ALGORITHM 221
GAMMA FUNCTION
Warrer GaurscHl (Reed 10 Aug. 63)

Oak Ridge National Laboratory,* Oak Ridge, Tenn.
* Now at Purdue University, Lafayette, Ind.

real procedure gamma (z); value z; real z;

comment This is an auxiliary procedure which evaluates I'(z)
for 0 < z £ 3 to 10 significant digits. It is based on a polynomial
approximation given in H. Werner and R. Collinge, Math.
Comput. 15 (1961), 195-197. This procedure must be replaced
by a more accurate one if more than 10 significant digits are de-
sired in Algorithm 222 below. Approximations to the gamma
function, accurate up to 18 significant digits, may be found in
the paper quoted above;

begin
integer k; real p,t; array A4[0:10];
A[0] := 1.0; A[l] := .4227843370; A[2] := .4118402518;

A[3] := .0815782188; A[4] := .0742379076;
A[5] : = — .0002109075; A[6] := .0109736958;
A7] 1= — .0024667480; A[81 : = .0015397681;

A[9] := —.0003442342; A[10] : = .0000677106;
t:=if z < 1 then z else if z £ 2 then z—1 else 2—2;
p 1= A[10];
for k := 9step —luntil0Odo p := ¢t X p + A[k];
gamma := if z £ 1 then p/(z X (2 +1)) else if z < 2 then
p/z else p
end gamma

ALGORITHM 222
INCOMPLETE BETA FUNCTION RATIOS
Warter Gaurscur (Reed 10 Aug. 63)

Oak Ridge National Laboratory,* Oak Ridge, Tenn.
* Now at Purdue University, Lafayette Ind.

comment Let B.(p, ¢) = [Zr (L — D=t dt (p > 0, ¢ >0,
0 £ z £ 1) denote the incomplete beta function. The objective
of this algorithm is to evaluate a sequence of ratios I.(p, ¢) =
B.(p, q)/Bi(p, q), as one of the parameters p, ¢ varies in steps of
unity while the other remains fixed. The procedure tncomplete beta
q fized evaluates I,(p + n, g¢) for n = 0,1, --- , nmazx, assum-
ing 0 < p =< 1, ¢ > 0, whereas the procedure ¢ncomplete
beta p fized evaluates I.(p, ¢ + n) forn = 0,1, --- , nmaz, as-
suming 0 < ¢ < 1, p > 0. The number d of significant digits
desired can be specified, but is only guaranteed when z < 3.
When z > %, the complements 1 — I, will be accurate to d sig-
nificant digits. In the region 0 < p < 1,0 < ¢ £ 2, L(p, ¢) is
calculated from a power series expansion. The sequences f(n)
= L.(p + n, ¢) and g(n) = L,(p, ¢ + n), including initial values,
are generated recursively by means of the recurrence relations
fn+1) -0+ m+p+g—Daz/n+p)fn)+({n+p+ ¢
—Dz/+p)fn -1 =0gn+1) - A+ M®+p+qg—1)-
A—z/n+)gn)+ (n+p+¢—1) QA —x)/n+ @)
-g(n — 1) = 0. Since the former is mildly unstable, a variant
of the backward recurrence algorithm of J. C. P. Miller is ap-
plied to it. A global real procedure gamma (z) must be avail-
able (see Algorithm 221);
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real procedure Isubz p and q small (=, p, ¢, 4);
value z, p, q, d;
integer d; real z, p, g;

comment This procedure evaluates I.(p, ¢) to d significant
digits when 0 < p < 1 and 0 < ¢ £ 2. It first calculates
B.(p, q) by a series expansion in powers of z, and then divides
the result by Bi(p, ¢) = T(p)I'(g)/T(p + ¢), using the real
procedure gamma;

begin integer k; real epsilon, u, v, s;
epsilon := 5 X 10T (—d);
wi=gzlp; s:i=u/p; k:i=0

L0: u = (k—g+1) X (k+p) X z X w/(k+1);
vi=u/(k+p+1); s:=s4+v; ki=k+1;
if abs(v)/s > epsilon then go to LO;
Isubzx p and q small 1= s X gamma(p+q)/ (gamma(p) X

gamma(q))

end Isubz p and q small;

procedure forward (z, p, ¢, 10, I1, nmaz, I);
value z, p, ¢, I0, I1, nmaxz;
integer nmaz; real z,p, g, I0, I1; array I;

comment Given I0 = I.(p, q), Il = L.(p, ¢+1), this procedure
generates I.(p, g+n) forn =0, 1, 2,.-- , nmaz, and stores the
results in the array I;

begin integer n;
I[0] := I0; if nmaz > O then I[1] := I1;
for n := 1 step 1 until nmaz — 1 do

Iln+1] := 1+ @+p+g—1) X 1—2)/(n+q)) X I[n]
— (n4p+g—1) X (1—2) X I[n—1})/(n+g)

end forward;

procedure backward (z, p, ¢, 10, nmaz, d, I);
value z, p, q, I0, nmaz, d;
integer nmaz, d; real z, p, ¢, [0; array I;

comment Given I0 = I.(p, ¢), this procedure generates
I.(p+n,q) forn = 0,1, 2, - ,nmaz to d significant digits,
using a variant of J. C. P. Miller’s backward recurrence al-
gorithm. The results are stored in the array I;

begin
integer n, nu, m; real epstlon, r; array Iapproz,
Rr [0:mmazx];
I[0] := I0; if nmaz > 0 then

begin
epsilon := 5 X 107 (—d);
for n := 1 step 1 until nmazx do Iapproz[n] := 0;

nu t= 2 X nmaz + 5;
Ll: n:i=nu; r:i=0
L2: r:= (n+p+qg—1) X z/(n+p+n+p+qg—1) X =
— (n+p) X 1);
if » < nmaz then Rrin—1]:=r; n:i=n—1;
if n =z 1 then go to L2;
for n := 0 step 1 until nmaezr — 1 do
I[n+1] := Rrin] X I[n];
for n := 1 step 1 until nmaz do
if abs ((I[n] — Iapproz[n])/I[n]) > epsilon then
begin
for m := 1 step 1 until nmaz do Iapproz[m] := I[m];
nu:= nu+5; gotolLl
end
end
end backward,;
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procedure Isubz qfized(z, p, ¢, nmaz,d, I); valuex,p, q, nmaz,d;
integer nmax,d; realz, p,q; arrayl;

