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N I i ; T F L O W  !HI 

amiii ~;ILLrASr A. B a r n e s  (Reed.  18 ,Jim. 196.4 a n d  17 Aug. 
toy ii. 1964) 
+°"!! M a r a t h o n  Oil C o m p m w ,  F i n d l a y ,  Ohio 

rnlmi~ p r o ( : e d u r e  N E T I " L O W  (nodes, arcs, [, J ,  cost, hi, Io, flow, pi, 
mini [ .Vt:EAS)  ; 

) I I ,  v a l u e  nodes, arcs,, i n t e g e r  nodes, arcs," 
its~ i n t e g e r  a r r a y  [, J ,  cost, hi, lo, f low,  pi," l abe l  INFEAS,"  

tlrii~ c o m m e n t  T h i s  p rocedu re  d e t e r m i n e s  the  least+cost flow pat -  
ldeii'~ t e rn  <)vet' an  u p p e r  and  lower b o u n d  eapac i t a t ed  flow network .  
e,y~: Each  d i r ec ted  n e t w o r k  arc  a is d(:lined by  nodes l[a] and  
ur:ii ,][a), has  u p p e r  ~md lower flow b o u n d s  hi!a! and  go!a!, attd el)st 
fit}'.' I)er un i t  of flow cost!a!. Cos t s  arm flow bounds  m a y  be any  
)n~: pos i t ive  or n e g a t i v e  in t ege r s .  An uppe r  flow bound  mtlSt [)(3 
imi g / 'ea ter  t h a n  or equa l  to i ts  co r r e spond ing  lower flow [)ound for 

Si~ a leas[Me so lu t i (m to exis t .  T he re  m a y  be any  ram)bet  of p~t/.:tllel 
~ail arcs  c o n n e e t i n g  a n y  two nodes .  
:anl~ A mul t i - sour (m,  m u l t i - d e n m n d ,  c a p a e i t a t e d  t ransport ;~t ion <)r 
~61/i: t r a n s s h i p m e n t  p r o b l e m  m a y  be st;ated as a ne twork  flow pro/)lem 

as fol lows:  
A p p e n d  to t he  n e t w o r k  (1) bounded  ares front the  de[mind 

node(s )  to a " s u p e r  s i n k , "  (2) b o u n d e d  arcs frt)m a " supe r  am 
i1 i s t )uree"  to the  s u p p l y  node ( s ) ,  (3) an  are d i rected from the  

" s u p e r  s i n k "  to t he  " s u p e r  s o u r c e "  wi th  zero lower botlttd, ~t 
large pos i t ive  u p p e r  bound ,  :rod a nega t ive ly  large cost .  

NIf?'I"LOW will m a x i m i z e  flow t h r o u g h  the low-cos(> are from 
~{~ '~ml)l)et s i n k "  to "super souree"- . . -subjeet  to the  eapa( ' i ty  

c o n s t r a i n t s  of the  networlc---fulfi l l ing all d e m a n d s  op t imal ly .  
T h e  l)roeedure r e t u r n s  vec to r s  flow and  pi. Flow[al is the  

comi)u tcd  opt[raM flow over  ne t work  are a. Pi[n] is a numt)er  
i~ - - t h e  dual  v a r i a M e - - w h i c h  r ep re sen t s  the  re la t ive va lue  of 
ii [ ) ( je t t ing one trait  of flow in to  the  ne twork  a t  node n. N E T F L O W  

m a y  be en t e r ed  wi th  a n y  vah.leS in vec to r s  flow glid pi (s(leh its ¢ 
? t hose  from a p r ev i ous  or :~ guessed  so lu t ion)  feasil)le or not .  If 
!~: (he ini t ia l  c o n t e n t s  of  flow d() not  c (mserve  flow tit m ,y  /lode, 
:: the  s t ) lut ion va lues  will also n o t  conserve  flow a t  t h a t  node,  by 
!: (he s a m e  a m o u n t .  T h i s  fac t  can  be f t ,equent ly  used  to a d w m t a g e  

in t r a n s p o r t a t i o n  p r o b l e m  defini t ion.  T h e  closer ini t ial  va lues  
of flow and  pi are  to so lu t ion  va lues ,  the  sho r t e r  the  comi)uta-  
t ion. 

