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HAViE INTIiX;I{AU'()t~ II)l] 

• ) [ i[{O:~E[{[[' N I< [ l{ ] ]~ (['k(~(',( , !) J ( l l  I() 1{)()4 }:bl](/] 21 ] ) e e .  1964)  

The Babco('k & Wilco× (',o. l,yhchbutg, Viriginia 

real p r o c e d u r e  ha~,i(integ~'ator (:c, a, !), epG in&grartd, "m,); 
v a l . e a ,  b, ~ps, ~n; i n t e g e r  m,; 
real  inte{It'at~d, :G a, /~, C?)S; 

co lnn .en t  This :tlgoril,}lHl p('.cfol'llls Hoil](:ri('.ttl i~l{;egrat[onof deft- 
nile intcgr~ds using an equidistum, sampli l /g of the funct ion :rod 
repeated halving ()f the sampl ing i t l terv:d. Ea(:h halving Mlows 
t h e  c a l c t l l a t i o n  o f  ~t [ r~ t l )eZi / im al}(t a, t t t l~g (mt  f o r m t l l ~  o n  & f i n e r  
grid, but also lhe  ell(relation of several  higher order formulas 
which are deliu(.d implici t ly .  The two families of :q)proximatc 
solutions will normal ly  bra.ckct the value of the iategrM trod 
from these convergence is tes ted on each of the  several  orders of 
approximation. The  :algorithm is based on a. pr iva te  communiea-  
thin from F. ftSvie of the Ins l i t / l l t  for Atomenergi  Kjeller  Re- 
searei~ l!;stablishment, Norway. A l)'()aTt~aN version of the al- 
gorithm in in use on the  Philco-2000. A few tes t  eases have been 
run (m the Burroughs B5000. In l)artieula.r, a and  b are the lower 
and upper l imits of in tegrat ion,  respect ively,  eps is the con- 
vergence cri terion,  integrand is tile value  of l..he funct ion to be 
integrated (sampled),  and  m is the m:Lximum order approxima-  
tion to be considered in a t t e m p t i n g  to sa t i s fy  the eps conver-  
gence crilerion. If c(mvergcnee is no t  gtdned, thert the wdue 
returned is that of the nonlocal w~riable, mask. Thc pa ramete r  
integrand must  be an expression involv ing  the  wu'iable of in- 
tegration x. See tile dr iver  program of th is  a lgor i thm for ex- 
amples of the procedure call; 

begin  real h, cndpts, snrnt, suma, d; 
i n t e g e r  i ,  j ,  £, n ;  
real  a r r ay  t, "It, tprev, nprev[1 :m]; 
x := a; endpts := ingegrand; x := b; endpts := 0.5 X 

(integrand ÷cndpts ) ; 
sumt := 0.0; i :=  n := 1; h := b -- a; 

estimate: till := h X (endpts+sumt); sumu :=  0.0; 
c o m m e n t  till = h X (0.SXf[O]+.f[1]+f[2]+...+O.SXf[2~-I]); 
x := a .... h/2.0; 
f o r j  := 1 s t ep  1 u n t i l n  do 
begin 

x := x +. h; sum,n := swm~ q- integrand 
end;  
u[l] := h X santa;  k := 1; 
comment '~[1] = h × (f[l/2]+j'[a/2]+...+f[(2<-l)/2]), k 

corresponds to approxi lnate  solut ion wi th  t runca t ion  error 
term of order 2k; 

tent: if abs(t[k]-u[k]) ~ eps t h e n  
begin 

havieintegrator := 0.5 X (t[k]q-u[kl); go t o  exit 
end;  
i f  k ~ i t h e n  
beg in  

a := 2 1" (2×k) ;  
t[k+l] := (dXt[k]-tprev[k])/(d-- l.O); 
tprev[k} := /[k]; 
v[k+l]  := (dX'u[k]-~tprev[kl)/(d-l.0); 
uprcv[1,:] := 'u,[k]; 
c o m m e n t  This  implici t  fornmlat ion  of the  higher  order in-. 

