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ALGORITHM 252 [Z] 
VECTOR COUPLING OR CLEBSCH-GORDAN 
COEFFICIENTS 
J .  I-I. GUNN 

(Recd. 17 Aug. 1964, 13 Nov. 1964 and 21 Dec. 1964) 
Nordisk Institut for Teoretisk Atomfysik, Copenhagen, 

Denmark 

r e a l  p r o c e d u r e  VCC(J1, d2, o r, M1, M2, M, factorial); 
v a l u e  J1 ,  J2, o r, M1, M2, M; 
i n t e g e r  J1 ,  J2, J ,  M1, M2, M; a r r a y  factorial; 
c o m m e n t  VCC calcula tes  the  vec to r  coupl ing  or Clebsch-Gor-  

dan  coefficients defined by  the  fol lowing fo rmula  

(ji  ml j2 m2 [ j l  j2 j m) 

~(m,1 + m2,m)V (2j 4- 1)(j ,  4- j 2 -  j ) i ( j i  - j2 + j ) l ( - - j i  + j :4-  j ) ! l  ~ 

1_ (jl  + j 2  + j  + 1)! J 
X [(j~ + ml) !(j~ -- m~)l(j2 + m2)!(j2 -- m2)!(j + m)!( j  -- m)!]½ 

X ~ (--1)'/[z!(j~ + j 2 -  j -- z ) ! ( j ~ -  m ~ -  z)l] 
z 

(j2 + m2 -- z) !(j -- j2 + m~ + z) !(j -- j l  -- m2 4- z) !] 

where  j l  = J1 /2 ,  j2  = J2/2,  j = J /2 ,  ml  = M1/2,  m2 = M2/2,  
m = M/2.  [Reference fo rmula  3.6.11, p. 45 of EDMONDS, Alan  
R. Angu la r  m o m e n t m n  in q u a n t u m  mechan ics .  In  Investiga- 
tions in  Physics, ~, P r i n c e t o n  U. Press ,  1957.]. T h e  p a r a m e t e r s  
of t he  procedure ,  J1, J2, J,  M1, M2 and  M, are i n t e r p r e t e d  as 
be ing twice the i r  phys ica l  value,  so t h a t  ac tua l  p a r a m e t e r s  m a y  
be in tegers .  T h u s  to  call t he  p rocedure  to  ca lcula te  (½ 0 ½ 0 ] ½ 
½ 0 0) t he  call would  be VCC(1, 1, O, O, O, O, factorial). The  pro-  
cedure  checks t h a t  t he  t r iangle  cond i t ions  for  t he  ex is tence  of a 
coefficient are sa t is f ied  and  t h a t  j l  -4- j2  4- j is in tegra l .  If  t he  
condi t ions  are no t  sa t is f ied  the  value  of t he  p rocedure  is zero.  
The  p a r a m e t e r  factorial is an a r r ay  con ta in ing  the  fac tor ia l s  
f rom 0 up to  j l  + j2  4- j + 1. Since in ac tua l  ca lcu la t ions  t he  
p rocedure  VCC will be cal led m a n y  t imes  i t  is more  economica l  
to  have  the  fac tor ia l s  in a global  a r r ay  r a t h e r  t h a n  compu t e  
t h e m  on every  e n t r y  to  t he  p rocedure ;  

b e g i n  i n t e g e r  z, zmin, zmax; r e a l  cc; 
i f  M1 + M2 # M V abs(M1) > abs(J1) V abs(M2) > abs(J2) V 

abs(M) > abs(J) V d > J1 + J2 V d < a b s ( J 1 - J 2 )  V J1 
+ J2  4- d # 2 M ( (d l+J24-d )+2)  t h e n  VCC :=  0 e l s e  

b e g i n  zmin :=  0; 
i f  J - J2  + M1 < 0 t h e n  zmin :=  - - J  + J2  -- M1; 
i f J  - J1  - M2 + zmin < 0 t h e n  zmin :=  - J  + d l  + M2; 
zmax: = J1 + J2  - J;  
i f  J 2  + M2 -- zmax < 0 t h e n  zmax :=  J 2  + M2; 
i f  J1  - M1 - zmax < 0 t h e n  zmax :=  J1  -- M1; 
ce :=  0; 
f o r  z := zmin s t e p  2 u n t i l  zmax do  
cc :=  cc + ( i f  z = d X  (z+4)  t h e n  1 e l s e  --1)/(faclorial[z+2] 

X f a c t o r i a l [ ( J l + J 2 - J - z )  +2] 
X fac tor ia l [ (d l - -Ml- - z )  +2] 
X factor ial[(J24-M2-z)  +2] 
X factorial[(J--J2+M14-z)  +2] 
X faetorial[(J--J1--M24-z)  +2]) ;  

VCC :=  sqr t ( (J+l )  X f a c t o r i a l [ ( J l + J 2 - J ) + 2 ]  
X fac tor ia l [ (J1 -J2+J)  +2] 
X f a c t o r i a l [ ( - d l + J 2 + J )  +2] X factorial[(Jl+M1) +2] 
X factorial[(orl--M1)+2] X factorial[(J2+M2)+2] 
X faetor ia l[ (J2-M2)+2] X factorial[(J+M)+2] 
X fac tor ia l[ (d--M)+2]/ fac tor ia l[ (J l+J2+d+2)+2])  
X cc 

e n d  
e n d  VCC 

ALGORITHM 253 [F2] 
EIGENVALUES OF A REAL SYMMETRIC MATRIX 

BY THE QR METHOD 
P .  A .  BUSINGER* 

(Recd. 17 Aug. 1964, 3 Nov. 1964 and 8 Dec. 1964) 
University of Texas, Austin, Texas 