l>r<)cedure NET'I , 'LOW is a m e e h a n i z a t i o n  of the  ou t -o f .k i l t e r  
uc~work flow a l g o r i t h m  descr ibed by  11. R. FU~,K~:rSON in J .  
Soc. Indus(. Appl .  Math. 9 (19(;1), 18-27, and  elsewhere.  M a n y  
t h a n k s  are due  the  referee  for not i l lg  some  er roneous  c o m m e n t s  
a n d  for s u g g e s t i n g  w a y s  to increase  t he  ettieienc.y and  u t i l i ty  of 
t he  p rocedure ;  

l:)egit, i n t e g e r  a, aok, c, cok, del, e, cps, D~f, lab, n, ni, nj, src, snk," 
in  I:egcr a r r a y  ha, nb[1 : nodes] ; 
i n t e g e r  p r o c c d u r e  rain (x, y)," ~ a l u e  :G Y," i n t c g e r  ac, y; 

b c g i n  i f  s0 < y t h e n  ?nin := x e l se  rain :=  y e n d  rain," 
e o m m e n t  check  feas ib i l i ty  )f f o r m u l a t i o u ;  
fo r  a : = 1 s t e p  l u n  t i / a r c s  d o i f  lo[a] > hi[a] t h e n  go  to  [ N F E A S ;  
in f  :=  99999999; c o m m e n t  se t  in f  to m a x  ava i lab le  in teger ;  

ook :=  O; 

e o m n m n t  filtd an  ou t -o f -k i l t e r  arc;  
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Seek: f o r a : =  l s t e p  [ u n t i l  ares do  
b e g i n  c := cost [a-1 + pi I[[at] -- pi  [,/[a]]; 

i f  flow [a] < /o [a] ~,/ ( c < 0 / \  jlow[al<ki[aj) t h e n  
b e g i n s r c  := J /al; snk := [ Ia ] ;  e := + 1 ;  go I,, LATH, 
e n d ;  

i f  fl0w [a] > it[ [a] V (c>0Afiow[a] > h,[a]) ! h e n  
b e g i n  src :=  l[a]; snk := J[a]; c := - l; go  to L . IBL 
c u d  ; 

end ; 
c o m m e n t  no remain ing  ou t -ofAdl te r  ares;  
g o  to  FIN[;  
c o m m c n !  a t t en lp t  to br ing found out-of-ki l )er  arc into ki l ter ;  

LAHL:  i f a  = <lot; / \  ~.ttl[xr¢[ ~ 0 Ihtqt  go 1o S K I P ;  
aok := a; 
t~)r n :=  l s l e p  1 u n l i l  'nodes do ha[vii := /tb[nl :=  O; 
na[,.rcl := abs (snk) X ~; nbfsrc ] := abs (aok) X ~; 

S K I ~ ' :  c0k :=  c; 
LOOP: lab :=  0; 

fiH'<t := l s t e p  l u n l i l  arc,+ do 
l m g i n  i f  (m+[/bll=0Am+t,/ lal t=())  V 

(natlla]l~OAna[,lla]I~O) t h e , ,  go  u, XC; 
c := costlal + p/f /b)!  - pif.l(alI; 
i f  nail[al l  = 0 lh lq l  go Io X+[; 
if .fi0wt.t  ~ hiI.l V (f low[at~h) la l / \ , '>0)  Ihe , ,  g() t(, .\+('; 
nab/[aH := l[al; ,+zb[,l[alI := a;  go I<) XB; 

XA: u'dowla+ ~ Map V (,g<' +~+ [~+ ~ ~r I+ +' I++ I/~+~ <~ ()) l h c n  g(, t(, .\'(+; 
nal/Iall := +./[a+', yd)[/bll : . . . .  "; 

X B :  ktb := q l ;  
(~otn tnent  [(()de labelc(l, (,cst f<)r breakthr t t ;  
i f  naC,wd, q ~ 0 t h e .  go I() INCR; 

XC: end ; 
c o m m e n t  n() I)reakOml;  
i f  lab 7~ 0 l h (m go  to LOOI'; 
(5OnllllCIl[; deteFHlill(~ (!}l&Hg(+ 1,() /Hi V(!CtI)I'; 
(h'l :=  inj'; 
li)r a :.= I s i c  l) I (anl i l  arcs do  
b e g i n  it' (naIlIal l=() / \ ,u+IJ[al l=0)  V 

(naI[Ialt~O/Vna[,][all~O } t h e n  go  to XI); 
c := co,+&d + p;[/[.ll - pifJIall; 
i f  rut[ , / [a]]  = 0 !\.flow(a! < hiial the t l  dot :=  re, in  (de[, c); 
it'na[J[a[1 ¢ 0 Aflolv[a] > Io[a[ Iher l  del :=  .hi.in ((hd, --c): 

XD:  end;  
i f  de! = in f  A (flo'w[aokj=hiIa°kj'fffl °w[a°kl=l°[a°kl) t h e n  

dcl := abs (eok); 
i f  del = inf  t hcn  go  l<) [Nl:E+[S; ( 'omnm)I t .  exit, w) feasibh! 

fh)w p~t tern  ; 
COI|IilIClIll, Ch~lllgO [)t vcctoF by COllll)tltod de/; 
fo r  n := I Sic  !) 1 u l l l i l  7lodes d o  i f  n+t[nl = 0 I h ( m  pi[nI := 

pi[n] F del; 
c o n t i n e n t  find a n o t h e r  out+.of-kitter are;  
go to  S E E K ;  
eo r t t t I l en t  t)roa.l(tllFll, COllll)tlte ineromonLal  fit)w; 

