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* Now a t  P u r d u e  U n i v e r s i t y ,  L a f a y e t t e ,  Ind !  

r e a l  p r o c e d u r e  t(y);  v a l u e  y; r e a l  y; 
c o m m e n t  T h i s  is a n  aux i l i a ry  p rocedu re  w h i c h  e v a l u a t e s  t h e  

i nve r se  f u n c t i o n  t = t(y) of y = t i n  t ( t ~ l )  to  an  a c c u r a c y  of 
a b o u t  1%. Fo r  t h e  i n t e r v a l  0 ~ y ~ 10 a f i f th  degree  approx i -  
m a t i n g  p o l y n o m i a l  was  o b t a i n e d  by  t r u n c a t i n g  a ser ies  e x p a n -  
s ion  in C h e b y s h e v  p o l y n o m i a l s .  F o r  y > 10 t h e  a p p r o x i m a t i o n  
t(y) =" (y / ln(y/a))( l+(lna-- lnln(y/c~)) / ( l+ln(y/a)))  -1 where  
in a = .775t is u sed ;  

b e g i n  r e a l  p, z; 
i f y  =< 1 0 t h e n  

b e g i n  
p :=  .000057941 X y --  .00176148; p : =  y X p + .0208645; 
p : = y X  p - -  .129013; p : = y X  p + . 8 5 7 7 7 ;  
t : = y X p + l . 0 1 2 5  

e n d  
e l s e  

b e g i n  
z :=  In (y) -- .775; p :=  ( .775-- ln  ( z ) ) / ( l+z) ;  
p :=  1 / ( l + p ) ;  t :=  y X p/z 

c u d  
e n d  t ; 

p r o c e d u r e  Japlusn (x, a, nmax, d, ,]) ; v a l u e  x, a, nmax ,  d; 
i n t e g e r  nmax ,  d; r e a l  x, a;  a r r a y  J ;  

c o m m e n t  T h i s  p rocedu re  e v a l u a t e s  to  d s ign i f i can t  d ig i t s  t h e  
Besse l  f u n c t i o n s  da+=(x) for fixed a, x a n d  for nn = 0, 1, • - • , nnmax. 
T h e  r e s u l t s  are  s t o r ed  in  t h e  a r r a y  d.  I t  is a s s u m e d  
t h a t  0 =< a < 1, x > 0, a n d  nmax => O. If  a n y  of t h e s e  v a r i a b l e s  is 
n o t  in t h e  r ange  specif ied,  con t ro l  is t r a n s f e r r e d  to  a non locM 
label  cal led alarm. T h e  p rocedu re  m a k e s  use  of t h e  real  p r o c e d u r e  
t. I n  add i t ion ,  i t  cal ls  for  a non loca l  real  p rocedu re  gamma w h i c h  
e v a l u a t e s  r ( z )  for  1 _< z -< 2. (See [2].) T h e  m e t h o d  of c o m p u t a -  
t i on  is a v a r i a n t  of t h e  b a c k w a r d  r ecu r r ence  M g o r i t h m  of J .  C. 
P .  Mil ler .  (See [1].) T h e  p u r p o r t e d  a c c u r a c y  is o b t a i n e d  b y  a 
j ud i c ious  se lec t ion  of t h e  in i t ia l  v a l u e  v of t h e  r e cu r s ion  index ,  
t o g e t h e r  w i t h  a t  l ea s t  one r e p e t i t i o n  of t h e  r e c u r s i o n  w i t h  v re-  
p laced  by  v + 5. N e a r  a zero of one of t he  Besse l  f u n c t i o n s  
g e n e r a t e d ,  t h e  a c c u r a c y  of t h a t  p a r t i c u l a r  Besse l  f u n c t i o n  m a y  
de t e r io ra t e  to  less t h a n  d s ign i f i can t  d ig i t s .  T h e  a l g o r i t h m  is 
m o s t  efficient w h e n  x is sma l l  or m o d e r a t e l y  la rge;  

b e g i n  i n t e g e r  n ,  n u ,  m,  limit; r e a l  epsilon, sum, dl, r, s, L, 
lambda; a r r a y  Japprox, Rr[O:nmax]; 
i f a < 0 V a  ~ 1 V x ~ 0 V n m a x  < 0 t h e n  go  t o  a l a rm;  
epsilon :=  .5 X 10 T ( - d ) ;  
f o r  n :=  0 s t e p  1 u n t i l  n m a x  d o  Japprox[n] : =  0; 

I n  an  ear l ier  ve r s i on  of t h i s  p rocedu re  t h e  a u t h o r  u s e d  a = 1. 
T h e  v a l u e  In a = .775 was  f o u n d  e m p i r i c a l l y  by  H.  C. T h a c h e r ,  J r .  
to '  y ie ld  s o m e w h a t  b e t t e r  a p p r o x i m a t i o n s .  

sum :=  (x/2)Ta/gamma ( l + a ) ;  
d l  :=  2.3026 X d + 1.3863; 
i f n m a x  > 0 t h e n  r := nmax X t ( .5Xdl/nmax)  e l s e  r :=  0; 
s :=  1.3591 X x X t(.73576Xdl/x); 
nu :=  1 + entier ( i f  r ~ s  t h e n  s e l s e  r ) ;  

L0: m :=  0; L :=  1; limit := entier (nu/2); 
L I :  m : = m + l ;  

L :=  L X ( m + a ) / ( m + l ) ;  
i f  m < limit t h e n  go  t o  L1;  
n : =  2 X m ;  r : = s : = 0 ;  