* Thiswork was supported in part by the National Science Foundation through 
grant NSF GP-217 and the Army Research Office through grant DA-ARO(D) 31-124- 
G388. Thanks are due the referee for suggesting several improvements. 

p r o c e d u r e  symmetric QR 1 (n, g); v a l u e  n; i n t e g e r  n; 
a r r a y  g; 

c o m m e n t  uses Househo l de r ' s  m e t h o d  and  the  QR a lgor i thm to 
find all n e igenvalues  of t he  real  s y m m e t r i c  ma t r i x  whose  lower  
t r i angu la r  p a r t  is g iven in t he  a r r ay  g [ l :n ,  l : n ] .  T h e  c o m p u t e d  
e igenvalues  are s to red  as t he  d iagonal  e l ement s  g[i, i]. T h e  
or iginal  con t en t s  of t he  lower t r i angu la r  p a r t  of g are los t  du r ing  
t h e  c o m p u t a t i o n  whereas  t he  s t r i c t l y  uppe r  t r i angu la r  p a r t  of g 
is lef t  un touched .  

REFERENCES : 
FRANCm, J. G.F. The QR transformation--Part 2. Comput. J. $ (1961), 332-345. 
ORTEGA, J. M., A~D KiIS~R, H. F. The LL T and QR methods for symmetric tri- 

diagonal matrices. Comput. J. 6 (1963), 99-101. 
PARLETT, B. The development and use of methods of LR type. New York U., 

1963. 
WILKINSON, J. I-I. Householder's method for symmetric matrices, iXrumer. Math. 4, 

(1962), 354-361. 

TEST RESULTS: 
A vers ion  of th is  p rocedure  accep tab le  to the  Oak Ridge  ALGOL 
compi le r  was t e s t ed  on a C D C  1604 c o m p u t e r  ( re lat ive mach ine  
prec i s ion  1.520-11). F o r  a n u m b e r  of t e s t m a t r i c e s  of o rder  up to  
64 the  d o m i n a n t  e igenvalue  was found  to  a t  least  8 digi ts  and  
i t  was a lways  among  the  mos t  accura te  values  compu ted .  In  
some cases t he  accuracy  of t he  n o n d o m i n a n t  e igenvalues  va r i ed  
grea t ly ,  in one case t he  leas t  accura te  va lue  had  only 4 good 
digi ts .  

EXAMPLE : 
Fo r  t he  5X5 s y m m e t r i c  ma t r i x  whose  lower  t r i angu la r  p a r t  is 

5 
4 6 
3 O 7  
2 4 6 8  
1 3 5 7 9  

th is  p rodecu re  c o m p u t e d  the  e igenvalues  22.406875305, 
7.5137241530, 4.8489501197, -- 1.0965951813, 1.3270455994; 

b e g i n  
r e a l  p r o c e d u r e  sum (i, m, n, a);  v a l u e  m, n; 

i n t e g e r  i, m, n; r e a l  a; 
b e g i n  r e a l  s; s := O; 

f o r  i :=  m s t e p  1 u n t i l  n do  s :=  s+a;  sum :=  s 
e n d  sum; 
r e a l  p r o c e d u r e  max (a, b); v a l u e  a, b; r e a l  a, b; 

max :=  i f a  > b t h e n a  e l s e  b; 
p r o c e d u r e  Householder tridiagonalization 1 (n, g, a, bq, norm); 

v a l u e  n;  i n t e g e r  n;  a r r a y  g, a, bq; r e a l  norm; 
c o m m e n t  nonlocal  real  p rocedure  sum, max; 
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c o m m e n t  r educes  t h e  g i ven  real  s y m m e t r i c  n b y  n m a t r i x  g 
to t r i d i a g o n a l  f o r m  u s i n g  n--2 e l e m e n t a r y  o r t h o g o n a l  t r a n s -  
f o r m a t i o n s  (I--2ww') = (I-gamma uu'). Onl y  t h e  lower  t r i -  
a n g u l a r  p a r t  of g need  be g iven .  T h e  d i agona l  e l e m e n t s  a n d  
t h e  s q u a r e s  of t h e  s u b d i a g o n a l  e l e m e n t s  of t h e  r e d u c e d  m a t r i x  
are  s t o r e d  in  a [ l : n ]  a n d  bq[l:n--1] r e spec t i ve l y ,  norm is se t  
e q u a l  to t h e  in f in i ty  n o r m  of t h e  r e d u c e d  m a t r i x .  T h e  c o l u m n s  
of t h e  s t r i c t l y  lower  t r i a n g u l a r  p a r t  of g are  r ep l aced  b y  t h e  
n o n z e r o  p o r t i o n s  of t h e  v e c t o r s  u ;  

b e g i n  i n t e g e r  i ,  j ,  k; r e a l  t, absb, alpha, beta, gamma, sigma; 
a r r a y  p[2:n] ;  
norm :=  absb := 0; 
f or  k :=  1 s t e p  1 u n t i l  n - - 2  do  
b e g i n  a[k] :=  g[k, k]; 

