TA[II~E l.  E x c o m x c  OF BOOL~:AX CONNECTIVES 

Encoded 
Description o/Connective Syn,bolic Connective 

0 0 0 0 0 0 
A A x D B  A / ~ \ B  0 0 0 1  
A AXD (XO[" 13) A / \  g 0 0 1 0 
A A 0 0 1 1  
(NOT A) AXD B ] \ / ~  B 0 1  0 0 
B B 0 1 0 1 
:~k EXCLUSIVE OR B (A ~ H) 01  1 0  
A o a B  A V B  0 1 1 1  

A x-oRB A V B  1 0 0 0  
AEqVAL B (A = B) 1 0 0 1  
NOT B [~ 1 0  1 0  
i OR (NOT B) A V g 1 0  1 1 
NOT A :~ 1 1 0 0  
(XOT A) OR B Yk V B 1 1 0 1 

NOT (A AND B) A /~, B 11  1 0 
1 1 1 1 1 1  

A general  s u b r o u t i n e  m a y  be w r i t t e n  which  con ta ins  as l inkage  
parameters  (1) the  address  of ope rand  A, (2) the address  of oper-  
and B, (3) the  connec t ive  coded  as shown in Tab le  1, and  (4) the  
return loca t ion  f rom s u b r o u t i n e .  

The s u b r o u t i n e  i tself  consis ts  of the  fo l lowing pa r t s :  
1. Access of l inkage p a r a m e t e r s  (this nmy be done b y  the  l inkage  

itself) 
2. R e p l a c e m e n t  of a po r t i on  of the  add i t i on  t ab le  (e.g., four  

digits)  b y  t he  encoded  connec t ive  
:~. am) i n s t ruc t i on ,  which  now pe r fo rms  t he  connec t ive  o p e r a t i o n  

on. the  add res sed  fields 
4. Restorat ion  of the  original  add i t i on  t a b l e  
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EI)urog ' s  NOTE" Algor i thm 152 is p r in t ed  here as it shouht  have 
a p pea red. 

A L ( ; ( )  R i T H ~\ I 152 

N E X C ( ) _ \  I 

J o H x  HoPLt . :v  

P e a t ,  5 I a r w i c k ,  ~ l i t c h e l l  & C o . ,  l x ,  l d o n ,  E n g l a n d  

p r o c e d u r e  ,~exeom (char, N,  seteomplcte, nullveetor) ; 
a r ray  ckar; i n t e g e r  N;  
l a b e l  selcomplele, nullvech~r; 
(:on~n~ent char is a co lumn vec to r  con ta in ing  iX" e lements  each of 

which  is e i ther  1 or 0. Nexcom t rans fo rms  char into ano the r  
v e c t o r  con ta in ing  the same nmnt)er of it's and 0's, bu t  in a differ- 
an t  sequence .  St:arting wi th  char in the s t a t e  of having I in each of 
the e lenmnt  posi t ions  1, ..., r and  zeros elsewhere then rel)eated 
app l i ca t ion  of nexcom genera tes  all '~Cr pa t t e rns  of char. The  
p r o c e d u r e  t e rmina t e s  if the i)resented v e c t o r  char has l in each 
of the  l)osit ions N, N - 1 ,  ... N - -  r4,- l and  zeros elsewhere.  "l'ermi- 
na t ion  is ind ica ted  by  exi t  th rough  the formal labeJ 'set(omplete'.  
If char is the null v e c t o r  then procedure  exists  t h rough  the 
formal  lal)el 'nullvector'; 

b e g i n  i n t e g e r  n, p, el; 
c o m m e n t  fin(l the first 1 in char; 
for  n :=  1 s t e p  1 u n t i l  3/" d o  i f  
char [n! = l t h e n  go  to  A;  
go to  nulh~eetor; 
c o m m e n t  how m a n y  a d j a c e n t  l ' s ;  
. l :  p : = 0 "  
for  m. :=  n + 1 s t e p  1 u n t i l  .V d o  
i f  char [ml = 1 t h e n  p := p + 1. e l s e  go to  B; 
c o m m e n t  t [ a v e  all eomMna t ions  been gene ra t ed ;  
B: i f p  + n = N t h e n  go  to  seleomplete; 
c o m m e n t  Set  up next  e o n d ~ i n a t i o n ; c h a r [ n + p q - l ]  := 1; 
fo r  m := n + p s t e p  -- 1 u n t i l  n d o  char {m-t :=  0; 
for m :=  1 s t e p  1 u n t i l  p d o  char [m] := 1 ; 
e n d  Ytexcoi~. ; 

5. B r a n c h  out  of the  s u b r o u t i n e  
A rou t ine  of this t y p e  has been w r i t t e n  for the I B M  1620. 
The  p a r t i c u l a r  func t ions  o a  or EXCLUSIVE OR m a y  also be ob- 

t a ined  b y  replacing only  a single digi t  in the  aDD tab le  r a the r  t h a n  
the fou r  digi ts  :required by  the  above  genera l ized  rout ine .  This  
will be  fas te r  t han  real izing these  func t ions  using the  general  
s u b r o u t i n e .  

The  func t ion  NOT m a y  also be o b t a i n e d  by  s u b t r a c t i n g  the  
a r g u m e n t  field f rom a field of all l ' s .  The  resul t  replaces  the  field 
of l ' s .  Since t he  two connec t ives  NOT and  oR suffice to  find all 
o thers ,  for shor t  field l eng ths  it m a y  some t imes  be fas te r  to use 
these  rou t ines  r a the r  t h a n  the  general  rou t ine .  

REFERENCE : 
1. GERSON, G. On mod i fy ing  the  1620 add  tab le .  I B M  Sys tems  J .  