tcgrat ion formulas  is given in [Rom~ER(t W. Vercinfaehte 
Numerische In tegra t ion .  l)et Ken t .  Norske Videnskabers 
Selskabs Forhandl. 28, 7 (1955), T r o u d h e i m ;  and in S'rn,ZFEL, 
E. Eir@~hrung in der Numcrische Mathematik. Teubner  
Verlagsges., S tu t tga r t ,  1!)6l, pp. 131-136. (English t ransla-  
tion: An  [nlrodnclion to .\americal Mathematics, Academic 
Press, New York, 1963, pp. 149-155)]. See also Algor i thm 60 
where the same implici t  re lat ionship is used to calculate  
t[k+l]  only; 
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k : = k + l ;  
if  k = m t h e n  
l ) e g i , t  

havieintegrator := mask; go to  exit 
en (1 ; 
go to lest 

e n d ;  
h := h/2.0; sumt := surnt + sumu; 
tprev[k] :=  t[k]; uprev[k] := u[k]; 
i : =  i + 1 ;  n := 2 X n ;  
g o  to estimate; 

exit: end  havieintegrator 

Following is a driver  program to tes t  hav ie in tegra tor .  
b e g i n  c o m m e n t  Firs t  tes t  ease, y = f ~ 2 c o s x  dx = 1.0 

(0.9999999981 as executed on tile B5000), is an example of the 
higher order approximat ions  yielding fast  convergence as in 
Algor i thm 60; second test  case, y = ]4~ e_~2 dx = .8862269255 
(.8862269739 as executed on the  BS000), is an example where 
this a lgor i thm is superior to Algor i thm 60 because the higher  
order approximat ions  converge more slowly t h a n  the  l inear  
approximat ions;  see also [T~:ACr~ER, H. C., JR., Remark  on 
Algori thm 60. Comm. A.C.M. 7 (July 1964), 420]; 

rea l  a, b, eps, "mask, y, answer; 
a : =  0.0; b := 1.5707963; eps := 0.000001; mask := 9.99; 
answer := havieinteg~ator (y, a, b, eps, cos(y), 12); 
outreal (1, answer); 
a := 0.0; b := 4.3;  
answer := havieintegrator (y, a, b, eps, e x p ( - y X y ) ,  12); 
outreal (1, answer) ; 

e n d  
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TRANSPORT [H] 
G. BAYER (Recd. 4 May 1964 and 4 Mar. 1965); 
Technische Hoehsehule, Braunschweig, Germany 

p r o c e d u r e  transport (c, x, a, b, m, n, inf, cost); 
v a l u e  m, n, inf; i n t e g e r  m, n, inf, cost; 

i n t e g e r  a r r a y  c, x, a ,  b; 
c o m m e n t  The parameters  are c[i,j] array of costs, the  quant i t ies  

available a[i], the  quant i t ies  required b[j], i = 1, . . .  , ra, j = 
1, . . .  , n. Sum of a[i] = sum of b[j]. inf  has to be the  gre~ttest 
positive integer within machine capaci ty ,  all quan t i t i e s  have to 
be integer.  The flows x[i, j] are computed  by tile "p r ima l -dua l -  
a lgor i thm,"  cited in [HADLEY, G. Linear Programming. Read- 
ins,  London, 1962, pp. 351-367]. The  procedure follows the  de- 
scr ipt ion given on p. 357. Mul t ip le  solutions are left out  of 
account; 

b e g i n  i n t e g e r  i, j ,  p, h , /6  Y, t, l; 
i n t e g e r  a r r a y  v, xsj, s, r, lisle[1 :n], u, xis, d, g, listu[1 :m]; 
B o o l e a n  a r r a y  xb[1 :m, 1 :n]; 
i n t e g e r  p r o c e d u r e  sum(i,  a, b, x); v a l u e  a, b; 