sigma :=  bq[k] :=  sum(i, k + l ,  n, g[i, k] ~'2); 
t := absb+abs(a[k]); absb := sqrt(sigma); 
norm := max(norm, t+absb); 
i f  sigma # 0 t h e n  
b e g i n  alpha :=  g [ k + l ,  k]; 

beta :=  i f  alpha < 0 t h e n  absb else--absb; 
gamma :=  1/(sigma--alphaXbeta); g[k+l, k] :=  alpha-- 

beta; 
for  i :=  ,~+1 s t e p  1 u n t i l  n do  

p[i] :=  gammaX (sum(j, k + l ,  i, g[i, j]Xg[j, k ] ) +  
sum(j, i + 1 ,  n, g[j, i]Xg[j, k]));  

t := 0.5XgammaXsum(i,  k + l ,  n, g[i, k]Xp[ i ] ) ;  
for  i :=  k + l  s t e p  1 u n t i l  n do  p[i] := p[i]--tXg[i, k]; 
for  i :=  k + l  s t e p  1 u n t i l  n d o  

f or  j :=  k + l  s t e p  1 u n t i l  i do  
g[i, j] :=  g[i, j]--g[i, k]Xp[j]--p[i]Xg[j, k] 

e n d  
e n d  k; 
a [n- -1]  :=  g[n--l ,n--1];  bq[n--1] :=  g [ n , n - 1 ] T 2 ;  
a[n] :=  gin, n];  t :=  abs(g[n, n - l ] ) ;  
norm :=  max(norm, absb+abs(a[n--1])+t); 
norm :=  max(norm, t+abs(a[n]) ) 

e n d  Householder tridiagonalization 1; 
i n t e g e r  i ,  k, m, m l ;  r e a l  norm, epsq, lambda, mu, sql, sq2, u, 

pq, gamma, t; a r r a y  a l l : n ] ,  bq[O:n--1]; 
Householder tridiagonalization l (n, g, a, bq, norm); 
epsq :=  2.25~o-22Xnorm ~ 2; c o m m e n t  T h e  t o l e r ance  u s e d  in 

t h e  Q R  i t e r a t i o n  d e p e n d s  on t h e  s q u a r e  of t h e  r e l a t i ve  m a -  
ch ine  p rec i s ion .  Here  2.2510-22 is u s e d  w h i c h  is a p p r o p r i a t e  
for  a m a c h i n e  w i t h  a 36-bi t  m a n t i s s a ;  

mu :=  0; m := n ;  
inspect: i f  m = 0  t h e n  go  t o  return e l s e  i :=  k : =  m l  : =  m - - l ;  

bq[0] :=  0; 
i f  bq[k] =< epsq t h e n  
b e g i n  g[m,m] := a[m]; mu :=  0; m : =  k; 

g o  t o  inspect 
e n d ;  
for  i :=  i - - 1  w h i l e  bq[i] > epsq do  k :=  i ;  
i f k  = m l  t h e n  
b e g i n  c o m m e n t  t r e a t  2 X 2 b lock  s e p a r a t e l y ;  

mu :=  a[ml]Xa[m]--bq[ml]; sql :=  a[ml]+a[m]; 
sq2 :=  sqrt((a[ml]--a[m]) ~'2+4Xbq[ml]); 
lambda :=  0 . 5 X ( i f  sql >= 0 t h e n  sql+sq2 e l s e  sql--sq2); 
g[ml, ml]  :=  lambda; g[m, m] :=  mu/lambda; 
mu :=  0; m :=  m - - 2 ;  go  t o  inspect 

e n d ;  
lambda :=  i f  abs(a[m]-mu) < 0.5Xabs(a[m]) t h e n  a [ m ] T 0 . S X  

sqrt(bq[ml]) e l s e  0.0; 
mu := aim];  sql := sq2 :=  u :=  0; 
for  i :=  k s t e p  1 u n t i l  m l  do  
b e g i n  c o m m e n t  s h o r t c u t  s ingle  Q R  i t e r a t i o n ;  

gamma :=  a[i]--lambda-u; 
pq :=  i f  s q l # l  t h e n  gamma~2/(1--sql) e l s e  (1 - - sq2)X 

bq[i--1]; 
t :=  pq+bq[i]; bq[i--1] :=  sqlXt;  sq2 : =  sql; 
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sql :=  bq[i]/t; u :=  sqlX(gamma+a[i+l]--lambda); 
a[i] :=  gamma+u+lambda 

e n d  i ;  
gamma := a[m]--lambda--u; 
bq[ml] := s q l X ( i f  s q l # l  t h e n  gamma T 2/ (1-sql )  

( 1 - s q 2 )  Xbq[ml] )  ; 
aim] :=  gamma+lambda; go  t o  inspect; 

return: e n d  symmetric QR 1 

e l s e  

A L G O R I T H M  2 5 4  [F2]  

E I G E N V A L U E S  A N D  E I G E N V E C T O R S  O F  A R E A L  

S Y M M E T R I C  M A T R I X  B Y  T H E  Q R  M E T H O D  

P .  A .  B U S I N G E R *  

( R e c d .  17 A u g .  1964 ,  17 N o v .  1 9 6 4  a n d  8 D e c .  1 9 6 4 )  