(Sept.  1962). 
H. HEI..LERMAN AND D. N.  SENZIG 
Internat ional  B.usiness Machines Corp. 
Yorktown, N .  Y.  
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A L G O I I i T H M  184 

E R I ,  A N G  P R O B A B I L I T Y  t . O i {  C ( 7 t t V E  F ' I T T I N ( i ;  

A.  COLKEtt  

U .  S. S t e e l  A p p l i e d  I l e s e a r e h  L a b o r a t o r y  

M o n r o e v i l l e ,  P e n n .  

p r o c e d u r e  E R L A N G  (X, XO, M, VARS,  C, f"AC7"OI?[AL: f ' ) ;  
v a l u e  XO, M, WAllS, C; i n t e g e r  C; rea l  a r r a y  X,  P;  
i n  t eger  p r o c e d  u re FA CTOll lA L ; 
c o m m e n t  Compu te s  the E r l a n g  probabili | ;y for the  i t h  in terval  

by f~-~ J'(x)dx -- f<~ '-~ f(.c)dz where f(x) = + [(K~)K/(K -1): I  
.(X--xo)K--:e--K" ( ..... O) where u = 1/M, K = ( M - X o ) ~ V A R S  is 
the upper  b o u n d a r y  for the  class in tervals ,  X~ is thn lower 
b<>undary of the first class in terval ,  M is the  mcar~ of the Er-  
lang, V A R S  is the var iance  co r rec ted  by 8he.ppard's  correct ion,  
C is the number  of (:lass in te rva ls  and  P.£ is the  ca lcu la ted  
probat}ili ty; 

b e g i n  
i n t e g e r  I, Jr, K, F; real  a r r a y  XE[O : C'j; 

for [ :=  1 s t e p  1 u n t i l  C d o  
XE[[]  :=  \ I l l -  XO; 

XE[0I := 0; 
:liE :=  M -- XO; 
K := 0.;5 + (ME~2)/V.,tI.~S; 
U := K / M E ;  
S P  := 0; 
f o r  [ := 1 s t e p  1 u n t i l  C d o  
b e g i n  

SUM I :=  0; 
SUM2 :=  0; 
for  ,1 :=  0 s t e p  1 u n t i l  K -- 1 d o  
begi  n 

b' :=  FA(/7 'O/NAL ( J ) ;  
ZI  :=  U X XE[I--I];  

S U M I  :=  SUM1 A- (ZI]'J)/I"; 
Z2 := U X XE[II; 

SUM2 :=  SUM2 + (Z2]'J)/F; 
end  J; 
P[I] :=  SUMI  X ( E X P ( - U X X E [ I - I ] ) )  - SUM2 

x ( I ' = X P ( - U × X E I l I ) ) ;  
S P  :=  S P  +- l ' [I] ;  

e n d  I ;  
P [ C + I ]  :=  1 . . 0 -  Sl ' ;  

e n d  Erla.rtg 

A L G O R I T H M  :185 

N O R M A I ~  P R O B A B I I J T Y  I " O R  C U R V E  F I T T I N G  

A.  COLKER 

U.  S. S t e e l  A p p l i e d  R e s e a r c h  l a b o r a t o r y  

M o n r o e v i l l e ,  P e n n .  

p r o c e d u r e  :\"ORA[:IL (X, M, V A R S ,  C, HASTL\ -GS,  P) ;  
v a l u e  M, V:II¢S, C; i n t e g e r  C; rea l  array  X,  P ;  
rea l  p r o c e d u r e  H A S T I N G S ;  
c o m m e n t  Computes  the  normal  probaMli t ies  for  the  i t h  i n t e r w d  

by f{£ f(x)dx - j ' ~ -~  f(x)dx where  f(x) is Has t ings '  approxi-  
ma t ion  to the normal  in te rva l .  Has t ings '  f o rmula  is 

¢ (X,,.~) ~-[1- "l - _ . . . .  ~ " -~ . = ( q-atX,,i+a.,X ;,i+aaX,,i+a.4X ,~i+azX,,i)-8] 

where (t.~ = 0.09979268, a~ = 0.{)4432014, 8a = 0.0{)969920, 
a~ = --0.00009862, and  a8 = {}.{}{}058155. The  X , i  are normal ized  
b o u n d a r y  vahles  Of" Xi  where  X, i  = ( X i - M ) / v Z V A R S ,  where  
M is the  m e a n  and V A R S  is the  va r i ance  co r r ec t ed  by  Sheppa rd ' s  
correc t ion ,  C is the  mtmber  of class i n t e rwds  and  P,: the  calcu. 
lated probabi l i ty;  

386 C o m m u n i c a t i o n s  o f  t h e  A C M  

Jnle~er / :  real array V\- i " f'~- 
£orl= l s t c p i u n t i t C d o A - . V [ f ]  .... ~A.:./j--.,~ .... ~/.I...; ~... . :  
I){i] := 0.5 tI.tST'I:VGS " '< . . . .  
:for I -= 2 s t e p  i u n t i |  (./ (]o 
b e g i n  

i f  
Xh:[ l j  < 0 t h e n  
f'[[] := HA,S'7'IAGS (. 1. I~S(A£V[I- I i~) - /I_iST!.VG/5 

/ ) ~ , i  . . . . .  

~:-t./,,>~.¥.\il!j); e l se  
b e g i n  

i t ' , :X .V[  >O) A (XA[[--1]<(  ) 
t h e n  P[I] :=  HASTI: \ 'GS (ALV Iil + f l A S T I  VGS 

) - I  I - - (A/4S (. X A [I-- 1. ].)) ; e l s e  
P[I] :=  HAST' IAGS ," V \ifr) _ it:.I.STIA-GS ~"X \ f f - - l j ) -  

en(l ; 

e n d 1 ; 
P [ C + I ]  = {1.5 -- H A S T I N G S  ( . \ \~( ' i  . t - -  y 

e n d  AOILIIA. L 

A L G O  I I I T t t _ \ [  186 ~:I:: 

CO13,[ P L E X A R [ T H 3 [ E T I C li 

R .  P .  vA× DE tlr:~:W 

M a t / h e m a t i e a l  C e n t r e ,  A m s t e r d a m ,  H o l l a n d  :I 

p r o c e d u r e  Complex arilhmetic (a, b, 1~, r);  v a l u e  a, b" a r r a y  [i 
a ,b ,  lg, r; 