L2:  r :=  1 / (2X(a+n) /x - - r ) ;  
c o m m e n t  C o n c e i v a b l y ,  b u t  v e r y  un l ike ly ,  d iv i s ion  b y  an  

exac t  zero ,  or overf low, m a y  t a k e  p lace  here .  T h e  u s e r  m a y  
wish  to  t e s t  t h e  d iv i sor  for  zero ,  and ,  if n e c e s s a r y ,  en l a rge  i t  
s l i gh t l y  to  avo id  overf low, before  t h i s  s t a t e m e n t  is ca r r i ed  out .  
As s u c h  a t e s t  d e p e n d s  on t h e  p a r t i c u l a r  m a c h i n e  used ,  i t  was  
n o t  i nc luded  here ;  

i f  entier (n/2) # n/2 t h e n  lambda :=  0 e l s e  
b e g i n  

L :=  L X (n+2) / (n+2Xa) ;  
lambda :=  L X (n+a) 

e n d ;  
s :=  r X (lambda+s); i f n  ~ n m a x t h e n R r [ n - - 1 ]  :=  r ;  
n :=  n -- 1; i f n  => l t h e n  go  t o  L2;  
3"[0] :=  sum/ ( l+s ) ;  
f o r  n :=  0 s t e p  1 u n t i l  nmax --  1 d o  J [ n + l ]  :=  Rr[n] X J[n] ;  
f o r  n :=  0 s t e p  1 u n t i l  n m a x  d o  

i f  abs( (J[n] -- Japprox[n]) /J[n]) > epsilon t h e n  
b e g i n  

f o r  m :=  0 s t e p  1 u n t i l  nmax d o  Japprox[m] := J [m] ;  
nu :=  nu-4- 5; go  t o L 0  

e n d  
e n d  Japlusn; 

p r o c e d u r e  Iaplusn(x, a, nmax, d, I ) ;  v a l u e  x, a, nmax, d; 
i n t e g e r  nmax, d; r e a l  x, a;  a r r a y  I ;  

c o m m e n t  T h i s  p r o c e d u r e  e v a l u a t e s  to  d s ign i f i can t  d ig i t s  t h e  
modi f ied  Besse l  f u n c t i o n s  Ia+,(x) for  fixed a, x, w i t h  0 ~ a < 1, 
x > 0, a n d  for n = 0, 1, • . .  , nmax. T h e  r e su l t s  are  s t o r e d  in  t h e  
a r r a y  I .  Fo r  t h e  s e t u p  of t h e  p rocedure ,  a n d  t h e  m e t h o d  of co m -  
p u t a t i o n  used ,  see t h e  c o m m e n t  in Japlusn; 

b e g i n  i n t e g e r  n, na, m; r e a l  epsilon, sum, dl, r, s, L, lambda; 
a r r a y  Iapprox, Rr[O:nmax]; 
i f a  < 0 V a  ~ 1 V x  =< 0 V n m a x  < 0 t h e n  go  t o  alarm; 
epsilon :=  .5 X 10~ ( - -d) ;  
f o r  n :=  0 s t e p  1 u n t i l  nmax  d o  Iapprox[n] :=  0; 
sum :=  exp(x) X (x/2) ] ' a / g a m m a ( l + a ) ;  
d l  :=  2.3026 X d + 1.3863; 
i f  nmax > 0 t h e n  r := nmax X t( .5Xdl/nmax) e l s e  r : =  0; 
s :=  i f  x < dl  t h e n  1.3591 X x X t ( . 73576X(d l - -x ) /x )  e l s e  

1.3591 X x; 
nu := 1 -4- entier ( i f  r ~ s  t h e n  s e l s e  r ) ;  

L0: n :=  0; L :=  1; 
L i :  n := n + l; 

L :=  L X ( n + 2 X a ) / ( n + l ) ;  
i f n  < n u t h e n  go  t o L l ;  
r :=  S :=  0; 
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L2: r :=  1 / ( 2 X ( a + n ) / x + r ) ;  
L :=  L X ( n + l ) / ( n + 2 X a ) ;  
lambda :=  2 X (n+a) X L; 
s :=  r X (lambda+s); i f n  ~ nmax t h e n  Rr[n--1] :=  r ;  
n :=  n - -  1; i f n  ~ 1 t h e n  g o  t o L 2 ;  
I[0] :=  sum/(l::-s);  
f o r  n :=  0 s t e p  1 u n t i l  nmax --  1 d o  I [ n + l ]  : =  Rr[n] X / [n] ;  
f o r  n :=  0 s tep ,  1 u n t i l  nmax d o  

i f  abs( (I[n]--Iapprox[n])/I[n]) > epsilon t h e n  
b e g i n  

f o r  m :=  0 s t e p  1 u n t i l  nmax d o  Iapprox[m] :=  / [m] ;  
nu :=  nu + 5; go  t o L 0  

e n d  
e n d  Iaplusn ; 

p r o c e d u r e  3-aminusn(x, a, nmax, d, 3-); v a l u e  x, a, nmax, d; 
i n t e g e r  nmax, d; r e a l  x, a; a r r a y  J'; 