U n i v e r s i t y  o f  T e x a s ,  A u s t i n ,  T e x a s  
* This work was supported in part by the National Science Foundation through 

grant NSF GP-217 and the Army Research Office through grant DA-ARO(D) 31-124- 
G388. Thanks are due the referee for suggesting several improvements. 

p r o c e d u r e  symmetric QR 2 (n, g, x);  v a l u e  n; i n t e g e r  n;  
a r r a y  g, x; 

e o m m e n t  u se s  H o u s e h o l d e r ' s  m e t h o d  a n d  t h e  QR a l g o r i t h m  to  
f ind all n e i g e n v a l u e s  a n d  e i g e n v e c t o r s  of t h e  real  s y m m e t r i c  
m a t r i x  whose  lower  t r i a n g u l a r  p a r t  is g iven  in t h e  a r r a y  g. T h e  
c o i n p u t e d  e i g e n v a l u e s  are  s t o r e d  as t h e  d i agona l  e l e m e n t s  
g[i, i] a n d  t h e  e i g e n v e c t o r s  as t he  c o r r e s p o n d i n g  c o l u m n s  of t h e  
a r r a y  x. T h e  or ig ina l  c o n t e n t s  of t h e  lower t r i a n g u l a r  p a r t  of g 
a re  los t  d u r i n g  t h e  c o m p u t a t i o n  w h e r e a s  t h e  s t r i c t l y  u p p e r  
t r i a n g u l a r  p a r t  of g is le f t  u n t o u c h e d .  

REFERENCES : 
FRANCIS, J. G.F.  The QR transformation--Part 2. Comput. J. 4 (1961), 332-345. 
PARLETT, B. The development and use of methods of LR type. New York U., 

1963. 
WlLK~NSO~¢, J. H. Householder's method for symmetric matrices. Numer. Math. 

4 (1962), 354-361. 

TEST RESULTS: 
A v e r s i o n  of t h i s  p r o c e d u r e  a c c e p t a b l e  to  t h e  O a k  R idg e  ALGOL 
compi le r  was  t e s t e d  on a C D C  1604 c o m p u t e r  ( re la t ive  m a c h i n e  
p rec i s ion  1.510-11). Fo r  a n u m b e r  of t e s t m a t r i c e s  of o rder  u p  to  
64 t h e  d o m i n a n t  e i g e n v a l u e  was  f o u n d  to a t  l ea s t  9 d ig i t s .  E igen -  
v a l u e s  m u c h  s m a l l e r  in m a g n i t u d e  t h a n  t h e  d o m i n a n t  e i g e n v a l u e  
h a v e  fewer  a c c u r a t e  d ig i t s .  I n  s o m e  cases  t h e  c o m p o n e n t s  of t h e  
e i g e n v e c t o r s  were s l i g h t l y  less a c c u r a t e  t h a n  t h e  e i g e n v a l u e s .  

EXAMPLE : 
Fo r  t h e  5 X 5 s y m m e t r i c  m a t r i x  whose  lower  t r i a n g u l a r  p a r t  is 

5 
4 6 
3 0 7  
2 4 6 8 
1 3 5 7 9  

t h i s  p r o c e d u r e  c o m p u t e d  t h e  e i g e n v a l u e s  M=22.406875306,  
k2=7.5137241547, k~=4.8489501203, M=-1 .0965951820 ,  
h~= 1.3270455995, a n d  t h e  c o r r e s p o n d i n g  e i g e n v e c t o r s  
x~ = (0.24587793851, 0.30239603954, 0.45321452335, 

0.57717715229, 0.55638458400), 
x2 = (0.55096195546, 0.70944033954, --0.34017913315, 

-- 0.083410953290, -- 0.26543567685), 
x3 = (0.54717279573, --0.31256992008, 0.61811207635, 

-- 0.11560659356, -- 0.45549374666), 
x4 = (--0.46935807220, 0.54221219466, 0.54445240360, 

-- 0.42586566248, -- 0.088988503134), 
x5 = (-0.34101304185,  0.11643462042, 0.019590672072, 

0.68204303436, -- 0.63607121400) ; 

b e g i n  
r e a l  p r o c e d u r e  sum (i, m,  n ,  a) ; v a l u e  m,  n ;  

i n t e g e r  i ,  m, n; r e a l  a; 
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b e g i n  r e a l  s; s :=  0; 
f o r i  :=  m s t e p l u n t i l n d o s  :=  s+a; sum :=  s 

e n d  sum; 
r e a l  p r o c e d u r e  max (a, b); v a l u e  a, b; r e a l  a, b; 

max :=  i f a  > b t h e n  a e l s e  b; 
p r o c e d u r e  Householder tridiagonalization 2 (n, g, a, b, x, norm); 

v a l u e  n;  i n t e g e r  n;  a r r a y  g, a, b, x; r e a l  norm; 
c o m m e n t  nonlocal  real  p rocedure  sum, max; 