[;VCIg: eps := /Kf; 
~'t?~ :=  .w'C; 

H A C K :  nj :=  ab,~ (n,l 'n/]);  a :=  a6,~ (nb[ni]); 
c :=  costla] ab.~ (piInij- .pi[njl)  / .~ign (nblni]); 
i f  rib!nil < 0 t h e n  go  to X E ;  
i f  e > 0 A.flow[al < [o[al t h e n  eps :=  ?nin (eps, Io[al-fiow[aj) ; 
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i f  e ~ 0 /~ flow[a] < hi[a] t h e n  ep.s := rain (eps, hi[a]-flow[a]); 
go  t o  iV["; 

X E :  if" c < 0 /'~flow{a] > hi[a] t h e n  eps :=  rain (eps,flow[a] 
..... hi[all; 
it" c ~ 0 /',.lieu,[a] > Io[al t he i l  cps := rain (eps, flow[a]--Io[a]); 

XF:  ~/ := r~j; it" ni ¢ .src t h e n  go to B A C K ;  
(~OIIIlll(!ll[ ehailgc, flow v e c t o r  hy co in l ) l l t ed  eps ;  

[;. l( 'K2: nj" := abs (ha[nil); a := abs (nb[ni]); 
fl,,,ial :=  ,fl(,wla] t "p: X .~ign (nb[nil); 
,~ := ,,]; i f  ni ~ src I h e n  go Io BACK2;  
c o m m e n i  ti0,t ano ther  out-()f-kiltcr arc; 
a,,X: := 0; go Io S E E K ;  

F I N / :  e n d  X E T F L O W  with a feasible, op t imal  tlow p a t t e r n  

AIX ;()1~ 1TI l ,\1 2:1!) 
()lvrl,~'l,;Al~ N [151 
N IK ~,:x ( ~  E .  W I tcriJ ( l l ec( l ,  28  A u g .  1964 a n d  2 N o v .  :19(i4) 

( ? ( m l p u t e r  S e i e l m e  [ ) iv . ,  S t a n f o r d  U. ,  S t a n f o r d ,  CMif .  

p r o e c ( l u r e  o'lttrual zl, ! ( ' l i l t ,n)  ; 

~al i le  oh, :e 1 7~; r e a l  x ;  i n t e g e r  c/l,  n ;  

eoInl l I (~ l l [  oqltT'c(¢l t7 o(l t l l l l tS to cha l i l l e i  ch t he  rea l  [ lulnt)cr  X as  
:~ se(llmnce of ch :wacters  with n s igni f icant  decimal  digi ts  in the  
foi.m :L d.d . - .  d,) ± d • • d, where d s t a n d s  for a digit .  Like the  
l~roc('dures ,alboolean, o~zlstring, ininteger (cf. [{eport on l npu t -  
( )u l ln l l  I ' r()cedures I%r At,( ~()l~ 60, [( 'cram. / ICM 7, (()ct. 1964), 
(;28 629]) and  inrca/  JAIg. 239, Comm./ l ( /M 7 (Aug.19(i4), 48l / i t  
( ! (~[ Is t i t l l l ( !S  ttl l  eXamlde of the  list ()f the p r imi t ive  [ ) rocednre  
pair  ittsynlbot-,~Hx!/nU, d defined in tim referen(.ed llreport; 

l legii l  i n t e g e r  i , , i ,  /6 s; r ea l  j'; i n t e g e r  a r r a y a [ l : n l ;  
[ ) roee lhn 'e  o' l t l ( ' l~ar( : r )  va lue  X; i n t e g e r  X; 

o u l s ! I n ~ b o l  (ch,'0123151178!)-I . . . . .  .10', :1:-~- l) ; 
s : =  l,: : =  0; f :=  ; l; 
o!dcDar ( i f  x ~ 0 t h e n  10 e l s e  I I ) ;  x := ab,s(x); 
i f x  = 0 I h e n  b e g i n  ouh'D(tr(O); go Io L4 e n d ;  
i | '  ;r ~ I I h e i i  

l l c g i n [ ~ l :  f : = f ~  I(); ,~ :=  :; .-~- 1; i f x  ~ f t l i e n g o l ; o L l ;  
f : =  f X 0 . 1 ;  .'~ : =  s - I 

end 
e lse 

b e g i n  L2 :  f : =  f X  0 . I ;  s : =  s - I ;  
it';s: < f I h e n  g o  I0  I~2 

e n d  ; 
;C : :  x/'J'; ( ~ o i n i n e i l l  now  I ~ X < IO; 
I ] l l ' j  : :  | s l e p  l u n l i l  7"1, .... l d o  

l ~eg ln  i : =  ent ieT ' ( .c ) ;  al jJ  : =  i ;  :c : =  ( x - - i )  × 10 e n d ;  
a tn j  : -  z; 
f o r  j : =  "n -- 1 s t e p  --1 u n t i l  l do 
t i e g i n  i f  al j- t- l]  < 10 I l l e n  g o  to  L(i; a [ j + l ]  :=  0; 

afj] :=  a[jl + 1 
e n d ;  
i f  a l l ]  = 10 t h e n  b e g i n  a l l [  :=  1; s :=  8 @' 1 e n d ;  