c o m m e n t  T h i s  p r o c e d u r e  e v a l u a t e s  to  d s ign i f i can t  d ig i t s  t h e  
Besse l  f u n c t i o n s  3"a_~(x) for  f ixed a, x, w i t h  0 < a < 1, x > 0, 
a n d  for  n = 0, 1, • . .  , nmax. T h e  r e s u l t s  are  s t o r e d  in t h e  a r r a y  
3". T h e  procedu:re m a k e s  u se  of t h e  real  p r o c e d u r e  t, a n d  t h e  
p r o c e d u r e  3"aplusn. I n  add i t i on ,  i t  cal ls  for  a non loca l  rea l  p ro-  
cedure  gamma w h i c h  e v a l u a t e s  r ( z )  for  I ~ z ~ 2. (See [2].) T h e  
a c c u r a c y  m a y  d e t e r i o r a t e  to  less  t h a n  d s ign i f i can t  d ig i t s  if a is 
c lose to  0 or  1; 

b e g i n  i n t e g e r  n ;  a r r a y  J l [ 0 : 1 ] ;  
i f  a = 0 t h e n  go  t o  alarm; 
Zaplusn(x,  a, 1, d, J1 ) ;  
J[0] :=  3"110]; 
3"[1] :=  2 X a X 3"[O]/x -- 3"111]; 
f o r  n : =  1 s t e p  1 u n t i l  nmax --  1 d o  

J [ n + l ]  :=  2 X ( a - n )  X J[n]/x - 3"[n -1 ]  
e n d  3"aminusn ; 

p r o c e d u r e  Iaminusn(x ,  a, nmax, d, 1); v a l u e  ~c, a, nmax, d; 
i n t e g e r  nmax, d; r e a l  x, a;  a r r a y  I ;  

c o m m e n t  T h i s  p r o c e d u r e  e v a l u a t e s  to  d s ign i f i can t  d ig i t s  t h e  
modi f i ed  Besse l  :Junctions Ia_,(x) for  f ixed a, x, w i t h  0 < a < 1, 
x > 0, a n d  for n = 0, 1, -. - , nmax. T h e  r e su l t s  a re  s t o r e d  in t h e  
a r r a y  I .  T h e  p r o c e d u r e  m a k e s  u se  of t h e  real  p r o c e d u r e  t, a n d  
t h e  p r o c e d u r e  Iaplusn. I n  add i t ion ,  i t  calls for  a non loca l  rea l  
p r o c e d u r e  gamma w h i c h  e v a l u a t e s  F(z) for  1 ~ z ~ 2. (See [2].) 
T h e  a c c u r a c y  m a y  d e t e r i o r a t e  to less t h a n  d s ign i f i can t  d ig i t s  if 
a is close to  0 or  1; 

b e g i n  i n t e g e r  n ;  a r r a y  [110:1]; 
i f  a = 0 t h e n  g o  t o  alarm; 
Iaplusn(x,  a, 1, d , / 1 ) ;  
I[0] :=  [1[0]; 
I[1] :=  2 X a X I[O]/x + /1[1]; 
f o r  n :=  1 s t e p  1 u n t i l  nmax --  1 d o  

I [ n + l ]  :=  2 X (a--n) X I[n]/x + / [ n - - 1 ]  
e n d  Iaminusn  ; 

p r o c e d u r e  Complex Japlusn(x,  y, a, nmax, d, u ,  v) ; v a l u e  x, y, a, 
nmax, d; 
i n t e g e r  nmax, d; r e a l  x, y, a; a r r a y  u, v; 

c o m m e n t  T h i s  p r o c e d u r e  e v a l u a t e s  to  d s ign i f i can t  d ig i t s  t h e  
Besse l  f u n c t i o n s  J,+~ (z) = u= + iv~ for  fixed rea l  a, f ixed complex  
z = x + iy, a n d  for n = 0, 1, . - -  , nmax. T h e  rea l  p a r t s  u0, 
u~, • - - ,  u . . . .  of t:he r e s u l t s  a re  s t o r e d  in t h e  a r r a y  u,  t h e  imag i -  
n a r y  p a r t s  v0, v~, . - .  , v . . . .  in t h e  a r r a y  v. I t  is a s s u m e d  t h a t  
0 =< a < 1, nmax ~ O, and  t h a t  z is n o t  on t h e  n e g a t i v e  real  axis  
x ~ 0, y = 0. O the rwise ,  con t ro l  is t r a n s f e r r e d  to t h e  non loca l  
label  alarm u p o n  e n t r y  of t h e  p rocedure .  T h e  p r o c e d u r e  m a k e s  
u se  of t h e  rea l  p r o c e d u r e  t. I n  add i t ion ,  i t  cal ls  for  a non loca l  
rea l  p r o c e d u r e  gamma w h i c h  e v a l u a t e s  r (z )  for  1 _< z _< 2. (See 
[2].) T h e  m e t h o d  of c o m p u t a t i o n  is a complex  e x t e n s i o n  of t h e  
m e t h o d  u s e d  in  t h e  p r o c e d u r e  Japlusn. T h e  a l g o r i t h m  is m o s t  
eff icient  w h e n  I z [ is s m a l l  or  m o d e r a t e l y  la rge ;  

b e g i n  i n t e g e r  n,  nu ,  m;  r e a l  epsilon, y l ,  r02, tO, phi, c, cl,  c2, 

sum1, sum2, dl ,  r, s, lambdal, lambda2, L, r l ,  r2, sl ,  s2; a r r a y  
uapprox, vappr ox, Rr l ,  Rr2[O: nmax]; 
i f a  < 0 V a ~ 1 V (x=<OAy=O) V n m a x  < 0 t h e n  g o  t o  alarm; 
epsilon : =  .5 X 10 1" ( - d )  ; 
f o r  n :=  0 s t e p  1 u n t i l  nmax d o  uapprox[n] := vapprox[n] := 0; 
y l  : =  abs(y); r02 : =  x~ ' 2  + y T 2 ;  r0 : =  sqrt(r02); 
phi :=  i f x  = 0 t h e n  1.5707963268 e l s e i f x  > 0 t h e n  arctan(yl /x)  