c o m m e n t  reduces  t he  g iven real  symmet r i c  n by n ma t r i x  g 
to t r id iagona l  fo rm us ing n - - 2  e l e m e n t a r y  o r thogona l  t r ans -  
fo rma t ions  ( I - 2 w w  t) = (1-gamma uu'). Only the  lower 
t r i angu la r  p a r t  of g need  be given.  The  c o m p u t e d  diagonal  
and  subdiagona l  e l ement s  of t he  r educed  ma t r i x  are s to red  in 
a l l  : n] and  b [ l : n - -  1] respec t ive ly .  The  t r a n s f o r m a t i o n s  on the  
r igh t  are also app l ied  to t he  n by  n ma t r i x  x. The  co lumns  of 
the  s t r i c t l y  lower t r i a n g u l a r  p a r t  of g are rep laced  by  the  
nonzero  po r t i on  of t he  vec to r s  u. norm is set  equal  to  t he  in- 
f ini ty  n o r m  of t he  r educed  mat r ix ;  

b e g i n  i n t e g e r  i,  j ,  k; r e a l  t, sigma, alpha, beta, gamma, absb; 
a r r a y  p[2:n];  
norm := absb :=  0; 
fo r  k :=  1 s t e p  1 u n t i l  n - - 2  do  
b e g i n  a[k] :=  g[k, k]; 

sigma. :=  sum(i, k + l ,  n, g[i, k] T 2); 
t := absb+abs(a[k]); absb := sqrt(sigma); 
norm := max(norm, t+absb); alpha := g [ k + l ,  k]; 
b[k] := beta := i f  alpha < 0 t h e n  absb e l s e  --absb; 
i f  sigma # 0 t h e n  
b e g i n  gamma := 1/ (sigma--alphaXbeta) ; 

g[kT1, k] := alpha--beta; 
f o r  i :=  k + l  s t e p  1 u n t i l  n do  

p[i] :=  gammaX(sum(j,  k + l ,  i, g[i, j]Xg[j, k]) 
+sum(j ,  i + l ,  n, g[j, i]Xg[j, k])); 

t := 0.5XgammaXsum(i,  k + l ,  n, g[i, k]Xp[i ] ) ;  
f o r  i :=  k + l  s t e p  1 u n t i l  n do  p[i] := p[i]- tXg[i ,  k]; 
f o r  i :=  k + l  s t e p  1 u n t i l  n do  

f o r  j :=  k + l  s t e p  i u n t i l  i do  
g[i, j] :=  g[i, j ] -g[ i ,  tc]Xp[j]--p[i]Xg[j, k]; 

f o r  i :=  2 s t e p  1 u n t i l  n do  
p[i] := gammaXsum(j,  k + l ,  n, x[i, j]Xg[j, k]) ; 

f o r  i :=  2 s t e p  1 u n t i l  n do  
f o r  j :=  k + l  s t e p  1 u n t i l  n do  

x[i, j] := x[i, j]--p[i]Xg[j, k] 
e n d  

e n d  k; 
a [ n - - 1 ] : = g [ n - - l , n - 1 ] ;  a[nl:=g[n,n]; b [ n - - 1 ] : = g [ n , n - - 1 ] ;  
t :=  abs(b[n--1]); 
norm :=  max(norm, absb+abs(a[n- 1]) + t )  ; 
norm :=  max(norm, t+abs(aln]) ) 

e n d  Householder lridiagonalization 2; 
i n t e g e r  i,  j ,  k, m, m l ;  r e a l  t, norm, eps, sine, cosine, lambda, 

mu, aO, a l ,  bO, beta, xO, x l ;  
a r r a y  a l l : n ] ,  b[0:n], c [ 0 : n - 1 ] ,  cs, sn[ l :n-1];  

f o r  i :=  1 s t e p  1 u n t i l  n do  
b e g i n  c o m m e n t  se t  x equal  to  t he  i d e n t i t y  ma t r i x ;  

x[i, i] :=  1; 
f o r j  :=  i + 1  s t e p  1 u n t i l  n dox[i , j]  :=  x[j, i] :=  0 

e n d  i ;  
Householder tridiagonalization 2 (n, g, a, b, x, norm) ; 
eps :=  normXl.51o-ll; c o m m e n t  t he  to le rance  used  in t he  

QR i t e r a t i on  is set  equal  to  the  p roduc t  of t he  inf in i ty  n o r m  
of t he  r educed  ma t r i x  and  the  re la t ive  mach ine  prec i s ion  
(here a s sumed  to be 1.510-11 which  is app rop r i a t e  for a mach ine  
wi th  a 36-bit  man t i s s a ) ;  

b[0] := mu := 0; m := n;  
inspect: i f  m = 0  t h e n  go t o  return e l se  i :=  k := ml  := m - - l ;  

i f  abs(b[k]) =< eps t h e n  
b e g i n  

g[m,m] :=  a[m]; mu := O; m := k; go  t o  inspect 

e n d ;  
f o r  i := i - -1  w h i l e  abs(b[i]) > eps do  k := i ;  
lambda :=  i f  abs(a[m]-mu) < 0.5Xabs(a[m]) V m l = k  t h e n  

a[m]+O.5Xb[ml] e l s e  0.0; 
mu :=  a['m]; a[k] :=  a[k]--lambda; beta :=  b[k]; 
f o r  j :=  k s t e p  1 u n t i l  m l  do  
b e g i n  c o m m e n t  t r a n s f o r m a t i o n  on the  lef t ;  

a0 := a~']; a l  := a[j+l]-lambda; bO :=  b[j]; 
t :=  sqrt(aO T 2+beta T 2) ; 
cosine :=  cs[j] :=  aO/t; sine :=  sn[j] :=  beta~t; 
a[j] :=  cosineXaO+sineXbeta; a [ j + l ]  := --sineXbO+ 