c o m m e n t  This  procedure  assigns the  value a 2 ÷ b 2 to R and  the i 
va lue  (a+ib ) / (a - ib )  to r, where  a, b, I~ and  r are  complex ~.:-~ 
numbers .  These  two a r i t h m e t i c  express ions  a re  of course frill 3- 
arl)i{,rary. T h e y  serve only to d e m o n s t r a t e  the  use of the  pro- 
cedures  P ,  (2, S, 1', J and  U. With  them one can build up any  
a r i t h m e t i c  express ion with  complex var iables ,  as easi ly as one 
can  form them wi th  real var iaMes in ALGAL 00 (As one sees [] 
i m m e d i a t e l y  these p rocedures  can easi ly  be ex t ended  for use in ~, 
q u a t e r n i o n  a r i t h m e t i c  or genera l  vec tor  and  tensor  calculus).  
We focus a t t e n t i o n  to the  v a l u e  call of the  p rocedure -pa ramete r s ,  
which is essent ia l ,  t : u r t h e r m o r e ,  we not ice  t h a t  the  dep th  or i 
he igh t  of the  a c c u m u l a t o r  t t  is the  n u m b e r  of r igh t -handed  :~ 
b r a c k e t s  p laced  one af te r  ano the r  no t  coun t ing  the  bracket=s :] 

which occur  in p a r a m e t e r - d c l i m e t e r s .  I t  is pe rhaps  superf luous to i 
m e n t i o n  t h a t  this p rocedure  was tes ted  on the  X1 c o m p u t e r  of {lie ] 
M a t h e n m t i c a l  Cent re .  ; :~ 
b e g i n  i n t e g e r i ,  k; array  H[1:4,1:2];  i }li 

i n t e g e r  p r o c e d u r e  P(i ,  j ) ;  v a l u e  i, j; i n t e g e r  i, j ;  ~ ~,l 
c o m m e n t  P forms the  p r o d u c t  of the  i t h  and  j t h  e lement  of H; } 
begin., real  a; k :=  k - 1", a := H[i, 1] X H[j, 2I] - H[i, ~.;'~i i I ii 

X H[j, 2]; H{k, 2] :=  H [ i , l ]  X H[j, 2]-~-H[i, 2 ] X  
H[.i, 1]; H[k, 1] := a; P := k 

e n d  ; i: 
i n t e g e r  p r o c e d u r e  Q(i,  j) ; v a l u e  i,  j; i n t e g e r  i, j; i ~ 
c o m m e n t  Q forms the  quo t i en t  of the  i th  and  j t h  e l ement  of H;  
b e g i n  r e a l a ,  b; k :=  k -  1; b := H[j, 1 ] ~ 2 + H [ j ,  2] ~2;  : 

a :=  (H[i, 1]XH[.i,  1 ] + H [ i ,  2 ]XH[j ,  2]) /b; i 
H[k, 2] := (H[i, 2]XH[j ,  l ] -H[ - i ,  IJXH[j,  2])/b; i~{ 
H[k, 1] : = a ;  Q : = k  

e . d ;  i ]  
i n t e g e r  p r o c e d u r e  SOl, j); v a l u e  i, j; i n t e g e r  i, j; 
c o m m e n t  S forms the  sum of the i th  and j t h  e l emen t  of [t; ~ i 
b e g i n  k := k - 1; H[k, 1] := H[i, 1] + H{j, 1]; 

H[k, 2] := H[i, 2]-F H[j, 2]; S := k 
e n d  ; ;~ 
i n t e g e r  p r o c e d u r e  T(a);  a r r a y  a; 
e o n l m t e n t  7' assigns to the  k + l t h  e l emen t  of t[ the  comt)Iex 

var iab le  a; 
b e g i n k  := k + 1; H[k, 1] := al l ];  H[k, 2] -= a[2]; 7' '= k 

e n d  ; 
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i n t e g e r  p r o c e d u r e , / ( i ,  expi) ; i n t e g e r  i; real expi; 
c o t n m e ~ t  J assigns to the ( k + l ) t h  e lement  el" H a complex 

variM)le which is decomposed in reM and imag ina ry  pa r t ;  
b e g i u k  := k -F  1; i := 1; [I[/% 1] :=  expi i i :=  2; 

H[k, 2] :=  expi; 
J:=]~ 

e n d ;  
p r o c e d u r e  U(i, 1~) ; v a l u e  i; i n t e g e r  i; a r r a y  R; 
e o n u n e n  t U assigns to tg the i t h  e lement  of H; 
b e g i n  R[1] := till, 1]; I~[2] := H[i, 2]; k :=  0 e n d ;  

} k := O; U(S(P(7'(a))times:(T(a)))plus:(t'(T(b))times: 
(T(b))), le); 

c o m m e n t  (aXa) + (bXb) = : R ;  U(Q(S(T(a)) plus:  
: (P(J(i, i - 1 ) )  t imes :  (T(b))))  d iv ided by: (S(T(a))  

plus: (P(J-(i, 1-- i ) )  t imes:  (T(b)))) ,  r)" 
c o m m e n t  (a-F( iXb)) / (a+(- iXb))  = : r ;  

The con ten t s  of th i s  Algor i thm are publ i shed  in tile Technica l  
Note TN 27, Mathc tn~ t icM Centre ,  Nov.  1962. 

i!~!il~iil 

ALGORITHM 187 
DIFFERENCES AND DERIVATIVES 
R. P. VAN DE RIET 
Mathematical Centre, Amsterdam, Holland 

beg in  r ea l  h; i n t e g e r  i, k; a r r a y  A l l  : 50]; 
c o m m e n t  Th i s  p rogram calculates,  only to demons t ra t e  the  

procedures DELTA and  DER, the t h i rd  der iva t ive  of the  expo- 
nent ia l  func t ion  w i th  a s ix th  order difference scheme. We do 
not  propose to use these  procedures  in actuM calculat ions,  for 
as we observed wi th  tile X1 compute r  of the Math. Centre ,  t hey  
work, bu t  ve ry  slowly as a consequence o ( t h e  s t rong recurslve-  
heSS of the  procedures,  i n  actual  p rogramming  one has  to take  
the t rouble  to  wri te  ou t  the  wel l-known formula  of Gregory,  or 
for higher  de r iva t ives  to  mul t ip ly  th i s  formula a m n n b c r  of 
t imes by i tself ,  then  one has to collect the  same funct ion-vMues.  
All this  t roub le  is t a k e n  over by the eonlputer  if one uses t he  
procedures descr ibed below. M y  purpose,  however, in  publ i sh ing  
these procedures  lies no t  in the  numer ica l  use but  in  a demon- 
s t ra t ion  of the  f lexibil i ty of ALGOL 60, if one uses the  recursive- 
ness p roper ty  of procedures . ;  

r ea l  p r o c e d u r e  SUM(i,  h, k, ti); v a l u e  k; i n t e g e r  i, k, h; 
r e a l  ti; 

b e g i n  r e a l s ;  s : = 0 ;  f o r i : = h s t e p l u n t i i k d o s : = s + t i ;  
SUM := s 

e n d ;  

real  p r o c e d u r e  DELTA (N, k, kO, fk); v a l u e  N, k0; r ea l  fk;  
i n t e g e r  N,  k, kO; 

c o n l m e n t  N is the  order  of the forward difference which is 
calculated from a se t  of funct ion-va lues  with equ id i s t an t  
Parameter -va lues  ; 

b e g i n  i n t e g e r  i; 