comment This procedure generates I.(p+n,9), 0 < p £ 1, for
n=0, 1, --- |, nmar to d significant digits, using the procedure
backward. In order to calculate the initial value J0=1I.(p,q), it
first reduces ¢ modulo 1 to g, where 0 < gy < 1, then obtains
I:(p,q0) and I.(p,qo+1) by the real procedure I'subz p and g small,
and finally uses these as initial values for the procedure for-
ward, which connects with I.(p,q) by the recurrence in ¢;

begin integer m, mmaz; real s, g0, Iq0, Iql;

m = entier(q); s:= q¢ — m;
g0 := if s > 0 then s else s + 1;
mmazx := if s > 0 then m else m — 1;

190 : = Isubz p and q small(z, p, 0, d);
if mmax > 0 then Iql : = Isubz p and q small(z, p, ¢0+1, d);
begin array Iq[0:mmaz];
forward (z, p, q0, Iq0, Iql, mmazx, 1q);
backward(z, p, q, Iqimmaz), nmazx, d, I)
end
end Isubx q fized;
procedure Isubz pfized(z, p, q, nmaz,d, I); valuex,p,q, nmaz,d;
integer nmaz, d; realz, p,q; arrayl;
comment This procedure generates I.(p, ¢+n), 0 < ¢ = 1, for
n=0, 1, --- , nmaz to d significant digits, using the procedure
forward. The initial values I0=I.(p,q), I1=1,(p,g+1) are ob-
tained by twice applying the procedure backward. The initial
values for the latter are provided by the real procedure Isubz p
and q small;
begin integer m, mmaz; real s, p0, 10, I1, 190, Iq1;

m 1= enlier(p); s:=p — m;
p0 = if s > 0 then s else s + 1;
mmax ‘= if s > 0 then m else m — 1;

10 := Isubx p and q small(z, p0, ¢, d);
I1 := Isubz p and q small(z, p0, ¢+1, d);
begin array Ip[0:mmaz];
backward(z, p0, ¢, I0, mmaz, d, Ip); Iq0 : = Iplmmaz];
backward(z, p0, g+1, I1, mmaz, d, Ip); Iql := Iplmmax]

end;
forward(z, p, q, Iq0, Iql, nmaz, I)

end Isubzx p fized;

procedure incomplete beta q fired(z, p, ¢, nmaz, d, I);
value z, p, ¢, nmaz, d;
integer nmaz, d; real z, p, q; array I;

comment This procedure obtains the final results I.(p+4n,q),
0<p =1 n2=0,1,- -, nmaz, directly from the procedure
Isubx q fized, if * £ %, or via the relation I.(p+n,q) =
1 — I,_.(¢g,p+n) and the procedure Isubx p fized, if z > %. The
indicated substitution in the case z > 1 is made to ensure fast
convergence of both the power series used in the real procedure
Isubx p and ¢ small, and the backward recurrence algorithm used
in the procedure backward. If the parameters z, p, ¢, nmax are
not in the intended range, control is transferred to a nonlocal
label called alarm;

begin integer n;
ifz <0Vz > 1Vp 2 0V p > 1VV¢g £ 0V nmaz < 0 then go to
alarm;

i

ifr=0Vz=1then forn : = 0step 1 until nmaz do I[n] : = z else
begin .

ifz < .5 then Isubx q fized(z, p, q, nmaz, d, I) else

begin

Isubzx p fized(1—z, q, p, nmax, d, I);
for n = 0 step 1 until nmazr do I[n] := 1 — I[n]
end
end
end tncomplete beta q fized;
procedure incomplete beta p fixed(x, p, q, nmaz, d, I);
valuez, p, ¢, nmaz,d; integer nmax,d; realz,p,q; arrayl;
comment This procedure, the exact analogue to the procedure
incomplete beta ¢ fized, generates the final results I.(p,g+n),
0<¢=1,n=0,1, -+, nmaz. For the setup of the procedure,
see the comment in incomplete beta ¢ fized;
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begin integer n;
ifz<0Vz>1Vgeg20Veg>1Vp 20V nmar <0 then go to
alarm;
ifzr=0Vz=1then for n:= 0stepl until nmax do I{n]:= z else
begin
if z £ .5 then Isubz p fizred(x, p, q, nmaz, d, I) else

begin
Isubzx g fizxed(1—zx, q, p, nmaz, d, I);
for n : = 0 step 1 until nmax do I[n] : =1 — I[n]
end
end

end tncomplete beta p fixed

REFERENCE: WaALTER GavuUTscHi, Recursive computation of
special functions. U. of Michigan, Eng. Summer Conf., Numerical
Analysis, 1963.

REMARK ON REVISION OF ALGORITHM 41

EVALUATION OF DETERMINANT [Josef G. Solomon,
Comm. ACM 4 (Apr. 1961), 176; Bruce H. Freed,
Comm. ACM 6 (Sept. 1963), 520]

Leo J. RorEnsErg (Reed 7 Oct. 63)

Box 2400, 362 Memorial Dr., Cambridge, Mass.
While desk-checking the program an error was found. For ex-

ample, the algorithm as published would have calculated the value
zero as the determinant of the matrix

000

SO O

00 1
010
1 00
The error lies in the search for a nonzero element in the rth column
of the matrix b.

Editor’s Note. Apparently the best general determinant evalu-
ators in this section are imbedded in the linear equation solvers
Algorithm 43 [Comm. ACM 4 (Apr. 1961), 176, 182; and 6 (Aug.
1963), 445] and Algorithm 135 {Comm. ACM § (Nov. 1962), 553,
557]. They search each column for the largest pivot in absolute
value. Algorithm 41 searches only for a nonzero pivot in each
column, and will therefore fail for the matrix

27t 1 1
1 1 2
1 11

if ¢ > s, for a machine with s-bit floating point.
It is hoped that soon a good determinant evaluator will be
published to take the place of Algorithm 41.—G. E. F.