i n t e g e r  i, a, b, x; 
b e g i n  i n t e g e r  s; 

s : =  0; 
f o r i  := a s t e p  1 u n t i l b  d o s  : =  s + x; 

end ;  
c o m m e n t  Array  xb for no ta t ion  of "circled cells ,"  listu and 

blstv lists of labeled rows and columns. Other  nota t ions  follow 
t tad ley ;  

f i ) r i  : =  1 s t e p  1 u n t i l  m d o x i s [ i ]  :=  a[ i ] ;  
tk*rj := 1 s t e p  [ u n t i l n d o  xsj[j] := b[j]; 
h ) r i  :=  l s t e p  1 u n t i l  r o d e  
b e g i n  h := inf; f o r j  := 1 s t e p  1 u n t i l n  do 

begin  x[i, j] := 0; p := eli, j]; i f p  < h t h e n h  := p e n ( l ;  
u[i] := h; 
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f o r  j := 1 s t e p  1 u n t i l  n (1o 
xb[i, j] := i f  c[i, j] = h t h e n  t r u e  else f a l s e  

e n d  u[i]; 
t ~ r  j :=  1 s t e p  1 u n t i l  n do 
b e g i n  h := inf; 

f o r  i := 1 s t e p  1 u n t i l  m do 
b e g i n  i f  xb[i, j] t h e n  

begin v[j] := 0; go to  aa e n d ;  
dill := p := c[i, j] - u[i]; 
i f p  < h t h e n  h := p 

e n d ;  
v[j] : =  h; 
f o r  i := 1 s t e p  1 u n t i l m d o  
b e g i n  i f  dill = h t h e n  xb[i, j] := t r u e  e n d ;  aa : 

e n d  v[j]; 

t ~ r  j := 1 s t e p  1 u n t i l  n do lidv[j] := O; 
fo r  i := 1 s t e p  1 u n t i l  m do listu[i] := 0; 

s2: f o r  i := 1 s t e p  1 u n t i l  m do 
b e g i n  for  j := 1 s t e p  1 u n t i l  n do 

b e g i n  i f  xb[i, j] t h e n  
b e g i n  h := x[i, j] := if  xsj[j] _< xis[i] 

I h e n  xsj[jl e lse  xis[i]; 
xsj[j] :=  zsjfj] -- h; 
xis[i] := xis[i] - h 

e n d  
e n d  

e n d ;  

sO3: i f  sum(j ,  1, n, xsj[j]) = 0 t h e n  go to 86; 
fo r  j := 1 s t e p  1 u n t i l  n do s[j] := r[j] := O; 
h : =  O; k : =  1; 

s3: fo r  i := 1 s t e p  1 u n t i l  m do 
b e g i n  i f  xis[i] > 0 t h e n  

b e g i n  dill := xis[i]; gill := 2 X n;  
fo r  j := 1 s t e p  1 u n t i l  n do 
b e g i n  i f  xb['i, j l  A r[jl = 0 t h e n  

b e g i n  s[jl := d[i]; r[j] := i; listv[k] :=  j ;  k := k + 1; 
if  xsj[j] > h t h e n  
b e g i n  h := xsj[j]; p := j e n d  

end 
e n d  

ella 
e l se  dill := g[i] := 0 

e n d ;  

s53: i l k  = 1 t h e n  go to  s13; 
/ : = 1 ;  

fo r  k := 1 s t e p  1 u n t i l  n do 

b e g i n  j := listv[k]; listv[k] :=  0; i f  j = 0 t h e n  go to s33; 
f o r  i := 1 s t e p  1 u n t i l  m do  

b e g i n  i f  xb[i, j] A x[i, Jl > 0 A Vii] = 0 t h e n  
b e g i n  d[iJ := i f  x[i, j] < s[j] 

t h e n  x[i, Jl e lse  s[j]; 