DELTA := i f N  = l 

t h e n  SUM (k, kO, k0+1,  ( -1)~(k+l-kO)Xfk)  
e l se  DELT'A (l,  i, kO, DELTA ( N - l ,  k, i, Jk)) 

end;  

real  p r o c e d u r e  DER (OR, N, h, k, kO, fk) ; v a l u e  OR, N, h, k0; 
rea l  fk, h; 

i n t e g e r  0l~, N, ]% k0; 

C o m m e n t  OR is the  order  of the der iva t ive ,  calculated from a 
given set of func t ion-wdues  f(k), with equ id i s tan t  parameter-- 
values, t he  error  is of the  order h ~ ( N + I - . 0 R ) ,  where h is the 

s teplength .k0 is the  po in t  where tile de r iva t ive  is calculated;  
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b e g i n  i n t e g e r  i ;  
DER := i f  OR = 1 
t h e n  SUM(i, 1, N, DELTA(i,  k, k0, fk) 

X ( -1)$( i+l) / i ) /h  
else  DER(1, N + I - O R ,  h, i, ]cO, DER(OR-1,  N - l ,  h, 

k, i, fk)) 
e n d ;  

t ~ r i  := 1 s t e p  1 u n t i l  50 do  A[i] :=  exp(i/50); 
f o r  i := 1 s t e p  1 u n t i l  25 do  All] := DER(3, 6, .02, k, i, A[k]) 

e n d  

The  contents  of th is  Algor i thm are publ ished in the  Technical  
No te  TN 27, Mathemat ica l  Centre ,  Nov. 1962. 

ALGORITHM 188 
SMOOTHING l. 
F. RODRmVEz-GI5 
Central University, Caracas, Venezuela 

p r o c e d u r e  Smooth 13(n, x); 
i n t e g e r  n; 
r e a l  a r r a y  x; 

c o m m e n t  This  procedure uses Gram ' s  first-degree th ree -po in t  
formulas ,  as described in Hi ldeb rand ' s  " I n t r o d u c t i o n  to Nu- 
merical  Analys is , "  Ch. 7, to smooth a series of n equal ly  spaced 
values.  If the  procedure  is entered  wi th  less t han  th ree  points,  
cont ro l  is t ransfer red  to a nonlocal label error; 

b e g i n  rea l  a r r a y  xp[1 : hi; i n t e g e r  i;  
i f n  < 3 t h e n  go to  error; 
f o r t  := l s t e p l  u n t i l n d o x p [ i ]  :=  x[i]; 
x[1] := 0.83333333 X xp[1] + 0.33333333 X xp[2] - 0.16666667 

X xp[3]; 
f o r  i := 2 s t e p  1 u n t i l  n - 1 d o  x[i] := (xp[i--1]+xp[i] 

+ xp[i+l]) X 0.33333333; 
x[n] := - 0.16666667 X xp[n-2] + 0.33333333 X x p [ n - 1 ]  

+ 0.83333333 X xp[n] 
e n d  Smooth 13 

ALGORITHM 189 
SMOOTHING 2 
F.  RODRIGUEZ GIL  

Central University, Caracas, Venezuela 

p r o c e d u r e  Smooth 35(n, x);  
i n t e g e r  n;  
r e a l  a r r a y  x; 
c o m m e n t  This  procedure is similar to Smooth 13, except  t h a t  

G r a m ' s  th i rd-degree  f ive-point  formulas  are used, and  t ha t  a 
m i n i m m n  of five points  is needed for a successful appl icat ion;  

b e g i n  r ea l  a r r a y  xp[1 : n]; i n t e g e r  i;  
i f  n < 5 t h e n  go to  error; 
f o r  i := 1 s t e p  1 u n t i l  n d o  xp[i]:= x[i]; 
x[1] := 0.98571429 X xp[1] + 0.05714286 X (xp[2]+xp[4]) 

-- 0.08571429 X xp[3] - 0.01428571 X xp[5]; 
x[2] := 0.05714286 X (xp[1]+xp[5]) + 0.77142857 X xp[2] 

+ 0.34285714 X xp[3] - 0.22857143 f xp[4]; 
f o r  i := 3 s t e p  1 u n t i l  n - 2 do  x[iJ := - 0.08571429 X (xp[i--2] 

+xp[i+2]) + 0.34285714 X (xp[i-1]+xp[i+l]) + 0.48571429 
X xp[i]; 

x [ n - 1 ]  := 0.05714286 X (xp[n-4]+xp[n]) - 0.22857143 
X xp[n-3] + 0.34285714 X xp[n--2] + 0:77142857 X xp[n--1]; 

x[n] := - 0.01428571 X xp[n--4] + 0.05714286 X (xp[n--3] 
+xp[n--1]) -- 0.08571429 X xp[n-2] 4- 0.98571429 f xp[n] 

e n d  Smooth 35 

C o m m u n i c a t i o n s  o f  t h e  A C M  387 
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C()XIt}I~EX P O W E R  
A.  P .  R . E L P H  