L0: oatchar(a{ll) ;  o'uh!Dar(12); 
t~)r j :=  2 s t e p  1 u n t i l  n do  outchar(a[jl); 
e O l l l l l l e n t  now t ) rocess  t he  s ca l e  f a c l o r  s;  
i f  s = 0 t h e n  go  lo  L4; 
o.~ttchar (13) ; 
o'ldchar ( i f  s ~ 0 I h e n  10 e l s e  l l ) ;  s :=  abs ( s ) ;  
j :=  10; 

/.~3: i f s  ~ j l h e n b e g i n j  : = j N  10; k :=  k-+..1; g o t o L 3 e n d ;  
L 5 :  i f / ;  > 0 t h e n  

b e g i n  j :=  j ÷ 10; i := s + j; o'ulchar (i); s :=  s - - i X  j ;  
k := k - -  l;  go  to  1)5 

e n d  ; 
ovtchar (s) ; 

L4: 
~n(I 
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INVERSE PERMUTATION [G6] 
B. H. BOONSTmt (Recd. 12 Oct. 1964) 
Nationaa~l Kasregist;ers, NCt{ Holland, Amsterdam. 

p r o c e d u r e  inverscpermutation (P) of n a t u r a l  n u m b e r s  llp to: (n); 
v a l u e  n;  i n t e g e r  n;  i n t e g e r  a r r a y  P; 

c o m m e n t  g iven  a p e r m u t a t i o n  .P(i) of the  n u m b e r s  i = l(1)n, 
the  inverse  p e r m u t a t i o n  is c o m p u t e d  in situ. T i l e  process is 
based on the  l e m m a  t h a t  any  p e r n m t a t i o n  can  be wr i t t en  as a 
p roduc t  of m u t u a l l y  exc lus ive  cycles,  P r o c e d u r e  inverseperm~tla. 
lion has been t e s t ed  for severa l  p e r m u t a t i o n s  i n c l u d i n g  n = 1; 

b e g i n  i n t e g e r  i, j ,  k, first; 
s w i t c h  sss := tag, cycle, next, endcyclc, finish; 

lag: f o r i  :=  1 s t e p  1 u n t i l  n d o  P[ i ]  := - - P [ i ] ;  
c o m m e n t  now P[i] con ta ins  a n e g a t i v e  n u m b e r  if or iginal  and 

a posi t ive  rmmber  if inverse ;  

first :=  1; 
cycle: k :=  first; i := - P [ k ] ;  
next: j := - P [ i ] ;  P[i] :=  k; 

i f  i = first t h e n  go to  endcycle; 
k := i; i := j;  go  to next; 

endcycle: i f  first = n t h e n  go to finish; 
first :=  first + 1; 
i f  P[first] < 0 t h e n  go to  cycle e l s e  go t o  endcycle; 

finish: e n d  inversepermutation 

REMARK ON ALGORITHM 135 [F4] 
CI/,()UT WITH EQUIMBRATION AND ITERATION 

[W. M. MeKeeman, Comm. A C M  5 (Nov. 1962), 553 
555, 557; 7 (July 1964), 421] 

LOREN P. MEISSNEI~ (Recd. 21 Oct. 1964) 
I~awrence Radiation Lab., U. of California, Berkeley. 

1. The  following error in the  p u b l i s h e d  a l g o r i t h m  is noted:  The 
procedure  [ P I  forms the s u m  of A[i ,  p] X Alp ,  k]; however,  two 
lines above the  b o t t o m  line of p rocedure  C R O U T  an  a t t empt  is 
made  to use [P1 to fo rm the  s u m  of A[k, p] X Alp ,  j]. 

A I?ossible way of cor rec t ing  th is  is to add  a p rocedure  IPI¢~ 
which is ident ica l  wi th  [ P 1  except  that  k is w r i t t e n  for i and j 
for k. Since the  procedure  is used  often,  m a k i n g  t he  correction in 
th i s  way is no t  un reasonab le .  A more  ex t ens ive  u n d e r t a k i n g  would 
be to mod i fy  CRDUT to use  a more  genera l  p r o c e d u r e  such as 
[ N N E R P R O D U C T  [1]. 