gill := j ;  listu[l] := i; l := l + 1 
e n d  

e n d  
e n d ;  

s33: i l l  = 1 t h e n  go  to s13; 
k : = l ;  

fn r  / := 1 s t e p  1 u n t i l  m do 
b e g i n  i := listu[l]; listu[l] :=  0; 

f o r j  := 1 s t e p  1 u n t i l n  do  

b e g i n  i f  xb[i, J/ A r[j] = 0 t h e n  
b e g i n  s[j 1 := d[it; r[j] :=  i; 

i f  xsj[j] > h t h e n  
b e g i n  h := xsj[j}; 

end 
e n d  

e n d  ; 

i f  i = 0 t h e n  go to s43; 

listv[k] := j ;  k :=  k + 1; 

p := j e n d  

s43: go to s53; 
sl3:; c o m m e n t  cad of Itd)cli~g pro('( 'ss; 

:if h > 0 t h e n  go to s.l e l se  

i f  sum(j ,  1, n, xsj[j]) = 0 t h e n  go  to  s(i e l se  go to sS; 
s4: k := p; 

h :=  i f  s[k] < xsj[k] t h e n  s[/,:] e l se  xsj[/c]; 

s41: y := rite]; x[y, kl := x{y, k] F h; 
xis[y] := xis[y] -- h; x,~j[/c] := xsj[Ic] -- h; 
t :=  g[y]; i f  t = 2 X n t h e n  go to s03; x[?/, t] ::= x[y, t] ~ h; 
xis[y] := zis[y] + h; :csj[tl := xsj[t] + h; k := l; go to S41; 

sS: h := i'nf; 
f o r  i := 1 s t e p  1 u n t i l  m d o  
for  j := 1 s t e p  1 u n t i l  n do  
b e g i n  i f  g[i] ¢ 0 /~ r[j] = 0 I h e n  

b e g i n  p := c [ i ,  j ]  - -  u[i]  - -  v[j];  
i f p  < h t h e n h  := p 

e n d  
e n d ;  
fo r  i := I s t e p  1 u n t i l  m d o  
b e g i n  i f  gill ~ 0 t h e n  'u[i] :=  u[i] + h e n d ;  
fo r  j := 1 s t e p  1 u n t i l  n do  
b e g i n  i f  r[j] ¢ 0 t h e n  v[j] := v[j] - h e n d ;  
fo r  i := 1 s t e p  1 u n t i l  m dn  
f o r  j := i s t e p  i u n t i l  n d o  
b e g i n  i f  c[i, j] = u[i] + vii] t h e n  xb[i, j] :=  t r u e  end; 
gn to  s03; 

s6: cost := sum(i,  1, m, a[i]Xu[i]) + sum(j ,  1, n, bIjJ×v[jl) 
e n  d ; 

CERTIFICATION OF ALGOtlITHM 246 [Z] 
GRAYCODE [J. Boothroyd, Comm. A C M  7 (Dec. 1964), 

701] 
WILLIAM D. ALLEN (Recd. 8 Feb. 1965 and 23 Feb. 1965) 
Computing Ctr., U. of Kentucky, Lexington, Ky. 

gT~ycode was coded in FORTRAN IV ftrld tes ted  on the IB~[ 7040. 
graycode code was genera ted  f rom 0 to 10,000 in both ascending 
and descending sequence.  The  p rocedure  required no corrections 
and gave correct  resul ts  for MI cases tes ted .  

ERRATUM 

In the paper "Wengert's Numerical Method for 
Partial Derivatives, Orbit Determination and Quasi~ 
linearization," by R. E. Bellman, H. I~agiwada and 
R. E. Kalaba, Comm. A C M  8 (Apr. 1965), the authors 
submit the following erratum. 

After Equation (7), the line should read: 

where the minimization is over x~-~(h), 2:,+~(h), 
Y:~+~(h) and Ok+l(/1). 

_ _ J J  
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