The English Electric Co. I.td., Whetstone, England 

p r o c e d u r e  Com.plex power  (a, b, c, d, n, x, y) ;  v a l u e  q, b, c d, , ;  
r e a l a ,  b , c , d , x , y ;  i n t e g e r n ;  

c o m m e n t  T h i s  p r o c e d u r e  c a i e u l a t e s  ( x + i g )  = {'nff-ib) * ( c+ id )  
w h e r e  i is t h e  r o o t  of  - 1 .  In  t h e  c o m p l e x  p l ane ,  w i t h  a c u t  a h m g  
t h e  real  ax is  f r o m  (} to  - "-., p is t h e  sum  of t h e  p r i n c i p a l  va.lue 

of  the  a r g u m e n t  of ( a + i b )  a n d  2nrr (n is posi t iw~, n ( , . ~ t i v e  or  
ze ro  d e p e n d i n g  on  t h e  s o l u t i o n  r e q u i r e d ) ,  at'clan, is ass~tmed to  
be in t h e  r a n g e  --~-/2 to  ~r/2. T h e  ease n. -- % (1 = 0 is g i v e n  by  
A l g o r i t h m  D06; 

b e g i n  r e a l  p,  r, v, w.; 
i f a  = 0 t h e n  b e g i n  i f b  = 0 t h e n  b e g i n  :,_ :=  y "= 0; 

go  t o  L e n d  

• .o~()~ ,}6,-, X e l s e  p = 1 "" "{ ,9,, 

(sign (b) + 4 X  n) 
e n d  

e l s e  b e g i n  p : =  (i.28'318532 X n, + arc~an.(b/a)" 
i r a  < 0 t h e n  b e g i r t  i f b  ~ 0 t h e n  

e n d  ; 
_ ~  " + , ~ . ¢ ) ,  r " .5 f l n ( a i 2 + b  ~)" 

w : =  e x p ( c f r - d N p ) ;  

p : =  p + 3.14159265 

e l s e  
p : =  p -- 3.141159265 

e n d  

v : =  c X p + d X ,'; 

x : =  w × cos (v) ;  y : =  w × s in (v ) ;  
L : e n d  

A I X d J [ H  I t:I: I 191 
H Y I ' E R G E O M E T I H C  
A. P. RELPti 
The English Eleetrie Co. Ltd., Whetstone, England 

p r o c e d u r e  I t ypergeomedr ic  (a l ,  a2, b l ,  b2, el ,  c2, z l ,  z2) R e s u l t s :  
( s l ,  s2);  v a l u e  a l ,  a2, b l ,  b2_ el .  c2. z l ,  z2; r e a l  a l ,  a2, h i ,  b2, 

e l ,  c2, z l ,  z2, s l ,  s2; 
b e g i n  c o m m e n t  c a l c u l a t e s  t h e  h y p e r g e ( } m e t r i e  f u n c t i o n  

I F 2 ( a ,  b, c, z) w i t h  eOlnl)lex p a r a m e t e r s  ( a = a l + i a 2 ,  

e t c )  ; 
r e a l d ,  y l , y 2 ;  i n t e g e r n ;  
p r o c e d u r e  comp  m u l l  ( a l ,  a2, b l ,  b2, e l ,  c2);  v a l u e  a l ,  

a2,  b l ,  b2; r e a l a l ,  a2,  b l , b 2 ,  c l ,  c2; 
b e g i n  c o m m e n t  c a l c u l a t e s  the  p r o d u c t  of the  t w o  

c o m p l e x  n u m b e r s  ( a l + i a 2 )  a n d  ( b l + i b 2 )  
w h e r e  f is t h e  r o o t  of - 1 ;  

c l  : =  a l  X bl  - a2 X b2; c2 : =  a2 X bl + 

a l  X b2 

e n d ;  
s l  : =  !tl. : =  1; a2 : =  !/2 :=  0; 
f o r  n :=  1 s t e p  1 u n t i l  100 d o  
b e g i n d  : =  n X ( ( c 1 + n - - 1 ) 7 2 + c 2 } 2 ) ;  

c o m p  m u l l  ( a l + n - - 1 ,  a2, y l / d ,  y2 /d ,  y l ,  y2) ;  
c o m p  mul t  (g l ,  y2,  b l + n - 1 ,  b2, !tl ,  y2) ;  
c o m p  m u l l  (y l ,  y2, e l + n . - 1 ,  - -c2 ,  y l ,  y2) ;  

c o m p  mul l  (g l ,  y2, z l ,  z2, g l ,  y2) ;  
i f s l  = s l  + y l  As2  = s2 + y2 t h e n  g o  t o  L ;  

s l  : =  s l  + y l ;  s2 : =  s2 + y 2  

e n d ;  

L : e n d  
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AIA' , ( )RtTHSI  i92 
COiNFLUI iNT HY I)Ei{(;t;02I ETi{i(i  
A. P. i{~,;LP~< 

The t';nglist-~ Electric Co. I~c., W}~etsto~e,, E~:g!a~,~ 
p r o c e d u r e  (;'o~Lf!,~eng h!/pccgeo,,elcic , I ,  ~¢2. c ! .  :.2. e l ,  z2 

Ilesult .  " {%!. , sg)-__, v a l u e  (~1. c~2. ('t.. .c2. z , ~-~,~') 
r e a l  a l ,  a2 ,  c1 ,  c2, e l .  z2..~1, :-:2; 

b e g i n  e o n ~ ; n e n t  eale , . t ia tes  t im c ,nf l~u.nt  h3i)¢'rgeonmtri{" 7 := 

t . ion  l F l ( a ,  c. z} w i t h  c~m~i:iex p:<z~.me~{,.vs 

( a = a l  + i a 2 ,  ere ;  ; 
r e a l  ([, U1, y2; i n t e g e r  n; 
p r o c e d u r e  conip mtd[ i~,i: rt2, b l .  1)2, c i .  e 2 )  

v a l u e a l , a 2 ,  b t ,  b2; r e a l  (~!,<~2, 1)!, 6 2 . - i ,  c2; 
b e g i n  e o m m e ~ t  c a l e ~ i a t e s  {h(~ pr, ,chmt of t iw :a~. 

c o m p l e x  mm~i;e:'s ~..r~l-Vir~2 a~:d (L! ~ ,_! 
wher{~ i is i:h(~ ro()t (~f ---I; 

cl  :=  o l  X 61 - - - 2  X b2; 

c2 :=  a2 N 61 @ ai X b2 
e n  d ; 

sl  : =  g l  : =  1; ~2 : -  ~/2 :=  0; 
f o r  n : =  s t e p  ! u n l i l  I(}0 d o  
b e g i n  d :=  *~ X ({c l -} -* , - -1} '2+c2~2) ;  

e n d ;  

L:  e n d  

com.p . , M t  ( ( , t + - , - - 1 ,  ,2 ,  y l / d ,  g2/d,  ?/~ ?/:2: 
con, p merit (!t1., ~12, c l + n - - l . ,  --('2. g l ,  g2',; 
comp mull  (!/l,  !]2, z l ,  z2, 711, !/2); 

i f  .~1 = sl .@ !tl k 82 = s2 -~- 92 l h e n  go  ~_~, - ,  

sl :=  si + !11; .s2 :=  s2 -k ?tt2 

i: 

2 

i: 

::( 

: :  . 