CERTIFICATION OF ALGORITHM 122
TRIDIAGONAL MATRIX [Gerard F. Dietzel, Comm.
ACM 5 (Sept. 1962), 482]
PrreEr Naur (Reed 27 Sept. 63)
Regnecentralen, Copenhagen, Denmark
TRIDIAG needed the following corrections:
1. Insert k¥ among the local integers to read:
integer 1, j, 51, 72, j3, 74, nl, k;
2. At the end of line 5 of the procedure body, insert the colon to
read Ulj, ] := 0;
3. Change the round parenthesis to a square bracket following
fork := j3 .-- toread temp := A[jl,k];

With these corrections the algorithm worked satisfactorily with
the GIER ALGOL system. As a test it was tried with the following
matrix:

HBH TESTMATRIX[j, ] = HBH TESTMATRIXTi, 5]

=n+1-—y Gz
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(cf. the Certification of Alg. 85, Comm. ACM 6 (Aug. 1963), 447).
As a check the resulting matrix was rotated back again, using the
resulting U-matrix, and the largest deviation of any element from
the original was found. ‘

For comparison the figures obtained by using the algorithms
given by Wilkinson in Numertsche Mauhematik 4 (1962), 354-376,
may be used. Wilkinson’s algorithms use Householder’s method of
ohtaining the tridiagonal form. It should be noted that the devi-
ations given in the table below for Householder’s method refer to
the final result of obtaining the eigenvalues and vectors, and not
only the tridiagonal form, and thus include error contributions
from a rather longer chain of calculations than the ones given for
TRIDIAG. The times, however, only refer to the tridiagonalisa-
tion process in both cases.

n=3 n=10 n=13
Largest deviation

TRIDIAG, 1.4p—7 7.00—7 2.49—6

householder tridiagonalisation 1.40—7 1.30—6
Time of execution, in GIER
ALcoL, seconds
TRIDIAG 2 7 34
householder tridiagonalisation 1 4 10

These figures clearly demonstrate the superiority of the House-
holder process. Sinee, in addition, the Householder method in the
form given by Wilkinson uses much less storage for variables,
Algorithm 122 cannot be recommended.

Revised Algorithms Policy

A contribution to the Algorithms department must be
in the form of an Algorithm, a Certification, or a Remark.
Contributions should be sent in duplicate to the Editor.
For the convenience of the printer, contributors are re-
quested to double-space material and underline all words
that are to appear in boldface type.

An algorithm must be written in ALGoL [see Communica-
tions of the ACM, January 1963], and normally consists of a
commented procedure declaration. Each procedure must
be accompanied by a complete driver program in ALcoL
which generates test data, calls the procedure, and outputs
test answers. Moreover, the author’s previously obtained
test answers should be given in comments in the driver
program. The output statements can take a form like
write (‘z=", z, ‘4=", for 7 := 1 step 1 until n do Alil);
The driver program may be published with the algorithm,
as it should be of assistance to any user.

Insofar as possible, all contributions will be refereed
both by human beings and by an ArLcorL compiler. It is in-
tended that each algorithm published be a substantial
addition to knowledge; thus it should be well-organized,
clearly commented and syntactically correct. Because
ALGoL compilers are often incomplete, authors should
indicate in comments any unusual features of ArLcoL that
are used, like recursive procedure calls. Authors should
give great attention to the correctness of their programs,
since referees cannot be expected to debug them. Although
each algorithm has been tested by its contributor, no lia-
bility is assumed by the contributor, the editor, or the
Association for Computing Machinery in connection there-
with.

Galley proofs will be sent to the authors for corrections;
obviously proofreading is of paramount importance.

The reproduction of algorithms appearing in this depart-
ment is explicitly permitted without any charge. When
reproduction is for publication purposes, reference must
be made to the algorithm author and to the Communications
issue bearing the algorithm.
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REMARK ON ALGORITHM 123

ERF(z) [Martin Crawford and Robert Techo, Comm.
ACM & (Sept. 1962), 483; 6 (June 1963), 316; 6 (Oct.
1963), 618]

STEPHEN P. BArTON AND JoHN F. WaGNER (Recd 2 Dec. 63)

General Telephone and Electronics Laboratories, Bayside,
New York

This algorithm may err when the Taylor series expands about a
root of the nth-order Hermite polynomial; one such error has
already been noted [Remark on Algorithm 123, D. Ibbetson,
Comm. ACM 6 (Oct. 1963), 618]. The dificulty springs from the
Taylor-series truncation criterion, which assumes that the magni-
tude of successive terms in the Taylor series decreases. This is not
always so, as may be seen by relating

P (z) = —- (nz1

to the Hermite polynomial H,(z), which can be defined as

. d®
Hy(2) = (=1)re=* — ().
dxn
Therefore
2 s
q)(n)(x) = —— (—1)"“,6_1'Hn_1($)~

VT

As a result, ®™(z) vanishes when z is a root of H...(z) and the
Taylor series may be terminated prematurely.

The algorithm was translated into Forrran II and run on a
Scientific Data Systems 910 computer (39-bit mantissa) with the
following changes:

(1) The argument was decremented by 0.25 rather than 0.5.

(2) The truncation criterion for abs (T') was 1072 rather than
1010,

Errors, detected for z = 1/4/2 and z = 2.652, were traced to the
above described premature trunecation of the relevant Taylor
series. These arguments correspond to the roots of H.(z) and
H(z).

The program was therefore modified to sum a fixed number of
terms, with special attention to the difficulties that might arise
when expanding about roots of H,(z). In particular, in Algorithm
123, line 9, the coefficient, A»/n!, of the nth term in the Taylor
expansion, is obtained via the intermediate step of dividing the
(n—1)-term, T, by the (n—1)-derivative, V. The possibility of
dividing by V = 0 when the Taylor expansion takes place about
roots of H, s(x) was avoided by modifying the program to com-
pute coefficients directly from the recursion relation,

Ar/nt = [A™1/ (n—1)1[A/n).