2. The  fol lowing c o m m e n t  is made  in v iew of t h e  reference to 
th i s  Mgor i thm in a recent  Ed i t o r ' s  No te  [2]: In t he  u s e  of Alg0- 
r i t h m  135 as a de t e rn f inan t  eva lua to r ,  i t  m a y  be well to  set  m, the 
" n u m b e r  of r i g h t - h a n d  s ides"  to 1 i n s t ead  of zero a n d  give an 
a rb i t r a ry  nonzero  r i g h t - h a n d  side such  as (1, 0, 0, . . . ) .  This will 
cause  a ca l cu la t ion  of the  " c o n d i t i o n , "  and  pos s ib ly  an exit to 
singular, to call t he  u se r ' s  a t t e n t i o n  to eases  in w h i c h  the  deter- 
m i n a n t  is nonsense .  

REFEREN~CE~ : 
1. FORSYT~:, G. E. Crout with Pivoting. Algorithm 16. Comm. A C M  3 (Sept. 

1960), 507. 
2. ]~OTENnERG, L.J.  Remark on Revision of Algorithm 41. Comm. ACM 7 (Mar. 

1964), 144. 

REMARK ON ALGORITHM 206 [BI] 
ARCCOSSIN [Misako Konda, Comm. A C M  6 (Sept. 

1963), 5191 
H:ENaY J. BOWLDEX (Reed. 30 Sept. 1964 and 5 Nov. 1964) 
Westinghouse Electric Corp., R&D Ctr., Pittsburgh, Pc' 

Algorith 1 206 was transcribed in to  Burroughs  E x t e n d e d  Ai~G0~ 
after correcting one typographieM error, n a m e l y  the  value of 
7r/2 in the s t a t e m e n t  labeled L3, w h i c h  shou ld  be 1.5707963. 
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Results were obta ined  for t, selc('.tioa of values of l, he a rgument  
be~wem)~ 0 and 1. Accuracy is about  7 [ decimal (ligi~;s over the 
crttire range, by comparison wil}~ the tables  of inverse sines in 
fl:fandbook oJ" Mathematical FIcnclion~, Nat.ional Ih~veau i)f St.aml- 
ards Applied Mathemat i c s  Series :g 55, U.N. (',)vet'nmenl. 1)~'inting 
0ft., Washington, l) .(; . ,  June  1{}5~, 203 212 I. Average execution 
time was 43 milliseconds. 

Tt~e eflieiency of the procedure  couht be sigrfificantly imps.eyed 
by avoiding the eomputa t ie~  of a X 2{ ( - - r - 1 ) .  Powers of 0.5 
may be accumulated wi th in  the loop, :rod the modification of A 
may be skipped ent irely whel~ a = 0. Actually, if efficiency is i m  
portaut ,  procedures nsirtg the intr insic arctan and the common 
trigonometric ident i t ies  at'(; /weferable. Such routines,  on the 
B-5000, give full machine  aceltracy 111 ] significant figures) i~t 
abont 2 milliseconds executi()n t ime. 

Ct , [{  1 ~ F i C A ' I I O N  O t  i' A L G O I d  I H~.[  234 [$23] 

P O t S S O N - C H A t l L I E [ {  I O I ? ~ N O M [ A L S  [J. 7iN.:[. S k . 

S i m T e s - P e r e i r a .  Comm. A C M 7  ( J u l y  1964) ,  420] 

P. A. SASt~;T ( R e e d .  17 A u g .  1964) 

C o m p u t a t i o n  L a b . ,  T h e  U n i v e r s i t y ,  S o u t h a m p t o n ,  E n g .  

PC polynomial was compiled correct ly by the Pegasus-ALGoL 
compiler and ran wi thou t  t rouble .  The procedure was tes ted for 
n = 0(1)4~ wflues of a in the  r:mge 0.2 to 2.0, and x in the range 
0 to 1. The values produced were spotchecl~ed by hand.  

The  procedure could be improved by 
(i) put t ing  x, n, a in the v a l u e  par t .  

(if) replaeittg u := (--1) { n  by 
u := i f n  = n ÷  2 X  2 t h e n  1 e lse  --1 

(iii) e l iminat ing the separa te  eva lua t ion  of n! by including 
the evahta t ion of a '~- in !)-~ in the  main  loop. This  gives a simpler 
argument  for sc[rt in  the final ass ignment  s t a t ement .  

The  revised a igor i thm then  reads 
rea l  p r o c e d u r e  PCpolynomia[ (x, n, a);  

v a l u e  x, n, a; r e a l  x, a; i n t e g e r  n;  
b e g i n  i n t e g e r  j ;  r e a l  u~ s, c; 

s :=  u := i f n  = n + 2 X 2 t h e n  1 e l s e  - 1 ;  
c ::= 1; 
for  j := 0 s t e p  1 u n t i l  n -- 1 do 
b e g i n  u := - -u  X (n - - j )  X (x--j)/(a X ( j + l ) ) ;  

s :=s- -~u;  
c := c X a/ ( j+l )  

e n d  ; 
PCpolynomial := sqrt(c) X s 

end PCpolynomial 
This  version gave the  same results  as the  original but  was ap- 

preciably ft~ster. 