e l s e  3.1415926536 + arctan(yl/x);  
c o m m e n t  T h e  two  c o n s t a n t s  ~ /2  a n d  ~r in t h e  p r e c e d i n g  s t a t e -  

m e n t  a re  to  be  s u p p l i e d  w i t h  t h e  ful l  a c c u r a c y  des i red  in  t h e  
final r e s u l t s ;  
c :=  exp(yl) X (rO/2)Ta/gamma ( l + a ) ;  
suml  := c X c o s ( a X p h i - x ) ;  sum2 := c X s i n ( a X p h i - x ) ;  
dl  :=  2.3026 X d + 1.3863; 
i f  nmax > 0 t h e n  r := nmax X t ( .5Xdl /nmax)  e l s e  r : =  0; 
s :=  i f y l  < dl  t h e n  1.3591 X r0 X t ( .73576X(dl--yl) /rO) e l s e  

1.3591 X r0; 
nu : =  1 + e n t i e r  ( i f  r ~ s  t h e n  s e l s e  r ) ;  

L0:  n :=  0; L :=  1; cl  :=  1; c2 : =  0; 
L i :  n := n + l;  

L :=  L X ( n + 2 X a ) / ( n + l ) ;  
c :=  - - c l ;  cl  :=  c2; c2 :=  c; 
i f  n < nu t h e n  go  t o  L1; 
r l  :=  r2 :=  s l  :=  s2 :=  0; 

L2: c :=  ( 2 X ( a + n ) - - x X r l + y l X r 2 )  l"2 + ( x X r 2 + y l X r l )  ]'2; 
r l  :=  (2X (a+n)Xx - - rO2Xr l ) / c ;  
r2 :=  (2X (a+n)Xy l+rO2Xr2 ) / c ;  
L :=  L X ( n + l ) / ( n + 2 X a ) ;  c : =  2 X (n+a) X L; 
lambdal :=  c X c l ;  lambda2 :=  c X c2; 
c :=  c l ;  cl  : =  --c2;  c2 :=  c; 
s := r l  X ( lambdal+sl)  - r2 X (lambda2+s2); 
s2 := rl  X (lambda2+s2) + r2 X ( lambdal+sl);  
s l  : =  s; 
i f n  =< nmax t h e n  b e g i n  Rrl[n--1] :=  r l ;  Rr2[n-1]  := r2 e n d ;  
n : = n - - 1 ;  
i f  n ~ 1 t h e n  go  t o  L2; 
c :=  ( l + s l )  T2 + s 2 ] ' 2 ;  
u[0] :=  ( sumlX  ( l + s l ) + s u m 2 X s 2 ) / c ;  
v [0] :=  (sum2X ( l + s l ) - s u m l X s 2 ) / c ;  
f o r  n :=  0 s t e p  1 u n t i l  nmax -- 1 d o  

b e g i n  
u [ n + l ]  :=  Rrl[n] X u[n] -- Rr2[n] X v[n]; 
v [ n + l ]  :=  Rrl[n] X v[n] 4- Rr2[n] X u[n] 

e n d ;  
i f  y < 0 t h e n  f o r  nn :=  0 s t e p  1 u n t i l  n m a x  d o  v[n] : =  --  v[n]; 
f o r  n : =  0 s t e p  1 u n t i l  n m a x  d o  

i f  sqrt( ( (u[n]--uapprox[n]) i" 2 +  (v[n]--vapprox[n]) 1" 2) 
/ ( u [n ]  T 2+v[n ]  T 2)) > epsilon 

t h e n  
b e g i n  

f o r  m :=  0 s t e p  1 u n t i l  nmax d o  
b e g i n  uapprox[m] :=  u[m];  vapprox[m] : =  v[m] e n d ;  

nu :=  nu + 5; go  t o L 0  
e n d  

e n d  Complex Zaplusn 
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G R E A T E S T  C O M M O N  D I V I S O R  [A1] 

J .  E .  L.  PECK ( R e c d .  16 D e c .  1963)  

U n i v e r s i t y  of  A l b e r t a ,  C a l g a r y ,  A l b e r t a ,  C a n a d a  

i n t e g e r  p r o c e d u r e  Euclidean (a) dimension : (n) l inear coeffi- 
cients : (x); v a l u e  a;  i n t e g e r  a r r a y  a, x; i n t e g e r  n;  

c o m m e n t  This  procedure finds the  greates t  common divisor of 
the  n nonnegat ive  elements of the  vector  a, and produces values 
for x ~ i n t h e  expression (al , a2 , . . .  ,an)  = alxl +4- azvz + . . .  
+ anxn; 

b e g i n  i n t e g e r  a r r a y  M [ l : n ,  l : n ] ;  
i n t e g e r  i ,  j ,  rain, max, im in ,  imax, q, t; 
c o m m e n t  We set up M as an iden t i ty  matr ix ;  

I N I T I A L I S E :  
f or  i := 1 s t e p  1 u n t i l  n do  

for  j := 1 s t e p  1 u n t i l  n do  M[i,  j] := 0; 
for  i := 1 s t e p  1 u n t i l  n do  M[i,  i] := 1; max := 0; 
c o m m e n t  We search for the  least  nonzero integer  in the  ar ray  

a. Note  t h a t  this  step need not  be repeated at  every i te ra t ion  
(see s t a t ement  labelled D I V I D E S ) ;  