cosine X a l ;  
b[j] :=  cosineXbO+sineXal; beta :=  b [ j + l ] ;  
b [ j + l ]  := cosineXbeta; c[j] :=  sineXbeta 

e n d  j; 
b[k--1] := e lk-- l ]  :=  0; 
f o r  j :=  k s t e p  1 u n t i l  m l  do  
b e g i n  c o m m e n t  t r a n s f o r m a t i o n  on the  r igh t ;  

sine :=  sn[j]; cosine := cs[j]; 
a0 := a[j]; b0 := bij]; 
b[j--1] :=  b[j--1]Xcosine+c[j--1]Xsine; 
a[j] := aOXcosine+bOXsine+lambda; 
b[j] := --aOXsine+bOXcosine; a [ j + l ]  := alj+l]Xeosine; 
f o r  i :=  1 s t e p  1 u n t i l  n d o  
b e g i n  x0 := x[i, j ] ;  x l  := x[i, j + l ] ;  

x[i, j] := xOXcosine+xlXsine; x[i, j + l ]  := --xOXsine+ 
xl X cosine 

e n d  i 
e n d  j ;  
a[m] :=  a[m]+lambda; go to  inspect; 

return: e n d  symmetric QR 2 

C E R T I F I C A T I O N  O F  A L G O R I T H M  21 [S17] 

B E S S E L  F U N C T I O N  F O R  A S E T  O F  I N T E G E R ,  

O R D E R S  
[W.  B 6 r s c h - S u p a n ,  Comm.  A C M  3 ( N o v .  1960) ,  600] 

J .  STAFFORD ( R e c d .  16 N o v .  1964)  

W e s t l a n d  A i r c r a f t  L t d . ,  S a u n d e r s - R o e  D i v i s i o n ,  E a s t  

C o w e s ,  I s l e  o f  W i g h t ,  E n g .  

I f  th i s  p rocedure  is used  w i t h  a c o m b i n a t i o n  of a m o d e r a t e l y  
smal l  a r g u m e n t  and  a m o d e r a t e l y  large order ,  t he  recurs ive  evalu-  
a t ion  of rec2 in t he  las t  l ine of t he  first  co lumn can easi ly  lead  to  
overflow. This  occurred ,  for i n s t ance ,  in t r y i n g  to  eva lua te  
J10(0.01), 

The  fol lowing a l t e ra t ions  cor rec t  th i s :  
(i) Dec la re  a r e a l  va r iab le  z and  an i n t e g e r  var iab le  m; 
(ii) Af t e r  line rec i n se r t :  

z := M A X / 4  × abs (x/k); 
c o m m e n t  M A X  is a large pos i t ive  n u m b e r  app roach ing  in 

size t he  larges t  n u m b e r  wh ich  can be r ep resen ted .  The  nu-  
mer ica l  va lue  of MAX~4  is w r i t t e n  in to  t he  p rocedure ;  

(iii) At  the  end  of the  first  co lumn inse r t :  
i f  abs(rec2) > z t h e n  
begin 

reel :=  recl/z; rec2 :=  rec2/z; sum :=  sum~z; 
f o r  m := n s t e p  --1 u n t i l  p --  1 do  J[m] :=  J[m]/z 

e n d ;  
W i t h  these  a l t e ra t ions  t he  p rocedure  was run  on a Na t iona l -  

E l l i o t t  803, for x = - 1 ,  0, 0.01, 1, 10 and  n = 0, 1, 2, 10, 20. The  
resul ts  agreed  exac t ly  w i t h  pub l i shed  seven-p lace  tables .  

[See also A lgo r i t hm 236, Bessel  Func t i ons  of t he  F i r s t  K i n d  
(Comm. A C M  7 (Aug. 1964), 479) wh ich  is no t  r e s t r i c t ed  to in te -  
ger  values.  A l t hough  i t  is a m u c h  more  compl i ca t ed  p rog ram,  
A lgo r i t hm 236 is s l igh t ly  f a s t e r  t h a n  Algor i thm 21 as cor rec ted ,  a t  
leas t  in some cases . - -Ed . ]  
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R E M A R K  ON A L G O R I T H M  231 [F1] 
M A T R I X  INVERSION 

[J. Boothroyd, Comm. A C M  6 (June 1964), 347] 
MATS I~ERRING (Recd. 23 Nov. 1964) 
Flygmotor Aeroengine Company, Trollhi~ttan, Sweden 

T h e  a l g o r i t h m  c a n n o t  a ccep t  t h e  p i v o t  e l e m e n t  = 0 w h i c h  re- 
duces  t h e  d e t e c t i o n  of s i ngu l a r i t i e s .  We s u g g e s t  t h e  co r r ec t i on :  

i f  k > i A j > i A abs(a[r[k] ,  c[j]]) > a b s ( p i v o t )  t h e n  

s h o u l d  be  

i f  k > i A j > i A abs(a[r[k] ,  c[j]]) >= a b s ( p i v o t )  t h e n  

R e v i s e d  A l g o r i t h m s  P o l i c y  • M a y ,  1964 

A contribution to the Algorithms department must be in the form of 
an algorithm, a certification, or a remark. Contributions should be sent in 
duplicate to the editor, typewritten double-spaced in capital and lower-case 
letters. Authors should carefully follow the style of this department, with 
especial attention to indentation and completeness of references. Material 
to appear in boldface type should be underlined in black. Blue underlining 
may be used to indicate italic type, but this is usually best left to the Editor. 