C E I { T I F I C A T I O N  O F  A L G O R I T H M  236  [$17] 

B E S S E L  F U N C T I O N S  O F  T H E  F I R S T  K I N D  [ W a l t e r  

G a u t s e h i ,  Comm. A C M  7 (Aug .  1964) ,  479] 

WALTEtt GAUTSCH* ( R e e d .  24  Aug .  1964  a n d  2 N o v .  1964) 

I ' u r d u e  U n i v e r s i t y ,  L a f a y e t t e ,  i n d .  

All procedures were t e s t ed  on the  CI)C 1604-A computer ,  using 
t}te Oak Ridge ALGOI~ compiler.  

1. The procedure Japln.~n was s u b m i t t e d  to the following tests  : 
(a) Values of .],(2) and  ,L, im(10) were produced for n = 011)10, 

calling for an accuracy of d = 6 signif icant  digits. The values ob- 
tained for ,L,(2) agreed wi th  those of Table  9.4 in [1] to 10 signifi- 
cant digits (with occasional discrepancies of one uni t  in the  t en th  
figure). The results  for J,,+v~(10) were compared against  those of 
J,,+~j.~(10) = 2.523132521 X j,~(10) obtained from Table  10.5 in [1]. 

The m~ximum discrepancy was found to be five units in  the t en th  
figure, occurring for n = 3. 

(b) To observe the performance of the procedure near  a zero 
of a ]3essel fur~ction, we generated ,1,~(x), n = 011)10, for 
x = 2A0482556 -the 811) value of the iirst zero j0.~ of J0--cal l ing 
for d = 10 significant digits. The results are shown in the table 
below. 

0 -- 1.193625277510--9 
1 5.191474908010--1 
2 4.317548073&o--1 
3 1.98999905781o--1 
4 0,47466663711o--2 
5 1.6389243276~0--2 

n Jn(jo,1) 
6 3.404818490210--3 
7 6.006883695510--4 
8 9.2165787385ao--5 
9 1.251727108210-5 

10 1.52536561821o--6 

The ent ry  for n = 1 agrees to 9 figures wi th  t h a t  of - J0 ' ( j0 . t )  given 
in Table  9.5 of reference [1]. 

(c) We drove the procedure to calculate J ,+,- l (x)  to 6 signifi- 
cant  digits, f o rx  = 4(4)20, ~ = 0(.1)1.9. The results agreed with 
those t~d)nlated in [2]. 

2. The procedure Iaplusn was called to generate tes t  values to 
6 significant figm'es of L~(20), L,+1/2(10), L,+>t(.1), for n = 011710. 
The first two sets of values were compared wi th  those in [3J and 
in Table  10.10 of [1], respectively,  and found to be in error  by a t  
most  5 uni ts  irr the t en th  figure. The value  for [~/41.1) agreed to 10 
figures with tha t  given in [5]. 

3. Fu r the r  checks were made on the procedures Japlusn, 
Iaplusn, as well as the procedures Jaminusn, [aminusn, by having 
them '%er i fy"  the relat ion 

f2,+2(2x) = f~+l(x) + 2 ~ f~  ,dx)f,+~-~(x) 

for' x = 1, a = .21.27.8, where f~(x) s tands  for ei ther J,(x) or It(x) 
(cf. [4], p. 100, formula 1217). T h a t  is, we p r in ted  the relat ive errors 
incurred when the infinite series is t runca ted  after the  ( N + i ) -  
st term, N = 0(5720. Selected results ( rounded to four digits) are 
shown in the  table below. 

> ~ ¥  0 5 10 15 20 

.2 1.1651o--2 2.5191o--4 --3,56810--5 1.04310--5 --4.2341o--6 
,8 --7.9451o--2 4.96820--5 --3.45910--6 6,51710--7 --1.923~o--7 
.4 --8.09110--2 1.2451o--4 --1.45610--5 3.71410--6 --1.36110--6 
.6 [ --1.023~0--1 7,59020--5 --7.04110--6 1.553t0--6 --5.11510--7 

The first two lines refer to f = J, the las t  two lines to f = [. The 
driver  program follows. 

b e g i n  i n t e g e r  n;  r e a l  a, sum J, sumI, s J, s[, errorJ, error[; 
a r r a y  J1, I1[0:3],  ,/-2, I2[0:22], J3, 1310:20]; 
f o r  a :=  .2 s t e p  .2 u n t i l  .9 d o  
b e g i n  

i f  2 X a < 1 t h e n  
b e g i n  

Japlusn (2.0, 2 X a, 2, 6, J1) ;  Iaplusn (2.0, 2 × a, 2, 6, I1); 
sumJ := dl[2];  sum[ := 1112] 

e n d  
e l s e  

b e g i n  
Japlusn (2.0, 2 X a--l ,  3, 6, J1 ) ;  
Iaplusn (2.0, 2 X a - - l ,  3, 6, I1); 
sumJ := J l [3] ;  sum[ := 1113] 