7 

< 

:ii~! 

!/ 

i :  

:2  

! 
i 

i 

S / o l u m e  6 / N u m b e r  7 / J u l y ,  i! >~'~ 

y,,~ = x;  
b e g i n  i n t e g e r  i, j, k, m; 

a r r a y  Q, R [0 : .V]; 

r e a l  s ; 
A l l ]  : =  B[0 I  : =  0; 
B[I ]  : =  1;  
f o r  k : =  1 s t e p  1 u n t i l  N - 1 d o  

b e g i n  B [ k + l ]  : =  0; 
f o r  i : =  0 s t e p  1 u n t i l  k + 1 d o  

R[il := 0; 
f o r  j : =  k + 1 s t e p  - 1 u n t i l  1 d o  

b e g i n  Q[0]  : =  R[0] - A[j ] ;  
f o r  i :-~ 1 s t e p  1 u n t i l  k + 1 d o  

Q[i] := R[i]; 
f o r  i : =  0 s t e p  1 u n t i l  k ~ 1 d o  

b e g i n  s : =  0; 
f o r  -m : =  0 s t e p  1 u n t i l  i d o  
s : =  s + t~[m] × Q [ i - . i ] ;  

R[i  ] : =  
e n d  f o r  i ;  

e n d  f o r  j ;  
f or  i :~- 2 s t e p  1 u n t i l  k + 1 d o  Bii] : =  R[i] 

e n d  f o r  k ;  
e n d  S E R I . E S R  V R  1" 

AIX_,()ld I H . \ I  193 
Id:A I:!A~I()N O1'" SEt{II~;S 
tIi.;x~Y 7t'2. I:ETTIS 
Aeronautical I{esearcI~ Laboratories, Wright-l}atters, ~ \: i: 

l:oPce B a s e ,  Ohio 
p r o c e d u r e  S E R I E S R  l1 /7 '  {A. B, A') " :~ 
v a l u e  A,  .-\:; a r r a y  . l ,  II; i n t e g e r  .V  ~ 
e o t n m e n t  T h i s  l ) r o e e d u r e  g ives  t im coe f f i c i en t s  H[i] f()r !h¢~ :,:,: ~= - f= 

x = !t + ~ B l i ]  X y " i ( i = 2 ,  3, . - .  , , )  w h e n  t he  eo('f?ie{~'~ ~ 

A[i] of t h e  s e r i e s  y = x + ~.-I[i] X z * i a re  g iven .  T h e  pr(,c~d~ =: :i 
uses  s u c c e s s i v e  a p p r o x i m a t i o n s  a f t e r  w r i t i n g  ~ir..:.t - :r -- E l : :  :!-¢ 
!It, i ( i = 2 ,  3, . . .  L + 2  a n d L = 0 .  1, . - -  . N -.'))., s t a r t i l , ~  ¢ ~:: 



R E 3 I A R K  O N  ( ~ E I ~ , T I I ? I C A T I O N  Oli '  M A T R I X  

I N V E R S I O N  I )R~OCED UR]~S  

S t a n f o r d  University,  S t a n f o r d ,  C a l i f o r n i a  
(Work suppor ted,  in par t ,  by  Na t iona l  Science Foundat ion ,  and 
by  Of Iiee of NavM Research under  Con t r ac t  No. 225(37).) 

i n  a recent  cert i f icat ion [1], two mat r ix  invers ion procedures  
were tes ted  by ir~verting machine-genera ted  Hi lbe r t  matr ices  and 
comparing the resul ts  with  the  theorei~ieal inverses.  As has been 
pointed out  elsewhere [2], th is  is an inappropr ia t e  and deceptive 
test. We give here a fur ther  discussion of the difficulties involved. 

Hi lbe r t  matr ices ,  even of low orders,  are so poorly conditi(med 
tha t  the small  errors  c rea ted  by t runca t ing  or rounding the i r  
elements to fit a compute r  word cause severe changes in thei r  
inverses. The resul ts  of an invers ion procedure should therefore 
be compared  wi th  the t rue inverses of these modified input  
matrices,  r a the r  t h a n  with the  inverses  of the  una l t e red  Hi lber t  
matrices.  

To be nmre specific, le t  [t,~ denote  the  n X n Hi lbe r t  mat r ix  
defined by  (H~,)<~ = 1 / ( i+ j -1 ) ,  i,  3' = 1, . . .  , n. Le t  H}~ ) denote 
the mat r ix  of normal ized  f loat ing-point  numbers  wi th  b-bit  frac- 
t ions ob ta ined  by t r u n c a t i n g  the b ina ry  expansions of the ele- 
ments  of t I , .  T h a t  is, (H!:'))i,i = 2-~k[2"+k(H,,)~.~] where [xl is 
the grea tes t  in teger  no t  exceeding x, and  k is the in teger  for which 
½ =< 2k(H,,)¢.j < 1. Let  i',~ and  T(~ ) denote  the  t rue inverses of 
H,, and H ~  ) respect ively.  

Table  1 gives tile max imum elements  of T,~ and  2/'~[ '), for several 
values of n and  b. I t  should be noted t h a t  the differences between 
T, and  T}[ -'9) are a b o u t  the  same size as the " e r r o r s "  found in [11, 
where a 29-bit  f rac t ion  was used. Th i s  is typical :  the  changes 
caused by tile t r u n c a t i o n  of i npu t  d a t a  are of ten as large as the  
errors caused by numer ica l  inversion.  

W i t h  the  t rue inverses  of H ~  ) avai lable ,  i t  is possible to use 
these matr ices  to t e s t  the proeedures  [nversionH and gjr discussed 
in [1]. [nversion[[ is a par t ia l  p ivo t ing  rout ine;  i.e. a t  each s tep  
of the  reduet ion a single cohnnn  is searched for the  pivot  of 
greates t  absolute  value,  gjr uses full p ivot ing;  i.e. the  ent i re  
unredueed mat r ix  is searched for p ivo t  a t  each stage. In  addi t ion,  
two exper imenta l  modif icat ions were made  to gjr to cause par t ia l  
p ivot ing and  no p ivo t ing ,  respect ively.  The four rout ines  were 
run on an IBM 7090 using StYBALGOL (Stanford-Burroughs  ALGOL) 
and FOre'nAN. For  a 7090 one has  k = 27, so the  resul ts  were com- 
pared wi th  TEl '7). The  max imum errors  are t a b u l a t e d  in Table 2. 
For n ~ 8, the  resul ts  are domina ted  by  errors. Tab le  2 also gives 

T A B L E  1. T!~ ) is the  t rue  inverse of the  b-bi t  

4 6480.224 
5 17(,)273.60 
6 4492480.8 
7 1985.829to5 
8 58864.37io5 
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T A B L E  2. 
7"~ n) and  the o u t p u t  of the  procedures.  