M I N I M  UM: 
for  i := 1 s t e p  1 u n t i l  n do  

b e g i n  t := a[i]; 
i f  t # 0 A ( m a x = O V t < m a x )  t h e n  

b e g i n  max := t; imax  := i e n d  
e n d  of min imum search. If the  use of the  identifier max is 
confusing, observe the  two s ta tements  following the  label 
M A X I M U M ,  where the  confusion is resolved;  
i f  max = 0 t h e n  go t o  ERROR;  c o m m e n t  E R R O R  is a global 
label;  

M A X I M U M :  i m i n  := imax; m i n  := max; 
c o m m e n t  We search for the  greates t  e lement  of a; 
max := a[1]; imax  := 1; 
for  i := 2 s t e p  1 u n t i l  n do  i f  a[i] > max t h e n  

b e g i n  max := a[i]; imax := i e n d  of maximum search; 
i f  max # m i n  t h e n  

R E D U C T I O N  : 
b e g i n  c o m m e n t  Note  t h a t  the  iden t i ty  a~ = ~i~=~ m~ia j 

holds at  each stage of the  reduct ion;  
q := max + rain; a[imax] := max := max - q X rain; 
f or  j := 1 s t e p  I u n t i l  n do 

M[imax, j] := M[imax,  j] - q X M[imin ,  j ] ;  
D I V I D E S :  go to  i f  max = 0 t h e n  M I N I M U M  else  M A X I M U M  

e n d  of the  reduction.  Note  t h a t  if max # 0 t hen  max now con- 
ta ins  the  new nonzero minimum. 

If max = rain t hen  we are ready wi th  the  results;  
for  j := 1 s t e p  1 u n t i l  n do x[j] := M[imin ,  j ] ;  
Euclidean := rain 
e n d  of procedure Euclidean 

R E F E R E N C E  

1. BLANKINSHIP, W. A. A new version of the  Eucl idean al- 
gori thm. Amer.  Math. Mon.  70 (1963), 742-745. 
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C O N J U G A T E  G R A D I E N T  M E T H O D  [F4] 

C.  M .  REEVES ( R e c d .  18 N o v .  1963)  

E l e c t r o n i c  C o m p u t i n g  L a b . ,  U n i v .  of  Leeds ,  E n g l a n d  

p r o c e d u r e  conjugate gradients (x, r, n, matmult)  ; 
v a l u e  n;  r e a l  a r r a y  x, r;  i n t e g e r  n;  p r o c e d u r e  matmult;  
c o m m e n t  The  me thod  of conjugate  gradients  [cf: BECKMAN, 

F. S. Mathematical Methods for  Digital Computers. Ch. 4, Ralston,  
A., and Wilf, H. S., (EDS.), Wiley 1960.] is applied to solve the  
equations A x  = b where A is a general nonsingular  mat r ix  of 

order n, and x and b are vectors.  At  en t ry  x contains an ini t ia l  
approximat ion to the  solution, and r contains b, the  vector  of 
constants .  Bo th  x and  r have  bounds [l :n].  Up to n + l  i tera t ions  
are carried out  and at  exit the  solut ion is in x and the  corre- 
sponding residuals r = b -- A x  are in r. 

The  procedure matmult  has the  following heading,  wi th  semi- 
colons which mus t  now be omi t ted :  
p r o c e d u r e  matmult  (transpose, dat, res) 
B o o l e a n  transpose r e a l  a r r a y  dat, res 
c o m m e n t  The  da tum vector  dat is premult ip l ied by  the  

mat r ix  B and the  resul t  formed in res where, denot ing the  
t ranspose of A by At ,  

B = i f  transpose t h e n  A t  else  A 

The  body of matmul t  will depend upon whether  A is s tored on 
magnet ic  tape,  and  whether  all or only i ts nonzero e lements  
are stored. The  products  should be accumula ted  in double 
precision, if possible.;  

b e g i n  i n t e g e r  iterations; r e a l  alpha, beta, A t  r sq; 
r e a l  a r r a y  p, temp [ l :n] ;  
r e a l  p r o c e d u r e  dot (u, v) ; 
r e a l  a r r a y  u, v; 
c o m m e n t  dot is the  scalar product  of the  vectors  u and v; 
b e g i n  i n t e g e r  i ;  r e a l  sum; sum := 0; 

for  i := 1 s t e p  1 u n t i l  n do  sum := sum + u[i] X vii]; 
dot := sum 

e n d  of dot; 
p r o c e d u r e  combine (f)  plus:  (c) t imes:  (g) to form: (h); 
v a l u e  c; 
r e a l  c; r e a l  a r r a y  f,  g, h; 
c o m m e n t  f -4- cg is formed in h; 
b e g i n  i n t e g e r  i ;  

f or  i := 1 s t e p  1 u n t i l  n do  h[i] := f[i] + c X g[i] 
e n d  of combine; 

Start: 
f or  iterations := 0 s t e p  1 u n t i l  n do  
b e g i n  i f  iterations = 0 

t h e n  b e g i n  matmult  (false ,  x) in : (temp); 
combine (r, --1, temp) in : (r); 
matmult  ( t rue ,  r ) i n  : (p); 
A t  r sq := dot (p, p);  

e n d  of forming r = b -- Ax ,  p = A t  r, and A t  r sq 
else  b e g i n  matmul!  ( t rue ,  r) giving A t  r in : (temp); 

beta := dot (temp, t e m p ) / A t  r sq; 
combine (temp, beta, p) in : (p); 
A t  r sq := beta X A t  r sq 

e n d  ; 
i f  A t  r sq = 0 t h e n  go t o f i n i sh ;  
matmult  (false,  p) giving A p  in : (temp); 
alpha := dot (temp, temp); 
i f  alpha = 0 t h e n  go t o  finish; 
alpha := dot (r, temp)/alpha; 
combine (x, alpha, p) in : (x); 
combine (r, --alpha, temp) in : (r) 

e n d  of i te ra t ive  loop; 
f inish : 
e n d  of conjugate gradients; 
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F R E E  F I E L D  R E A D  [I5] 