An algorithm must be written in the ALGOL 60 Reference Language 
[Comm. ACM 6 (Jan. 1963), 1-17], and normally consists of a commented pro- 
cedure declaration. Each algorithm must be accompanied by a complete 
driver program in ALGOL 60 which generates test data, calls the procedure, 
and outputs test answers. Moreover, selected previously obtained test answers 
should be given in comments in either the driver program or the algorithm. 
The driver program may be published with the algorithm if it would be of 
major assistance to a user. 

Input and output should be achieved by procedure statements, using 
one of the following five procedures (whose body is not specified in ALGOL): 
[see "Report on Input-Output Procedures for ALGOL 60," Comm, ACM 7 
(Oct. 1964), 628-629]. 
procedure inreal (channel, destination); value c h a n n e l ;  integer channel; 

real destination; comment the number read from channel channel is as- 
signed to the variable destination; . . . ; 

procedure outreal (channel, source); value channel, source; integer channel; 
real source; comment the value of expression source is output to channel 
channel; . . .  ; 

procedure ininteger (channel, destination); 
value channd; integer channel, destination; . . .  ; 

procedure outinteger (channel, source); 
value channel, source; integer channel, source; . . . ; 

procedure outstring (channel, string); value channel; integer channel; 
string string; . . . ; 

If only one channel is used by the program, it should be designated by 1. 
Examples; 

ouisiring (1, 'x ='); outreal (1, x); 
for i := 1 step 1 unt i l  n do outreal (1, A[i]); 
ininteger (1, digit [17]) ; 

It is intended that each published algorithm be a weU-organized, clearly 
commented, syntactically correct, and a substantial contribution to the 
ALGO~ literature. All contributions will be refereed both by human beings 
and by an ALGOL compiler. Authors should give great attention to the cor- 
rectness of their programs, since referees cannot be expected to debug them. 
Because ALGOL compilers are often incomplete, authors are encouraged to 
indicate in comments whether their algorithms are written in a recognized 
subset of AhGOL 60 [see "Report on SUBSET ALGOL 60 (IFIP)," Comm. 
ACM 7 (Oct, 1964), 626-627]. 

Certifications and remarks should add new information to that already 
published. Readers are especially encouraged to test and certify previously 
uncertified algorithms. Rewritten versions of previously published algo- 
rithms will be refereed as new contributions, and should not be imbedded 
in certifications or remarks. 

Galley proofs will be sent to the authors; obviously rapid and careful 
proofreading is of paramount importance. 

Although each algorithm has been tested by its author, no liability is as- 
sumed by the contributor, the editor, or the Association for Computing 
Machinery in connection therewith. 

The reproduction of algorithms appearing in this department is explicitly 
permitted without any charge. When reproduction is for publication pur- 
poses, reference must be made to the algorithm author and to the Communi- 
cations issue bearing the algorithm.--G.E.F. 

Letters--continued from p. 202 

O n  C o m p u t e r s  a n d  P r o g r a m s ;  C o p y r i g h t s  a n d  P a t e n t s  

D e a r  E d i t o r :  

I r e a d  w i t h  g r e a t  i n t e r e s t  y o u r  ser ies  of  a r t i c les  e n t i t l e d  " C o m -  

p u t e r s  a n d  P r o g r a m s ;  C o p y r i g h t s  a n d  P a t e n t s "  w h i c h  a p p e a r e d  

i n  t h e  O c t o b e r  1964 i s sue  of  t h e  C o m m u n i c a t i o n s .  A l t h o u g h  I a m  

n o t  y e t  a m e m b e r  of t h e  Ba r ,  as  a re  t h e  a u t h o r s  of  t h o s e  ar t ic les ,  

I b e g  l e a v e  to  offer  a few c o m m e n t s  of  m y  own.  B y  w a y  of m y  

qua l i f i ca t i ons  to  s p e a k  on  t h i s  s u b j e c t ,  I m e n t i o n  t h a t  a legal  

p a p e r  I p r e p a r e d  w a s  l a rge ly  r e s p o n s i b l e  for  t h e  C o p y r i g h t  

Office 's  r e c e n t  dec i s ion  to  r eg i s t e r  c o p y r i g h t s  o n  c o m p u t e r  p ro -  

g r a m s  a n d  t h a t  I r ece ived  t h e  f i rs t  s u c h  c o p y r i g h t s .  T h i s  p a p e r ,  

t h e  o n l y  c o m p l e t e  legal  a n a l y s i s  of  t h e  p r o b l e m s  of  c o p y r i g h t  

p r o t e c t i o n  for  c o m p u t e r  p r o g r a m s  p u b l i s h e d  so far ,  a p p e a r e d  in  

t h e  N o v e m b e r  1964 i s sue  of  C o l u m b i a  L a w  R e v i e w .  Cop ie s  of  t h e  

a r t ic le  m a y  be  o b t a i n e d  a t  n o  cos t  b y  w r i t i n g  to  t h e  a u t h o r  a t  

t h e  a d d r e s s  g i v e n  below.  