Maximum Elenzent of Error Matrix Maximum 
No Pivoting Partial Pivot- Full Pivoting Element 

ing 1"(£ 'm - Tn 
~ g j r  ghr ghr lnversiontII 

3 4.2u) - 5 5.0u) - 5 4.210 -- 5 --- 8.610 -- 5 
4 2.210 - 2 3.610 -- 2 3.910 -- 2 1.910 -- 2 4.6u) - 2 
5 2.0M 0.311o1 1.2~01 0.51101 4.5M 
6 0.27104 l .h04 0.3&54 1,7~04 0.065104 
7 1.9/07 2.8107 1.2107 2.3ut7 0.065107 

approx ima t ion  to the H i l b e r t  matr ix .  
Maximum Element 

6480.046 6480.015 6480.000 6480 
179246.94 179207.51 179200.08 179200 
4434355.1 4414530.4 4410074.9 4410000 
1340.5021o5 1347.137105 1334.385105 1334.025m5 
27268.0h05 54260.621o5 42527.95105 42499.42105 

- -  - -  - 5 . 0 7 M 2  3.4&012 

Er ro r  mat r ices  are the differences between 

V o l u m e  6 / N u m b e r  7 / J u l y ,  1963 

~he maximum elenmnt of 2'~[ ~) - T~ for comparison wi th  the ac tua l  
e r rors ,  

Note t h a t  for n = 4, InversioMI gives the leas t  maximum 
error,  while for n = 5, 6, 7 the best  rout ines are par t ia l  p ivot ing  
gjr, no pivoting gjr and  full p ivot ing  gjr, respectively.  Thas ,  these 
resul ts  do not  indicate  the super ior i ty  of e i ther  a full or a pa r t i a l  
p ivo t ing  s t ra tegy.  An explanat ion is supplied by the  fact t h a t  
H~) ) is positive definite for the values of n and b considered. 
Wilkinson's  matr ix  invers ion error bounds are not  a l tered by the  
omission of p ivot ing for posit ive definite matrices [3]. The  need for 
a t  leant part ial  p ivo t ing  for general matr ices  can, of course, be  
clearly demonst ra ted  by  simple examples. 

The matrices T}~ ) were calculated with an i t e ra t ive  improve- 
m e n t  technique described and  analyzed in [4]. They are correct  to  
the  number  of figures given. The rout ine  used is s imilar  to t h a t  
g iven  by MeKeeman [5], except t ha t  mul t iple  precision a r i thmet ic  
is used. 
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C E R T I F I C A T I O N  O F  A L G O R I T H M  105 

N E W T O N  M A E t I L Y  iF.  L. B a u e r  a n d  J .  S t e e r ,  C o ~ M .  

A C M ,  J u l y  1962] 

JOANNE KONDO 

B u r r o u g h s  C o r p . ,  P a s a d e n a ,  Ca l i f .  

Algor i thm 105 was successfully run  on Burroughs 220 computer  
a f t e r  the following co r rechon  had been made:  

f o r  i : =  0 s t e p  1 u n t i l  n - 1 d o  bill : =  ( n - l )  X a[i] 
changed to 

f o r  i : =  0 s t e p  1 u n t i l  n - 1  d o  bill : =  ( n - i )  X a[i]. 
The following polynomials  were tes ted  for real roots using th i s  

Mgori thm:  
polynomial epsilon accuracy 

(1) z 3 - 2x 2 -- 5x + 6 0.0000001 10 -s 
(2) z 5 - 15x 4 + 85x a -- 225x 2 + 274x -- 120 0.000001 10 -5 

A con t r ibu t ion  to this  d e p a r t m e n t  must  be in the  form of 
an  Algori thm, a Cert if icat ion,  or a Remark.  Cont r ibu t ions  
should be sent  in dupl icate  to the  Edi to r  and should be 
wri t ten in a s ty le  pa t t e rned  a f te r  recent  cont r ibu t ions  
appear ing in this  depa r tmen t .  An a lgor i thm must  be wr i t ten  
in ALGOL 60 (see Communications of the ACM, J a n u a r y  
1963) and accompanied by  a s t a t e m e n t  to the  Edi to r  indicat-  
ing t h a t  i t  has been tes ted  and indica t ing  which computer  
and programming language was used. For  the  convenience 
of the pr inter ,  con t r i bu to r s  are requested to double space 
mater ia l  and under l ine  del imiters  and  logical values t ha t  
are to appear  in boldface type.  Whenever  feasible, Certi-  
fications should include numerica l  values.  

Al though each a lgor i thm has been tested by its contr ib-  
utor,  no war ran ty ,  express or implied,  is made by the  con- 
t r ibutor ,  the Ed i to r ,  or the Associat ion for Comput ing  
Machinery  as to  the  accuracy and  funct ioning of the  al- 
gor i thm and re la ted  a lgor i thm mater ia l ,  and  no responsi- 
b i l i ty  is assumed by  the  cont r ibu tor ,  the  Edi tor ,  or the 
Associat ion for Compu t ing  Machinery  in connect ion there- 

with.  

C o m m u n i c a t i o n s  o f  t h e  ACM 3 8 9  



C E R T I F I C A T I O N  O F  A L G O R I T H M S  134 A N D  158 

E X P O N E N T i A T I O N  O F  S E R I E S  [ I t en ry  E.  Fe t t i s ,  

COMyL A C M ,  Oct .  1962 a n d  Mar .  19631] 

HENRY C. TIfACHER, J~t. 

R e a c t o r  Eng inee r ing  Die . ,  A r g o n n e  N a t i o n a l  L a b o r a t o r y  

A r g o n n e ,  Ill.  
Work supported by the U.S. Atomic Energy Commission. 