W .  M .  M c K E E M ~ N  ( R e c d .  12 D e c .  63 a n d  1 M a y  1964)  

C o m p u t a t i o n  C e n t e r ,  S t a n f o r d  U n i v e r s i t y ,  S t a n f o r d ,  Ca l i f .  

p r o c e d u r e  inreal (channel, destination); v a l u e  channel; 
i n t e g e r  channel ;  r e a l  des t ina t ion;  

b e g i n  c o m m e n t  Each  invocat ion of inreal will read one (number} 
[Revised Repor t  . . .  ALGOL 60, section 2.5.1] from the  input  
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medium designated by the  pa ramete r  channel and convert  i t  
in to  the  in ternal  machine representa t ion  appropr ia te  for real 
numbers .  Successive da ta  values within the  da ta  s t r ing are 
separa ted  by the  b lank character  u. In teger  values from the  
input  medium are conver ted into values of type  real. A nonloeal 
procedure error is invoked whenever  a non-(number} is en- 
countered in t ee  input  string. The  action of error is left  un-  
defined; 
r e a l  sig, fp,  d; 
i n t e g e r  esig, ep, ip, ch; 

i n t e g e r  p r o c e d u r e  CHAR; 
b e g i n  c o m m e n t  The  value of C H A R  is the  integer  repre- 

sent ing the  next  charac ter  from the  input  string, insymbol 
is defined in the  "Repor t  on I n p u t - O u t p u t  Procedure for ALQOL 
60," ALGOL Bull. No. 16 (May 1964), 9-13; Comm, ACM, to  ap- 
pear.  Charac te rs  occurring in the  second pa ramete r  of in- 
symbol are mapped  onto the  integers corresponding to the i r  
position, lef t- to-r ight ,  wi th in  the  string. Other  basic symbols 
map onto the  integer  0. 

The  present  procedure inreal differs from the  inreal of 
the  referenced Repor t  on I n p u t - O u t p u t  Procedures  for 
ALGOL 60 in the  following ways:  

(a) The  repor t  does not  specify wha t  values may be pre- 
sented in its inreal, only t h a t  whatever  is presented will be 
assigned to the  second pa ramete r  of inreal. I demand  t h a t  a 
(number)  be presented.  

(b) No separa tor  of values on the  foreign medium is speci- 
fied. I demand  an ALGOL s t r ing  blank. ;  
r e a l  c; 
insymbol (channel, '0123456789.--+10u' , c); 
i f  c =< 0 t h e n  error; c o m m e n t  an illegal charac ter ;  
C H A R  := c -- 1 

e n d  CHAR;  

integer  proced~Jre  unsigned integer; 
b e g i n  c o m m e n t  (unsigned integer} : :=  (digit) I (uns igned 

integer} (digit',.; 
integer u; 
u : = 0 ;  

K:  u :=  10 X u + c h ;  
ch := CHAR; 
i f  ch < 10 t h e n  go to  K;  
unsigned integer :=  u 

e n d  unsigned int',eger; 

sig := 1.0; ep := 0; fp  :=  0; 
L: ch := CHAR;  

i f  ch = 14 t h e n  go to  L;  c o m m e n t  suppress ini t ia l  b lanks;  
c o m m e n t  (number) : :=  (unsigned number)  ] + (uns igned  

number)  ] - ( u n s i g n e d  number) ;  
i f  ch = 12 t h e n  ch :=  C H A R  
e lse  i f  ch = 11 t h e n  
begin  c o m m e n t  12 = " + "  and  11 = "- -" ;  

sig :=  --1.0; 
ch := C H A R  

e n d ;  
c o m m e n t  (unsigned number)  : :=  (decimal number>] (ex -  

ponen t  par t )  [ (decimal number)(exponent  par t ) ;  
i f  ch ~ 10 t h e n  
b e g i n  c o m m e n t  (decimal number)  : :=  (unsigned in teger) [  

(decimal fraction) [ (unsigned integer)(decimal fract ion);  
i f  ch < 10 t h e n  ip := unsigned integer e lse  ip :=  0; 
i f  ch = 10 t h e n  
b e g i n  c o m m e n t  (decimal fraction} : :=  .(unsigned integer);  

ch := CHAR; 
i f  ch ~ 10 t h e n  error; c o m m e n t  a digit  mus t  follow the  

fp  :=0;  d : =  0.1; 
M: fp  := fp  + ch × d; 

d : = d X O . 1 ;  

c o m m e n t  a table  of reciprocal powers of ten  is preferable 
to the  s t a t emen t  d := d X 0.1; 

ch := CHAR; 
i f  ch < 10 t h e n  go t o  M 

e n d  
e n d  e l se  i f  ch = 13 t h e n  ip := 1 e lse  error; 
i f  ch = 13 t h e n  
b e g i n  c o m m e n t  (exponent par t )  : :=  10(integer); 

ch := CHAR;  esig := 1; 
c o m m e n t  (integer} : :=  (unsigned integer) [ + (uns igned  

integer)  [ --(unsigned integer);  
i f  ch = 12 t h e n  ch := C H A R  
else  i f  ch = 11 t h e n  
b e g i n  c o m m e n t  negat ive  exponent ;  

esig := --1; 
ch := C H A R  

e n d  ; 
i f  ch < 10 t h e n  ep := unsigned integer X esig e lse  error 

e n d ;  
i f  ch ~ 14 t h e n  error; c o m m e n t  the  required " u "  separa tor ;  
destination := sig X (ip+fp) X 10.0 ~" ep 

end inreal 

R E M A R K  O N  A L G O R I T H M  162 [J6] 