In selecting the number of terms to be included in each Taylor
series, consideration should also be given to the size of the stand-
ard decrement (specified as 0.5 in line 3 of Algorithm 123), for it
is the combination of these two parameters which largely deter-
mines the accuracy and running time. A brief survey suggested
that at least 10-digit accuracy could be obtained if a decrement of
0.4 were employed with 16 terms in each Taylor series; this resulted
in an average running time of about 3.5 seconds per computation
for arguments in the range 0 < z < 5.0.

REFERENCE: H. MarcENAU and G. M. Murreny, The Mathe-
matics of Physics and Chemistry, pp. 119, 122. D, van Nostrand,
1943.

(Algorithms are continued on page 148.)
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INDEX BY SUBJECT TO ALGORITHMSs 1960-1963

ALGORITHMS NOT IN CACM HAVE BEEN INCLUDED,. wHEN KNOWN TO USe.

LIST OF MODIFIED SHARE CLASSIFICATION

Al REAL ARITHMETIC, NUMBER THEORY c2 ZEROS OF POLYNOMIALS
A2 COMPLEX ARITHMETIC c2 3 BAIRSTOW 2-60(76),6-60(354),
81 TRIG AND INVERSE TRIG FUNCTIONS c2 3 2=610105)52=61(153)y4~51(181)

B2 HYPERBOLIC FUNCTIONS €2 30 BATRSTOW~NEWTON 12-600643)55-61{238)
B3 EXPCNENTIAL AND LCGARITHMIC :FUNCTTONS €2 30 1-62(50)

B4 ROOTS AND POWERS C2 59 RESULTANT METHOD 5~61(236)

c1 OPERATIONS ON POLYNOMIALS AND POWER SERIES €2 75 RATIONAL ROOTS-INTFGFR rOFFR.  1-62(481,7-62(392)»
cz ZEROS OF POLYNOMIALS €2 75 8-62(439)

4] ZFROS OF OME OR MORE TRANSCENDENTAL FGUATIONS C2 78 RATIONAL ROOTS-INTEGER COEFF.  2-62(971,3-62(1681
ce SUMMATION OF SFRIESs CONVERGENCE ACCFLERATION C2 78 8-62(440)"

D1 QUADRATURE €2 105 NEWTON-MAEHLY 7-621387),7-63(389)
D2 ORDINARY DIFFERENTIAL EQUATIONS C2 174 BOUNDS ON ZEROS 6-631311)

D3 PARTIAL DIFFERENTIAL EQUATIONS cz ZEROS IN THE RIGHT HALF PLANE  ZH.VYCHJMAToMAT.FIZe~
D& DIFFERENTTATION c2 1963(364)

E1 - INTERPOLATION c5

E2 CURVF AND SURFACE FITTING cs 2EROS OF ONE OR MORE TRANSCENDENTAL EQUATIONS

€3 SMOOTHING cs 2°REGULA FALSI 2-600743,6-601354)
Ea MINIMIZING OR MAXIMIZING A EUNCTION cs 2 8-60(4751,3-61(153)

F1 MATRIX OPERATIONS, INCLUDING INVERSION . cs 4 BISECTION 3-60(174),3-61{153)
F2 EIGENVALUES AND EIGENVECTORS OF MATRICES cs 15 RFGULA FALSI 8-60(475),11-601602)
F3 DETERMINANTS €5 15 3-61(153)

Fa SIMULTANECUS LINEAR ECUATIONS C5 25 REAL Z2EROS 11-601602)53~61(153) s
FS5 ORTHOGONALIZATION €5 25 3-61(154)

G1 SIMPLE CALCULATIONS CN STATISTICAL DATA C5 26 REGULA FALSI 11-60(603)»3-61(153)
G2 CORRFLATION AND REGRESSICN AMALYSIS C5 196 MULLERS METHQD 8-~63(442)

65 RANDOM NUMBER GENERATCRS cs ZEROS BY INTERP,OR BISECTION BIT 1963(205)

G6 PERMUTATIONS AND CCMRINATIONS cé

G7 SURSET .GENFRATORS AND CLASSIFICATIONS ce SUMMATION OF SERIFSs CONVERGENCE ACCELERATION

H OPFRATIONS RFSEARCHs GRAPH STRUCTURFS ce 8 EULER SUM 5-60(311)5,11-63(663)
15 INPUT - COMPOSITE €6 128 FOURIER SERIES SUMMATION 10-62(513)

J6 PLOTTING €6 157 FOURIER SERIES SUMMATION 3-631103)+9-63(521)»
x2 RFLOCATICN €6 157 10-63(618)

M1 SORTING - C6 215 EPSILON ALGORITHM 11-63(662)

%2 DATA CONVERSION AND SCALING c6 EPSILON ALGORITHM BIT 1962(240)

02 SIMULATION OF COYPUTING STRUCTURF ce FIND LIMIT OF SEQUENCE BIT 1961(64)

3 APPRCXIMATION OF SPECIAL FUNCTIOMS..e ce SUM FOURIER SERIES COMP e JeV6(248)

s FUNCTIONS ARF CLASSIFIED SOl TO $22, FOLLOWING D1

S FLETCHER-MILLER~ROSENHEADs INDEX OF MATH. TABLES D1 QUADRATURE

z ALL OTHERS D1 1 QUADRATURE 2-601(74)

—_— D1 32 MULTIPLE INTEGRAL 2-611106)92-63(69)
a1 REAL ARTTHMETIC, NUMRER THEORY D1 60 ROMBERG METHOD 6~611255143-62(168)%
Al 7 EUCLIDEAN ALGORITHM L4~60(240) D1 60 5-62(281)

Al 35 SIFVF OF ERATOSTHENES 3=610151),4=-621209), Dl 84 SIMPSONS RULE 4~621208)7-62(3921)
Al 35 8-621438) D1l 84 B-62(440)511-62(557) :
Al 61 RANGF ARITHMETIC 7-61(310) D1 98 COMPLEX LINE INTEGRAL 6~621(345)

Al 68 AUGMENTATION 8-6103391,11-611498) D1 103 SIMPSONS RULE 6=62(347)

Al 72 COMPOSITIONS 11-61(498),8-621439) D1 125 GAUSSIAN COFFFICIENTS 10-621510}

Al 93 GFNFRALIZED ARITHMETIC 6=62(344)510-62(514) D1  145,ADAPTIVE SIMPSON 12-621604)124-631167)
A1 95 PARTITIONS 6~62(344) D1 146 MULTIPLE INTEGRAL 12-62(604)