e n d  ; 
Japlusn (1.0, a, 22, 6, J2); Jaminusn (1.0, a, 20, 6, J3 ) ;  
Iaplusn (1.0, a, 22, 6, I2}; Iaminusn (l.0, a, 20, 6, /3}; 
sJ := s[ := 0; 
for  n := 0 s t e p  1 u n t i l  20 d o  
b e g i n  

sJ := sJ ÷ J3[n] X J2[n+2] ;  s[ :=  s[ q- I3[n] X I2 [n+2] ;  
i f  entier (n/5) = n/5 t h e n  
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b e g i n  
errov.] : =  (J2[1] ~" 2 4- 2 X sJ--swmJ)/ . su 'mJ;  
errori : =  (12[lJ ~ 2 + 2 X s [ - s l t m . [ ) / s n m [ ;  
outstring (1, ' a = ' ) ;  oulreal (1, a ) ;  
outstring (1, ' N = ' ) ;  outinleger (1, n ) ;  
ouistring (1, 'el'rot J =  '); outreal (1, error J ) ;  
outsiring (1, 'err.or[='); ot~trea[ (1, error[) 

e n d  
e l ld  

e n d  ; 
go to sa:ip; 

alarm: ougstring (1, ' p a r a m e t e r s  n o t  in r a n g e ' ) ;  
skip : e n d  

4. ' l 'he p r o c e d u r e  ( 'omp&x dapll~sn u n d e r w e n t  {tie f o l l o w i n g  
t e s t s  : 

(a) V a l u e s  of J,~(re ~'*) were  p r o & t e e d  for  n = 0, 1, q~ = 0 ' - 2 )  
X 30 °, ~' = 1(1)6,  c a l l i ng  for  an  a c c u r a c y  of 6 s i g n i f i c a n t  d ig i t s .  
C o m p a r i s o n  w i t h  [61 s h o w e d  a g r e e m e n t  to 9-10 s ign i f i ea t , t  f igures .  

(b) We a s k e d  t h e  p r o c e d u r e  to  " v e r i f y "  t h e  i d e n t i t y  (el. [4], 
p .  99, f o r m u l a  (2)) 

r (1  -- a)F(a 4- n) (a + 2n)Jat-~,~(z), 

by p r i n t i n g  t h e  m o d u l i  of  t h e  r e l a t i v e  e r r o r s  t h e m ' r e d  w h e n  t r u n  
e a t i n g  t h e  i n f in i t e  s e r i e s  a t  n = 0 ( I )5 .  We le t  a a n d  z r u n  t h r o u g h  
v a t u e s a  = .2( .2) .8,  z = 2 e x p  (i4~),~ = --150 ° (30 ° ) 150 ° , r e s p e c -  
t i ve ly .  S e l e c t e d  r e s u l t s  ( r o u n d e d  to  t h r e e  f igures )  are  d i s p l a y e d  
in t h e  t ab l e  b e l o w .  

\ ,  ] 
,b: a "\. n O I 2 3 ,l 5 .\ 

--120 ,2 1.171c*--I 5,51to--3 1.31~o--4 1.85to--6 1.72io--8 2.02to--lO 
--30 .4 3.16~o--1 2.02~j--2 5.6ho--4 8.7010--6 8.64to--8 5.27~,o-- 10 

60 .6 2.60io.- 1 1.65~0--2 4.67t0--4 7.41,0--6 7.5h0--8 3.93t0--10 
150 .S 4.95to-- 1 4.00to--2 1.29tc~--3 2.23~0--5 2.4ho--7 1.75~o--9 

The s a m e  t )a~tern  p e r s i s t s  t h r o u g t i o u t  t h e  r a n g e  of t h e  v a r i a b l e s .  
T h e  d r i v e r  p r o g r a m  fo l lows .  

b e g i n  i H t e g e r  m,  n ;  r e a l  a, phi, c, s, x, y, s u m l ,  sum2, 
q, s l ,  s2, p, e r ro r ;  a r r a y  u,  v[0: [0] ;  
f o r  a : =  .2 s t e p  .2 u n t i l  .9 d o  

f o r  .~ : =  - -5  s t e p  1 u n t i l  5 d o  
b e g i n  

pD/ := .52359877560 X m; 
c := cos (aXphi ) ;  s := s i n ( a X p h i ) ;  
x : =  2 X cos(phi); y : =  2 X s in(phi ) ;  
Complex Jap l~sn  (x, y, O, O, (i, u, v) ; 
s u m ]  : =  c X u[0] --  s X viol; sum2 : =  c X e;[0] 4- s X u[OJ; 
Complex ,/apl'!~sn (x, y, a, 10, 6, 'a, v); 
q : =  gamma ( l + a ) ;  
s l  : =  q X ~*[()l; s2 : =  q X v[0]; p : =  q/a; 
'r!, : =  0; 