X Y M O V E  P L O T T I N G  [F. G .  S t o c k t o n ,  C o m m .  A C M  6 

(Apr .  1963) ,  161;  6 (Aug .  1963) ,  450]  

D .  K .  C ~ v I y  ( R e c d .  10 F e b .  1964)  
O a k  R i d g e  N a t i o n a l  L a b o r a t o r y ,  O a k  R i d g e ,  T e n n .  

The  following modifications were made  to Algor i thm 162 to 
decrease the  average execution t ime.  The  las t  nine lines of Al- 
gor i thm 162 are replaced by the  following: 

move := code(I--l); I := code(I); 
repeat: A := D + E ; B  := T + E-4- A;  

i f B  _-> 0 t h e n  b e g i n  E := A; F := F -- 2; plot(I) e n d  
e lse  b e g i n  E := E + T; F := F -  1; plot(move) e n d ;  

i f  F > 0 t h e n  go to  repeat; 
return : 

e n d  
I t  is obvious t h a t  on any movemen t  conta ining more t han  two 

elemental  pen movements  the  use of the  code procedure in the  
loop is r edundan t ,  since no more t h a n  two of the  eight  pe rmi t t ed  
pen movements  are necessary for the  approximat ion  of any line. 
Therefore  moving  the  call of the  code procedure outside of the  
basic loop reduces the  execution t ime whenever  the  X, Y move- 
men t  requires more t han  two elemental  pen movements .  The  
procedures were coded in CODAP, the  assembly language for 
the  CDC 1604-A, and this  modified version was approximate ly  
40 percent  fas ter  in the  loop t han  the  original version. The  t iming  
comparisons used numbers  in the  range -2000  to 2000 wi th  heavy  
emphasis  on the  subrange  - 1 5 0  to 150. The  typographical  error  
no ted  in the  cert if ication (Comm. ACM,  August  1963) was cor- 
rected in bo th  codes. 

[A referee verifies t h a t  Algor i thm 162 does indeed run,  as 
changed. - -G.E.F . ]  

C E R T I F I C A T I O N  O F  A L G O R I T H M  209  [S15] 

G A U S S  [D. I b b e t s o n ,  C o m m .  A C M  6, O c t .  1963,  616] 

M .  C.  P IKE 
S t a t i s t i c a l  R e s e a r c h  U n i t  of, t h e  M e d i c a l  R e s e a r c h  C o u n c i l ,  

U n i v e r s i t y  Co l l ege  H o s p i t a l  M e d i c a l  Schoo l ,  L o n d o n ,  

E n g l a n d  

This  procedure was t es ted  on an El l io t t  803 computer  using the  
Please turn go page 485 
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Editor's Note 
Publication of the following proposed American Standards, devel- 

oped by a Subcommittee of ASA Sectional Committee X3, has been 
authorized by the American Standards Association for the purpose of 
obtaining comment, criticism and general public reaction, with the 
understanding that such proposed American Standards have not been 
finally accepted by ASA as standards and, therefore, are subject to 
change, modificatwn or withdrawal in whole or in part. Comments 
should be addressed to the Secretary, Business Equipment Manufac- 
turers Association, 235 East ~2 Street, New York 17, N.Y.--E.L.  

PROPOSED A M E R I C A N  S T A N D A R D S  

Interchangeable Perforated Tape Variable 
Block Formats for Positioning and 
Straight Cut (RS-273) and Contouring 
and Contouring/Posit ioning (RS-274) 
Numerically Controlled Machine Tools 

These  s t a n d a r d s  a re  i n t e n d e d  t o  se rve  a s  gu ides  in t h e  c o o r d i n a t i o n  of 
s y s t e m  des ign ,  to  min imize  t h e  v a r i e t y  of p r o g r a m  m a n u s c r i p t s  r e q u i r e d  
a n d  t h e  n u m b e r  of w o r d  a n d  b l o c k  f o r m a t  s y s t e m s  used,  to  p r o m o t e  un i -  
f o r m i t y  of p r o g r a m m i n g  t e c h n i q u e s ,  a n d  to  fos t e r  i n t e r c h a n g e a b i l i t y  of 
i n p u t  t a p e s  b e t w e e n  n u m e r i c a l l y  c o n t r o l l e d  m a c h i n e  tools  of t h e  s a m e  
c lass i f ica t ion  b y  t y p e ,  p rocess  f u n c t i o n ,  size a n d  a c c u r a c y .  I t  is i n t e n d e d  
t h a t  s imple  n u m e r i c a l l y  c o n t r o l l e d  m a c h i n e  too l s  be  p r o g r a m m e d  u s i n g  a 
s imple  f o r m a t  w h i c h  is s y s t e m a t i c a l l y  ex tens ib le  for  m o r e  complex  m a -  
ch ine  tools .  