Al 99 JACOBI SYMBOL 6~6213451,11-62(557} D1 182 ADAPTIVE SIMPSON 6-62(315)

Al 114 PARTITIONS 8~62(434) Dl 198 ADAPTIVEsMULTIPLE INTEGRAL 8-63(443)

Al 139 DIOPHANTINT EQUATION 11-621556) 01 ADAPTIVE SIMPSONS RULE BIT 1961(290)

A2 D1 MONTE CARLO GQUADRATURE. COMPaJeV6{281)

A2 COMPLEX ARITHMETIC . D2 '

A2 116 COMPLEX DIVIDE 8~62(435) D2 ORDINARY DIFFERENTIAL EQUATIONS

A2 186 COMPLEX ARITHMETIC 7-63(386) D2 9 RUNGE-KUTTA 5-60(312)

A2 COMPLEX ARITHMETIC RIT 1962(233) D2 194 ZEROS OF 0.D.E, SYSTEM 8-631441)

B1 D2 218 KUTTA-MERSON 12-63(737)

81 TRIG AND INVERSE TRIG FUNCTIONS 03

Bl 206 ARCCOSSIN 9~631519) D3 PARTIAL DIFFFRENTIAL EQUATIONS

B1 ARCSIN(Z) 817 1962(236) D3 CONFORMAL MAP-ELLIPSE TO CIRCLE BIT 1962(2432)

81 ARCCOS(Z) BIT 1962(236) D3 PDE 'SOLNS.BY INTEGRAL OPERATORS STANFORD UNIV.-

Bl ARCTANI(Z) BIT 1962(236) D3 APPL.MATH.STAT.REPSNCNR 225(371N0.264

81 SIN FCNeBY CHERYSHEV FXPANSION NUM,MATH.V4(411) D3 KERNEL FCNoIN BNDY.VALUE PROBSe NUMJMATH.V3(209)

R1 COS FONLRY CHERYSHEYV EXPANSTON NUMJMATH,.V4(611) D&

R1 TAN FCNJBY CHEBYSHEV EXPANSION NUMJMATH.V4(412) D4 DIFFERENTIATION

81 ARCSIN  BY CHEBYSHEV FEXPANSION NUMMATH.V&4(412) D& 79 DIFFERENCE EXPRESSION COEFF. 2=-62197)93-631104)"
81 ARCTAN BY CHERYSHEV EXPANSION NUMJMATH.V4(412) E1

82 El INTERPOLATION

82 HYPERBOLIC FUNCTIONS E1 18 RATIONAL INTERP.-CONT.FRACT, 9-60(508)48-62(437)
82 SINH(X) BIT 1962(235) : El1 70 AITKEN INTERPOLATION . 11-611497),7-62(392)
A2 COSHIIX) BIT 1962(235) El 77 INTERPOLATIONsDIFFNe» INTEGRNG 2-62096)96-62(348)
83 E1 77 8-63(446)s11-63(663)

83 EXPONENTIAL AND LOGARITHMIC FUNCTIONS El 167 CONFLUENT DIVIDED DIFFERENCES  4-63(164),9-63(523)
B3 46 EXP(Z),Z COMPLFX 4~61(178),6-62(34T7) E1 168 INTERPOLATION-DIVIDED  DIFFCESs 4=63(165)59-63{523)
33 48 LOGIZ)sZ COMPLEX 4-610179)96-621347), E1 169 INTERPOLATION-DIVIDED DIFFCESe 4-63(165),9-63(523)
B3 48 7-62(391) El 1B7 DIFFCES.AND DERIVSe-RECURSIVE  T-63(387)

B3 EXP FCNJBY CHEBYSHEV EXPANSION NUMJMATH.V&4(410) El1 210 LAGRANGE INTERPOLATION 10-63(616)

B3 LOG FCN«BY CHEBYSHEV EXPANSION NUMJMATH.V&4(411) El 211 - HERMITE INTERPOLATION 10-63(617)910~63(619)
B4 E2

B4 ROOTS -AND POWERS E2 CURVE AND SURFACE FITTING

B4 53 ROOTS OF COMPLEX NUMBERS 4-6101801,7-61(322). E2 28 LEAST SQUARES BY ORTHOG. POLYN. 11-60(604)912~61(544)
B4 106 POWERS OF COMPLEX NUMBER T7-62(388)+11-62(557) E2 37 ECONOMIZATION 3-61(151)48~62(438)s
B4 190 POWERS. OF COMPLEX NUMBERS 7-6310388) €2 37 8-63{445) '
Cl E2 38 ECONOMIZATION 3-61(151) +8=63(445)
¢l OPERATIONS ON POLYNOMIALS AND POWER SERIES E2 74 LEAST SQUARES WITH CONSTRAINTS 1-62(47),6-63(316)
Cl 29 POLYNOMIAL SHIFTER 11-601604) E2 91 CHEBYSHEV FIT 5-62(281)y4-63(167)
€1 131 DIVIDE POWER SERIES 11-62(551) E2 164 SURFACE FIT 4-=63(162),8-63(450)
C1 134 FXPONFNTIATE POWFR SERIES 11-62(553),7-63(390) E2 176 SURFACE FIT 6-631313}

Cl1 158 EXPONENTIATE POWER SERIFS 3-6310104),7-63(3901) E2 177 LEAST SQUARES WITH CONSTRAINTS 6-63(313),7~63(390)
€1 158 9-63(522) _ _ E2 CONT.INUED FRACTION EXPANSION BIT 1962(245)

Cl1 193 REVERT POWER SERIES 7-63(388)512-63(745] £3

<2 €3 SMOOTHING
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£3 188 SMOOTHING T-62(387) G6 115 12-62(6(6)