L: e r ro r  : =  sqrt ( ( ( s ~ m l - - s l )  ~ 2 + ( s u m 2 - - s 2 )  ~2) / ( s '~o~l  ~2  

÷ sum2 ~ 2));  
O'llgStT'in($ (1, ' a =  ') ; o,~treal (1, a)  ; 
o~{strin(t (1, ' p h i = ' ) ;  outintege~" (1, 3 0 X m )  ; 
o*ttstring (1, ' n = ' ) ;  outinteger (1, n) ; 
ol~tstring ( I  ' e r r o r = ' ) ;  o'tttreal (1, e r r o r ) ;  

b e g i n  
/~ : =  - - p  X ( ( n 4 - a - 1 ) / n ) ~ 2 ;  q : =  ( a + 2 X n )  X p;  
,~1 : =  s l  -F q X ~x[2Xn]; .s2 : =  s 2 +  q X vi2X'r~l; 

g o  t o  f, 
el l( l  

e i i ( I  ; 

g(i 1o ship; 

106 ( ] ( l l l t i n u l l l c a t i o n s  o f  t h e  A ( ] M  

alarm: OUgSt~'ing (1, 'param~der,~ not i n  range'); 
skip : e n d  
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A contribution to the Algorithms department must be in the form of 
an algorithm, a certification, or a remark. Contributions should be sent in 
duplicate to the editor, typewritten double-space4 in capital and lower-case 
letters. Authors should carefully follow the style of this department, with 
especial attention to indentation and completeness of references. Material 
to appear in boldface type should be underlined in black. Blue underlin- 
ing may be used to indicate italic type, but this is usually best left to the 
Editor. 

An algorithm must be written in the ALGOL 00 Referenea~ Language 
[Comm. ACM 6 (Jan. 1963), 1-171, and normally consists of a commented 
procedure declaration. Each algorithm must be accompanied by a complete 
driver program in .A.~GoL 00 which generates test data, calls the procedure, 
and outputs t ~ t  answers. Moreover, selected previously obtained test answers 
should be given in eommen~ in either the driver program or the algorithm. 
The driver program may be published with the algorithm if it would be of 
ins]or assistance to a user. 

Input and output should he achieved by procedure statements, using 
one of the following five procedures (whose body is not specified in ALgoL): 
[see "Report on Input-Output Procedures for ALGOL 60," Comm,  ACM 7 
(Oct. 1964), 628-629]. 
procedure larval (channel, deeti*mtion)" value channel; Integer channel; 

real destination; c o m m e n t  the number read from channel channd is 
assigned to the variable dss t ina l ion; . . .  ; 

precedure outreal (channd, source); value channel, source; integer  channd; 
real source; c o m m e n t  the value of expression source is output to channel 
chan~d;. .  ; 

procedure ininteger (chanud, deetlnation ) ; 
value channel; intel~er channd, destination; . . .  ; 

procedure ouginte¢cr (channd, source); 
value channel, source; integer channd,  source; . . .  ; 

precedure outstrgng (ehannd, siring); value channel; integer  channel; 
s ~ i n ~  s t r i n g ; . . .  ; 

If only one channel is used by the program, it should be designated by 1 
Examples: 

ou~tring (I, 'x =');  outreal (1, Z); 
fer  i :~ I step 1 unt i l  n de  outreal (1, A[i]); 
ininteg6r (1, digit [171); 

It ia intended that each published algorithm be a well-organized, clearly 
commented, syntactically correct, and a substantial contribution to the 
ALGOt, literature. All ~ntrlbutions will be refereed both by human beings 
and by an ALGOL comviler. Authors should give great attention to the col 
rectnees of their programs, ~ince referees cannot be expected to debug them. 
Because ALgoL compilers are often incomplete, authors are encouraged to 
indicate in comments whether their algorithms are written ia a recognized 
subset of ALGOL 60 [see "Report on SUBSET ALGOL 60 (IFIP)," Comm. 
A C M  7 (Oct, 1964), 626-627]. 

Certifications and remarks should add new information to that already 
published. Readers are especially encouraged to test and certify previously 
uncertified algorithms. Rewritten versions of previously published algo- 
rithms will be refereed as new contributions, and should not be imbedded 
in certifi~utlons or remarks. 

Galley proofs will be sent to the authors; obviously rapid and careful 
proofreading is of paramount importance. 

Although each algorithm has been tested by its author, no liability is as- 
sumed by the contributor, the editor, or the Association for Computing 
Machinery in connection therewith. 

The reproduction of algorithms appearing in this department is explicitly 
permitted without any charge. When reproduetion is for publication pur- 
poses, reference must he made to the algorithm author and to the Communi" 
cations issue bearing the algorlthm.--G.E.F. 

V o h i m e  8 / N u m b e r  2 / F e b r u a r y ,  1965 