T h e s e  s t a n d a r d s  a p p l y  w h e r e v e r  a v a r i a b l e  b l o c k  f o r m a t  is u sed  o n  
p e r f o r a t e d  t a p e  to  con t ro l  p o s i t i o n i n g  a n d  s t r a i g h t  c u t  a n d  c o n t o u r i n g  
or  c o n t o u r i n g / p o s i t i o n i n g  n u m e r i c a l l y  con t ro l l ed  m a c h i n e  tools .  These  
f o r m a t s  will u s u a l l y  be  u sed  w i t h  t a p e  r e a d  r o w - b y - r o w .  

P e r f o r a t e d  t a p e  w i t h  v a r i a b l e  b l o c k  f o r m a t  as  de sc r ibed  sha l l  be  u sab l e  
i n t e r c h a n g e a b l y  a m o n g  n u m e r i c a l l y  con t ro l l ed  m a c h i n e  too l s  w h i c h  con-  
f o r m  to  t h e  s a m e  f o r m a t  c lass i f ica t ion  as  de sc r ibed  in  t h e  s t a n d a r d s .  
(Note :  T h e  degree  of i n t e r c h a n g e a b i l i t y  will d e p e n d  u p o n  t h e  c o n f o r m i t y  
of t h e  m a c h i n e s  w i t h  r e spec t  to  f u n c t i o n ,  c a p a c i t y ,  r ange ,  h o r s e p o w e r ,  
g e o m e t r i c  r e l a t i onsh ip  of axes,  p r e p a r a t o r y ,  misce l l aneous ,  a n d  t oo l i ng  
func t i ons ,  a n d  use  of a b s o l u t e  or  i n c r e m e n t a l  d imens ions . )  

T h e  i n t e r c h a n g e a b l e  t a p e  d e s c r i b e d  in t hese  s t a n d a r d s  is a c o m b i n a t i o n  
of w o r d  a d d r e s s  a n d  t a b  s e q u e n t i a l  f o r m a t ,  a n d  inc ludes  b o t h  t a b  a n d  
add re s s  c h a r a c t e r s .  

T h e s e  s t a n d a r d s  cove r  i n t e r c h a n g e a b l e  p e r f o r a t e d  t a p e  v a r i a b l e  b l o c k  
f o r m a t  only ,  a n d  a re  n o t  i n t e n d e d  to  spec i fy  m a c h i n e  too l  des ign .  I n  
c e r t a i n  cases  p rov i s ions  m u s t  be  i n c l u d e d  b y  t h e  c o n t r o l  s y s t e m  b u i l d e r  
a n d  m a c h i n e  too l  bu i lder ,  in o r d e r  to  ga in  ful l  use  of i n t e r c h a n g e a b l e  
p e r f o r a t e d  t ape .  

[Ful l  t e x t s  of t hese  t w o  s t a n d a r d s  a re  a v a i l a b l e  f r o m  E l e c t r o n i c  I n -  
dus t r i e s  Assoc i a t i on ,  E n g i n e e r i n g  D e p a r t m e n t ,  11 W e s t  42 S t ree t ,  N e w  
Y o r k  36, N.  Y. :  1~S-273, $1.10;  RS-274 ,  $1.30.] 
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ALGORITHMS--Cont'd from page 482 

standard ElliotL ALGOL compiler. The expression 

2 X Gauss (x) - 1 

was evaluated for x = 0(.01)6 and the answers checked with those 
given in Tables of Probability Functions, vol. II, U.S. National 
Bureau of Standards, Washington, D.C., 1942, where they are 
given to 15 decimal places• There was a maximum error of 1 in 
the 8th decimal place. 

R E M A R K  O N  R E M A R K S  O N  A L G O R I T H M  48 [B3] 

L O G A R I T H M  O F  A C O M P L E X  N U M B E R  [ John  R .  

H e r n d o n ,  Comm. A C M  ~ (Apr .  1961), 179; 5 ( Jun .  62),  

347;  5 (Jul .  62), 391] 

DAVID S. COLLENS (Recd .  24 J a n .  1964 a n d  1 J u n .  1964) 

C o m p u t e r  L a b o r a t o r y ,  T h e  U n i v e r s i t y ,  L i v e r p o o l  3, 
E n g l a n d  

This procedure was designed to compute logo(a+bi), namely 
c+di, and although some very necessary precautions about its 
use have already been stated, some points seem to have escaped 
notice• In particular,  A. P. Relph [Comm. ACM, June 1962, 347] 
remarked that  if a = 0, then c becomes ' - - infini ty ' ,  but this is only 
the case if b = 0 also. Margaret  L. Johnson and Ward Sangren 
[Comm. ACM, July 1962, 391] conceded that  a = b = 0 was a special 
case, but wrongly gave zero as the result. The only reasonable way 
of dealing with this case is to exit to some nonlocal label and to 
let the user decide whether to terminate  his program or to assign 
particular values to c and d. The obvious values to use here are, for 
c, a negative number, larger than the largest which would be given 
by the procedure, and possibly zero for d. (In an implementation 
where 2 -'59 is the smallest representable nonzero number, the 
largest negative value of c possible is -89.416.) Finally, in the 
Johnson-Sangren version of the procedure, the last conditional 
s tatement  should read 

i r a  = 0 A  b < 0 t h e n  b e g i n  c : =  In(abs(b)); 

d : =  - - 1 . 5 7 0 9 6 3 ;  g o  t o  R E T U R N  e n d ;  

t h e  o m i s s i o n  o f  t h e  m i n u s  s i g n  i n  t h e  o r i g i n a l  b e i n g  p r o b a b l y  
t y p o g r a p h i c a l  i n  o r i g i n .  
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