The bodies of SER[ESPWR were transcribed for the Dart-  
mouth SCALP processor for the LGP-30 computer. In addition to 
the modifications required by the limitations of this translator,  
the following corrections were necessary: 
1. Add " rea l  P;" to the specifications. 
2. Delete "p," from the declarations in the procedure body. 
3. ([34 only) Replace "S" by "s" and [i-k] by " ( i - k ) "  in the 

statement S := s 4- - "  • 
4. (158 only) Changes last sentence of comment to "Set t ing 

P := 0 gives the coefficients for In(f (x)). In this series, the 
constant term is 0, instead of 1 as elsewhere;" 

5. (158 only) Add the identifier P2 to the declared real variables. 
6. ([58 only) Make the first statements read: 

"i f  P = 0 t h e n  P2 := 1 e l s e  P2 := P;  
B[I} := P2 X All];  ' 

7. (158 only) Make the statement of the for k loop read 

"S := S + ( P X  ( i - k ) - k )  × B[k] × A l l - k ] ; "  

8. Change the last statement to 

"B[i] := P2 X All] + S / i  end for i ;  

In addition, the following modifications would improve the 
eitlciency of the program: 
1. Remove A from the value list. 
2. Omit the statement B[1] := P × All]; (P2XA[1] in 158 

according to correction 6) and change the initial value of i 
in the statement following from 2 to 1. 

When these changes were made, both procedures produced the 
first ten coefficients of the series for (exp(x)) T 2.5 from the first 
ten coefficients of the exponential series. The procedures were 
also used to generate the binonfial coefficients by applying them 
to ( l+x)  P, for P = 2.0, and 0.5000000. Algorithm 158 was also 
tested with P := 0 for l + x  and for the series expansions for 
(sin x)/x,  cos x, and exp x. In all cases, the coefficients agreed 
with known values within roundoff. 
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S Y M I N V 2  [H. Ru t i shause r ,  COMM. A C M ,  Feb .  1963] 
ARTHUR EVANS, JR. 

C a r n e g i e  I n s t i t u t e  of T e c h n o l o g y ,  P i t t s b u r g h ,  P e n n s y l -  
v a n i a  

The identifier "a" appears twice in the procedure heading as 
a formal parameter. It  is not clear that this situation has any 
meaning in ALGOL. Indeed, it is not at all obvi6us how one might 
translate the procedure. If the actual parameters corresponding 
to the two formal parameters with the same identifier are different 
there is no way for the translator (or for the reader) to distinguish 
which 'a' is to be used. Further, it would take a detailed examina- 
tion of the published algorithm to determine how this situation 
might  be corrected. I t  is certainly not clear that  it would be safe 
merely to delete one occurrence of the formal parameter 'a', since 
the operation of the algorithm might reqmre that  two separate 
matrices be available. 
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S Y M I N V 2  [H. Ru t i shause r ,  COMM. A C M ,  Feb.  1963] 
H.  RtrTISHA~;SEt~ 

Eidg.  Techn i s che  Hochschu le ,  Zur ich ,  Swi tzer land  

p r o c e d u r e  syminv 2 (a~ n) result : (a) exit : (fail); ... fi~. 
dicates that the value of parameter "a" is changed by the con. 
puting process (the matrix a is changed into its inverse, whereby 
the given matrix is destroyed). In any procedure call, the ~w~, 
actual parameters corresponding to the two a's must be identical, 
otherwise the action of the procedure will be undefined (by vimle 
of the substitution rule). The user may also change the procedure 
heading into syminv 2 (a, n) exit : (.fail); . . .  without changing 
the effect of the procedure. 

EDVrOR'S NOTre: The ALCOR group has adopted the rule that 
if the value of a ~arameter is changed by the execution of ~h¢~ 
procedure, then the parameter should be listed twice. Although 
the ALGOL 60 Report does not forbid listing a formal parameter 
twice, it would appear that  a compiler which thus restricts the 
language could not accept some of the examples given m the 
ALGOL 60 Report.  
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L E A S T  S Q U A R E S  S O L U T I O N  W I T H  C O N S T R A I N T S  

[Michael  J.  Synge ,  C o m m .  A C M ,  J u n e  63] 

MICHAEL J.  SYNGm 

T h e  B o e i n g  Co. ,  T r a n s p o r t  Div is ion ,  R e n t o n ,  Wash. 

In row-reducing the constraint equations, CONLSQ does n~t 
use full pivoting nor does it  detect redundancy or inconsistency 
of the constraints; i t  was felt that the constraints were likely 
to be few in number and well-conditioned. However, these omis- 
sions may be made good by replacing the statement 

ick := ick + 1; 

by 

done: ick := ick + 1; 

and substituting the lines below for the first seven lines of the 
first compound statement of CONLSQ. If inconsistency is found, 
the procedure exits to the nonlocal label inconsistent. A roundofi 
tolerance, eps, is used in checking consistency, and some numerical 
value (e.g. 10-9 should be substituted for it. 

begin  i n t ege r  i, j, k, i t ,  ick, mr; i n t e g e r  ar ray  ic[l:ml; 
a r r ay  B[1 : n - r ,  1 : m - r ] ;  

rea l  Amax, Atemp; 
for i := 1 s t e p  1 u n t i l  r do  
b e g i n k  := 1; mr := i; Amax := AIi, 1]; 

for  ii := i s t e p  1 u n t i l  m d o  
b e g i n  for ] := 1 s t e p  1 u n t i l  m do 

begin  i f  abs(Amax >= abs(A[ii,/]) t h e n  go to nogo; 
m r : = i i ;  k : = j ;  A m a x : =  A[ii, j]; 

nogo : end j 
e n d  ii ; 
i f  abs(Amax) ~ eps t h e n  go to allswell; mr := i; 

test: ifabs(y[mr]) ~ eps t h e n  go to inconsistent e l s e  mr := mr + ~; 
i f  r ~ "mr t h e n  go to  test e l s e  r := i -- 1; 
go to  done; 

aUswell: for j := 1 s tep  1 u n t i l  r do 
beg in  Atemp := A[mr, /]; Altar, ]] := All, /]; 

All ,  j] := Atemp/Amax 
e n d  j; 
Atemp := y[mr]; y[mr] := y[i]; y[i] := Atemp/Amax: 

The Algorithm then continues with the line: 
for i i  := 1 s t e p  1 u n t i l  r d o  
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