£3 189 SVMDOTHING 7-631(387) 66 130 PERMUTATIONS 11-62(551)
£33 216 SMOOTHING 11-631663) Gé6 152 COMBINATIONS 2-63168)97~63(385)
£4 G6 154 COMBINATIONS 3-63(103)58-63(449)
E4 MINIMIZING OR MAXIMIZING A FUNCTICN G6 155 COMRINATIONS 3-63(103) yR=63(449)
£4 129 MINIMIZF FUNCT, OF N VARIARLES 11-62(550) S-63(521) G6 156 COMBINATIONS 3-63(102),8-63(450)
F4 178 MINIMIZE FUMTT, OF N VARIARLES 6-62(312) G6 160 COMBINATIONS 4=631161)+98=-63(450)
E4 207 MININMIZE FUNTT,OF N VAR[AULES  9-63(517) G& 160 10-63(618)
E4 204 MINIMIZE FUNCT.OF N VARIAELES  9-63(519) G6 161 COMBINATIONS 4=630161)+8-63(450),
E4 205 MINIMIZE FUMCTLOF N VARIARLES  9-63(519) Ge 161 10-631619)
£1 G6 202 PERMUTATIONS §-63(517)
F1 MATRIX OPERATICNS, INCLUDING INVERSION G7
F1 42 INVERSION 4-61(176)511=61(458),  G7 SUBSFT GENTRATORS AND CLASSIFICATIONS
£l 42 1-63(38)4B-562(445) G7 81 SUBSEQUENCES 3-621(166)
F1  5C [NVFRSF NF HILASRT MATRIX 4—R1L17C)51-567 (501 G7 82 SUBSEQUENCES 3-s2(167)
F1 56 1-62(38) G? 82 CLASSIFICATIONS 3-62(167)
ERTURRED MA BrSERE 7-62(361 H
T weRstor ey wiR e MONeOnh T o seseascs s sTacroRes
F1 82 11e£11498) 5506204380 »1~62135 )+ Aara(6as] H 27 ASSIGNMENT PRORLEM 11-60(A02151C=63(618)
F1 58 INVERSION-GAUSSIAN ELIMINATION 5-£1(2361,6-52(347)) H 27 12-63(739)
F1 58 8-62(438),12-621606) H 40 FRITICAL PATH SCHERULING A=RLLTRZ},0-61(302),
F1 66 INVERSION=SQRT METHOD 7-610222)51-62(50)» H 47 10-62(513)
£1 86 6-62(348) H 69 CHAIN TRACING 9-611392)
F1 67 c2aM MATPIX T E1(322) 667 (145) H 96 ANCESTOR 6-62(344)53=62(104)
F1 127 INVERSION-GAUSSIAN ELIMINATICN  8-6216437),1-63(4%)) H 97 SHORTEST PATH 6-62(345)
F1 129 8-871443) H 119 PERT NETWORK 8-62(436)
F1 140 INVERSION 11-62(5561,8-63(448) Ho 141 FIND PATH 11-62(55¢)
F1 150 INVERSE CF SYMMETRIC MATRIX 2-63(671,7-63(390) H 157 INTEGER PROGRAMMING 27671681,8-631449)
F1 166 MONTE CARLC INVEIRSE 4-63(164),9-63(522) H o217 MINJACCESS COST CURVE 12-63(737)
F1 197 MATRIX DIVISION 863 (443) Is
£ 15 INPUT - COMPOSITE
F2 EIGENVALUES AND EIGENVECTCRS OF MATRICES 15 OPTICAL SCANNING CF NUMBERS ZHAVYCHMAT eMAT W F 12—
F2 85 JACOBI METHOD 4=62(208)+8-62(440) 15 196212261
F2 85 8-63{447) J6
F2 104 REDUCTICN=BAND TO TRIDIAGONAL  7-62(387) Jé PLOTTING )
F2 122 GIVENS TRIDIAGONAL RECUCTION  9~62(482) J6 162 XY PLOTTER 4-63(1617,8-63(430)
F2 183 REDUCTION-BAND TO TRIDIAGONAL  6-63(315) K2
F2 HOUSEHOLGERS METHOD NUMMATHL VA (354) K2 RELOCATION
F2 EIGFNVALUES OF TRIDIAG,MATRIX  NUM MATH,VG(354) K2 173 TRANSFER ARRAY VALUES - 6763(3111,510-63(619)
F2 EIGENVECTCRS OF TRIDIAGJMATRIX NUM MATHLVA4(354) M1
F2 LR TRANSFORMATIGN YETHQD NUMWMATHOV5(273 ) M1 SCRTING
£2 SIGENVALUES-LAGUSRRES METHOD STANECRY UNIV,- M1 23 SORT 11-601601),5-6112268)
F2 APPLMATH. STAT.REP JNONR 225(37) RO, 21 ML 63 SORT 7-61(3211,8-6214391
F2 HOUSEHOLDERS METHID STANFORD UNIV,.=— M1 63  8-631446)
F2 APPLOMATHJSTATSREPGNCNR 225(37)NC418 M1 64 SORT 7-611321),8-620436)s
Fz EIGENVALUES BY QR-ALGCRITHM COMP.JaVa(344) M1 64 8-63(446)
F2 TRIDIAGONAL SIMIL.EY FLIM, COMPLJVA(1T75) M1 65 SORT T-611321),8-6214391,
3 M1 65 B-63(446)
£3 DETERMINANTS M1 76 SORT 1-62(48)96-62(348)
F3 41 DETERMINANT ZVALUATION 4~61(176),9-63(520) M1 113 TREESORT 8-ga(a34)
F3 159 DETERMINANT EVALUATION 3-63(104)+12-63(739) M1 143 TREESORT 12-621604)
F3 170 DETERMINANT=POLYNCHMIAL ELEMENTS 4~563{165),6~63(450) M1 144 TREESORT 12-62(604)
Fa M1 151 LOCATE IN A LIST 2-63(68)