D e s p i t e  o u r  m a n y  a r e a s  of  c o m p l e t e  a g r e e m e n t  a n d  m y  re-  

s p e c t  for  M r .  L a w l o r ' s  o p i n i o n s  in  t h i s  a d m i t t e d l y  d i f f icul t  legal  

a rea ,  I m u s t  t a k e  i s sue  w i t h  h i s  s u g g e s t i o n  t h a t  c o p y r i g h t  p r o t e c -  

t i o n  of  a p r o g r a m  w o u l d  n o t  p r e c l u d e  a r e p r o d u c t i o n  i n  n o n r e a d -  

ab le  fo rm,  e.g.  a m a g n e t i c  t ape .  A s  l n y  p a p e r  p o i n t s  o u t ,  t h e  

p i a n o  roll  case  w h i c h  h e  c i tes  a n d  t h e  m a g n e t i c  t a p e  r e p r o d u c t i o n  

s i t u a t i o n  m a y  be  d i s t i n g u i s h e d  on  s e v e r a l  g r o u n d s .  M o r e o v e r ,  

s ince  c o m p u t e r  p r o g r a m s  m a y  n o w  be  c o p y r i g h t e d  in  t h e  f o r m  o f  

m a g n e t i c  t a p e s ,  t h e r e  s e e m s  t6  be  l i t t le  fea r  t h a t  a c o u r t  w o u l d  

a v o i d  f i n d i n g  t h a t  a s e c o n d  t a p e  r eco rd ing ,  i den t i c a l  in  e v e r y  w a y  

w i t h  t h e  o r ig ina l  r eco rd ing ,  is a n  i n f r i n g e m e n t  w i t h i n  t h e  m e a n i n g  

of  t h e  c o p y r i g h t  law.  

M r .  H a m l i n  a n d  M r .  J a c o b s  b o t h  a r g u e  fo rce fu l ly  t h a t  c o m -  

p u t e r  p r o g r a m s  s h o u l d  h a v e  s o m e  f o r m  of  lega l  p r o t e c t i o n  a n d  

t h a t  t h e y  s h o u l d  be  p a t e n t a b l e .  A l t h o u g h  I a m  fu l ly  in  a c c o r d  

w i t h  t h e i r  f i rs t  po in t ,  I w o u l d  ]ike to  s u g g e s t  t h a t  c o p y r i g h t  p ro -  

t e c t i o n  w o u l d  be  p r e f e r ab l e  f r o m  t h e  p o i n t  of  v iew of  b o t h  t h e  

p r o g r a m m e r  a n d  t h e  c o m p u t e r  i n d u s t r y .  P a t e n t s  a re  e x p e n s i v e ,  

t a k e  s eve ra l  y e a r s  to  secure ,  h a v e  a h i g h  m o r t a l i t y  r a t e  in  t h e  

cou r t s ,  a n d  a re  a v a i l a b l e  o n l y  to  i n v e n t i o n s  r e p r e s e n t i n g  a h i g h  

deg ree  o f  c r e a t i v i t y  a n d  n o v e l t y .  B y  c o n t r a s t ,  c o p y r i g h t s  a r e  

i n e x p e n s i v e ,  offer  i m m e d i a t e  p r o t e c t i o n ,  a re  f a v o r e d  b y  t h e  cou r t s ,  

a n d  r e q u i r e  l i t t le  s h o w i n g  of  c r e a t i v i t y .  I n  r e t u r n ,  t h e y  offer  

s u b s t a n t i a l  p r o t e c t i o n  a n d  do n o t  r e q u i r e  a wide  pub l i c  dis-  

c losure .  F r o m  t h e  p o i n t  of  v i ew of  t h e  d a t a  p r o c e s s i n g  c o m -  

m u n i t y ,  t h e y  a lso  s e e m  to  be  p re fe rab le .  I t  w o u l d  be  i l legal  for  

a n y o n e  to  u s e  a p a t e n t e d  p r o g r a m  d u r i n g  t h e  17 -yea r  m o n o p o l y  

w i t h o u t  t h e  p a t e n t e e ' s  p e r m i s s i o n .  O n  t h e  o t h e r  h a n d ,  a n y o n e  

w o u l d  b e  free  to  c r ea t e  a p r o g r a m  s imi l a r  to  a c o p y r i g h t e d  o n e  

if o n l y  h e  d i d n ' t  c o p y  f r o m  t h e  c o p y r i g h t e d  p r o g r a m ;  a f r e e d o m  

h e  w o u l d  n o t  h a v e  w i t h  r e s p e c t  to  a p a t e n t e d  p r o g r a m .  I t  is fair ,  

I t h i n k ,  to  a s k  w h e t h e r  t h e  a d v a n t a g e s  to  be  g a i n e d  f r o m  p a t e n t  

m o n o p o l i e s  o n  p r o g r a m s  w o u l d  be  c o m m e n s u r a t e  w i t h  t h e  re-  

s t r i c t i o n s  o n  o t h e r  p r o g r a m m e r s  w h i c h  m u s t  fol low as  a m a t t e r  

of  law.  

Whatever my areas of disagreement with these articles, the 
authors and the editors of AC~[ are to be congratulated for 
keeping their readers informed in this important area. 

JOHN F .  BANZHAF I I I  

Columbia Law Review 
~35 West 116 Street 
New York, N.Y. 

220 C o m m u n i c a t i o n s  o f  t h e  A C M  V o l u m e  8 / N u m b e r  4 / A p r i l ,  1965 