- STMULTANEOUS LINEAR ESUATIONS M1 175 SHUTTLE SORT 6-621212)510-63(619)s
F4 1A CROUT WITH PIVATING C-AD(507)510-50(540) M1175 0 12-62(729)
F4 16 3-61(154) M1 201 SHELL SORT 8-63(445)
F4 17 SOLVE TRIDIAGONAL “ATRIX 9-60(508) M1 207 STRING SORT 10-63(615)
F4 24 SOLVE TRIDIAGONAL MATRIX 11-6C(602) M2
Fa 43 CROUT WITH PIVOTING 4=61(176)s4=61(182)s M2 DATA CONVERSION AKD SCALING
F4 43 8-63(445) M2 DATA PROCISSING-VECTORCARDIOGRM CACM 2-62(121)
F& 92 SIMULTWSGNS.-ITERATIVE SOLN 5-62(286) 02
F& 107 GAUSSIAN ELIMINATION 7-621388)91-63(36), 02 SIMULATION OF COMPUTING STRUCTURE
F& 107 8-63(445) 02 100 PROCESSING OF CHAIN-LINKED LIST 6-621(346)
F& 126 GAUSSIAN FLIMINATION 10-62(511} 02 101 PROCESSING OF CHAIN-LINKED LIST 6-62(346)
F4 135 CROUT WITH EGUILIBRATION 11~62(553)511-62(557) 02 137 NESTED FOR. STATEMENT 11-621555)
F4 195 BAND SOLVE. 8-63(441) 02 138 NESTED FOR STATEMENT 11-621(555)
F4 220 GAUSS-SEIDEL 12-63(739) S
Fa GAUSSIAN ELIMINATION SIT 1962(256) s APPROXIMATICON OF SPECIAL FUNCTIONSsss
Fa LINEAR SYSTEM WITH BAND MATRIX BIT 1963(207) S FUNCTIONS ARE CLASSIFIED SC1 TO 522, FOLLOWING
Fs S FLETCHER-MILLER-ROSENHEAD,s INDEX OF MATH. TABLES
Fs ORTHOGONALIZATICM 503 19 BINOMIAL COSFFICIENTS 10-60(540)96-62(347)
F5 127 ORTHONORMALIZATION 10-6215117 $03 19 B8=-62(438)
G1 S03 33 FACTORIAL N 2-610106)
61 SIMPLE CALCULATIONS ON STATISTICAL DATA 507 POLAR TRANSF. BY CHEBYSHEV EXPs NUMJMATHCV4(413)
Gl 208 DISCRETE CONVOLUTION 10-632(615) S13 14 COMPLEX EXPONENTIAL INTEGRAL 7-60(406)
Gl 212 DETERMINE DISTRIB«FCN.FROM DATA 10-631(617) S13 20 REAL EXPONENTIAL INTEGRAL 10-60054C0)52-61(105)»
62 $127 20 4=-611182)
G2 CORRELATION AND REGRESSION ANALYSIS 513 108 EXPONENTIAL INTEGRAL 7-62(388),7-62(393)
G2 39 CORRELATION COEFFICIENTS 3-610152) 513 109 EXPONENTIAL INTEGRAL 7-62(388)57=62(393)
G2 142 TRIANGULAR REGRESSION 12-621(6032) 513 EXPONENTIAL INTEGRAL EXPANSION CHIFFRES~V&(187)
G5 513 ET{X) BY CHFRYSHEV EXPANSION NUMJMATH V4 (413)
G5 RANDOM NUMBER GENERATCRS S14 31 GAMMA FUNCTION 2-611105)912-62(605)
G5 121 RANDOM NORMAL 9-621(482) S14 34 GAMMA FUNCTION 2-61(106)s7~62(391)
G5 133 RANDOM FLAT 11~62(552)912-62(606)  S14 54 GAMMA FUNCTION 4-61(180)
G5 133 3-63(105)+6-63(167) $14 80 GAMMA FUNCTION 2-620166)
G5 200 RANDOM NORMAL 8-63(444) S14 147 DERIVATIVE OF GAMMA FUNCTION 12-6215605) 4~62(168)
G5 RANDOM SAMPLES,VARIOUS DISTRIB. COMP.JsV6(279) S14 179 BETA RATIO 6-63(314)
G6 S14 GAMMA FUNCTION BIT 1962(238)
66 PERMUTATIONS AND COMBINATIONS S14 GAMMA FCNa BY CHERYSHEV EXPa NUMoMATH V4 (413)
G6 71 PERMUTATIONS 11-61(497)54-62(209)s  S15 11 HERMITE POLYNOMIAL 6-601353)
G671 8-620439) 515 123 FRROR FUNCTION 9-62(483)+6=63(316),
G6 86 PERMUTATIONS 4-62(208)98-62(440) $15 123 10-63(618)
G6 87 PERMUTATIONS 4=620209) +8-621440), 515 180 FRRCGR FUNCTION 6-613{1314)
G6 87 10-62(514) $15 181 ERROR FUNCTION 6-63(315)
66 94 COMBINATIONS 6-62(344)411~62(557)»  S15 185 ERROR FUNCTION 7-63(386)
66 94 12-62(606) $15 209 ERROR FUNCTION 10-63(616)
G6 102 PERMUTATIONS 6-62(346) S15 ERF(X) BY CHEBYSHEV EXPANSION  NUMJMATH.V&4(414)
G6 115 PERMUTATIONS 8-6204341,10-62(514)s  S16 13 LEGENDRE POLYNOMIAL 6-600353)52-61(105)s
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$16 13 4-61(181)
S16 47 ASSOCIATED LEGENDRE FUNCTION 4=-61(178)+8-6314646)
S16 62 ASSOCIATED LFGFNPRF FUNCTION T-611320)512-A1(544)
$17 21 BESSEL FUNCTION 11-601600)

$17 22 RICCATI-BESSEL FUNCTICN 11-60(600)

$17 44 BESSEL FUNCTION 4-6110177)

$17 49 SPHERICAL NEUMANN FUNCTION 4-61(179)

S17 124 HANKEL FUNCTION 9-62(483)

S17 163 HANKEL FUNCTION 4~630161)+9-631522)
S18 5 BESSEL FUNCTION 4-601(240)

$18 6 BESSEL FUNCTION 4=60(240)

S18 214 BESSEL FUNCTION 11-621662)

$19 57 BRERBE! FUNCTION 4=6101R1)s7-62(3G2),
S19 57 8-621438)

S20 88 FRESNEL INTEGRALS 5-62(2801910-63(618)
520 89 FRESNEL SINE INTEGRAL 5-62(280)10-63(618)
$20 90 FRESNEL COSINE INTEGRAL 5-62(281)510~63(618)
$2C 213 FRESNEL INTEGRALS 10~631617)

520 WERER FUNCTION RIT 1962(239)

520 COMPLEMENTARY FRESNEL INTEGRAL RIT 1962(192)

$21 55 ELLIPTIC INTEGRAL-FIRST KIND 46101801 s4=63(166)
$21 56 ELLIPTIC INTEGRAL-SECCND KIND  4-61(180)

S21 73 INCOMPLETE FLLIPTIC INTEGRAL 12-61(563),12-861(544)
S21 73 10-62(514),2-63169),4-63(167)

$21 149 ELLIPTIC INTEGRAL 12-62(605)s4=63(166)

S$21 165 ELLIPTIC INTEGRAL 4=-631163)

5§22 10 CHFRYSHEV POLYNOMTAL 6-600353)44~61(181)
$22 12 LAGUERRE POLYNOMIAL 6-601353)

$22 36 CHEBYSHEV POLYNOMIAL 3-61(151)

§22 110 PHYSICS INTFGRALS T7-62(389),7-62(293)
$22 111 PHYSICS INTEGRALS 7-621290)

522 132 PHYSICS INTEGRALS 11-62(551)

$22 184 ERLANG PROBABILITY FUNCTION T7-63(386)

522 191 HYPERGEOMETRIC FCN.(COMPLEX) 7-631388)

$22 192 CONFLUENT HYPERG.FCN.(COMPLEX) 7-63(388)

522 CONFLUENT HYPERG«FCN, (COMPLEX) BIT 1962(237)

522 FFRMT FUNCTION BIT 1963(141)

4

Z ALL OTHERS

z 45 INTEREST REFINEMENT 4-6110178),9-63(520)
z 112 POINT INSIDE PCLYGON 8-621434)4512-62(606)
z 117 MAGIC SQUARE 8-62(435)+8-62(4401)y
z 117 1-63(391+3~63(195%)

z 118 MAGIC SQUARE B8-62(436)48-62(440)
z 118 12-62(606191-63(39),3-63(105)

z 136 ENLARGE A GRQUP 11-621(555)

z 148 MAGIC SQUARE 12-621605),4-631168)
Z 199 CALENDAR CONVERSION 8-863(440)

z 219 TOPOLOGICAL ORDERING 12~-63(7381

2 CALCULATION OF CASTER 4=-6202091911-621(556)

Key—1st column: Al, A2, ete. is the key to the Modified Share Classification listing given at the beginning of the
Index; 2d column: number of the algorithm in CACM; 3d column: title of algorithm; 4th column: month, year and

page (in parens) in CACM, or reference elsewhere.

Algorithms—Continued from 145

CERTIFICATION OF ALGORITHM 150

SYMINV2 [H. Rutishauser, Comm. ACM 6 (Feb. 1963),
67]

Perer Naur (Reed 27 Sept. 63)

Regnecentralen, Copenhagen, Denmark

_Since the translator refuses to run programs with more than one
occurrence of the same identifier in a formal parameter list, the
second a was taken out when this procedure was run with the
Gier ALcowr system [cf. also the discussion in Comm. ACM 6
(July 1963), 390]. Otherwise it ran smoothly. For testing the ac-
curacy, segments of the Hilbert matrix were inverted and the
results multiplied by the original segment and compared with the
unit matrix. The largest deviation in any element was found to be:

Order Mazx. deviation from elements Order Maz. deviation from elements
of the unit matrix of the unit matrix

2 —1.4he—8 [§ —7.3210—3

3 —2.3810—7 7 —3.5%10—-1

4 —1.5310—5 8 —2.9510 1

5 —3.3610—4 9 —1.2510 1

These figures may be compared directly with the ones related
to Algorithms 120, INVERSION II, and gjr [Comm. ACM 6 (Aug.
1963), 445]. A comparison shows that all three algorithms yield
about the same accuracy, with syminv2 being the best in most
cases, however. This is not too surprising since the knowledge that
the matrix is symmetric ought to simplify the ealculation con-
siderably.

The lengths of the three procedures after translation are as
follows:

Number of
GIER words
syminv2 216
INVERSION II 279
gir 302
Execution times for syminy2 in GIER ALGOL are:
Order Time (sec)
5 1
10 3.5
15 10.5
20 23

This is about half the time of execution of INVERSION II or gjr.
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MATRIX DIVISION [M. Wells, Comm. ACM 6 (Aug.
1963), 443]

M. WeLLs (Reed 18 Nov. 63)

University of Leeds, Leeds, England

The procedure was tested on a Ferranti Pegasus, using the
ALGoL eompiler developed by the de Havilland Aircraft Company
at Hatfield. The line after the one labelled ‘start of program’
should read

for ¢ := 1 step 1 untii m do

(the first 1 was omitted).
The statement labelled back substituion is incorrect, and should
read

back substitution: for j:= 1step 1 untilndo
begin fori:= 1step 1 until m do
cli gl 1= (c[t, 71 — dot (blk,3], clk,jl, k,i—1))/b[z, il;
for 7 := m step —1 until 1 do
cli, 5] := (cli,5] — dot (b[z,m+1—k], c[m+1—k, ], km—1))/bfi,i]
end of double back substitution

With these changes the program was operated successfully on
a number of small test problems. The procedure is only applicable
to symmetric positive definite matrices, and no systematic at-
tempt has yet been made to assess the accuracy of the results.

The word ‘symmetrie’ should be inserted before ‘positive
definite’ in the comment.

It is interesting to note that the original, incorrect version of
the procedure will divide one symmetric matrix by another, and
so can be used for matrix inversion.

CERTIFICATION OF ALGORITHM 209
GAUSS [D. Ibbetson, Comm. ACM 6 (Oct. 1963), 616]
(Pvt.) G. W. GrapreLTeEr (Recd 4 Nov. 63)
RA17667701, 1st Inf. Battle Group U.S. Military Academy
(9822), West Point, N.Y.

The algorithm was translated into FortraN for the GE 225 and
used to publish a table of the error function. No errors were found

in the algorithm and the table produced agreed with the published
tables at hand (6 significant figures).
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