
8. C o n c l u s i o n  

Because the output  of one pass is read backwards by the 
next pass, this method is particularly suited to machines 
with tapes that  can be read in either direction. Disk files 
or drums are also suitable for the intermediate storage, 
and can lead to very fast second and third passes. 

On a machine with a large main memory many methods 
of optimization which use large parts of core are feasible. 
Since the first pass is usually highly input limited, it might 
be an advantage to use the method outlined above on 
several programs simultaneously; that  is, the compiler 
program is time-shared by several inputs and auxiliary 
devices, each using a small piece of memory for data  
storage. 

Partial  optimization of the object code in a machine 
independent fashion is certainly feasible using a small 
amount  of main memory with a reversible auxiliary store. 
On most machines it is likely that  the input time for the 
source program will dominate the compile speed. Optimi- 
zation of the use of machine features such as index registers 
is a harder problem, probably requiring two further passes, 
one in each direction, since in the proposed compiler, 
information about which addresses would best be in index 
registers is not available until pass II,  and pass I I  must 
generate code whose length can be determined by the end 
of pass II .  
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b e g i n  
c o m m e n t  Control is t ransferred to a nonlocal label, called 

alarm, whenever the input  variables are not in the intended 
range; 

p r o c e d u r e  integer Legendre 1 (x, a, nmax ,  P); 
v a l u e  x, a, nmax; i n t e g e r  a, nmax;  r e a l  x; a r r a y  P; 

c o m m e n t  This procedure generates the associated Legendre 
functions of the first kind, 

(x 2 -- 1),~, d~+~ 
Pd' (x )  - -  - -  (x = -- 1)% 

2 ~ a! dx  ~ 

for n = O(1)nmax,  assuming a > 0 an integer,  and x > 1. The 
results are stored in the array P.  The method of computat ion is 
derived from the (finite) continued fraction 

( n +  a) ( a +  1 - -  n) ( n +  a +  1) ( a - - n )  
(n + a ) F , / F , _ l  = 

nx l  + (n + 1)xl + 

( n + a + 2 )  ( a - - n - - l )  2a.1 
. . . .  (1 ~ n ~ a), 

(n + 2)xl + axl 

where F ,  = P a " ( x ) / ( n + a ) ! ,  x~ = 2x(x2--1) -½, and the ident i ty 

Fo + 2 ~ F ,  = [x+(x2--1)½]a/a!. 
n = l  

If x is very close to 1, the computat ion of xl is subject  to can- 
cellation of significant digits. In such cases it would be be t te r  
to use y = x - 1  as input  variable, and to compute (x~- l ) t  
by [y(2+y)] i  everywhere in the procedure body; 

b e g i n  i n t e g e r  n; r e a l  xl,  c, sum,  r, s; 
a r r a y  Rr[O : n m a x -  1]; 
i f x  < 1 V a  < 0 V n m a x  < 0 t h e n  go to  alarm; 
i f x  = 1 X/a  = 0 t h e n  
b e g i n  

7$ 
P[0] := 1; for  n := 1 s t e p  1 u n t i l  nmax  do P[n] i :=  0; 
go  t o  L 

end ;  
f o r  n := a + l  s t e p  1 u n t i l  n m a z  do P[n] := O; 
xl := sqrt (xT2-1); 
c := 1; fo r  n := 2 s t e p  1 u n t i l  a do c := n X c; 
s u m  := (x+xl)~ 'a/c;  xl := 2 X x / x l ;  
r : =  S : =  0; 

for  n := a s t e p  -- 1 u n t i l  1 do 
b e g i n  

r := ( a + l - - n ) / ( n X x l + ( n + a + l ) X r ) ;  s := r X (2-4-8); 
i f  n < n m a x  t h e n  R r [ n - 1 ]  := r 

end;  
P[0] : =  c X s u m / ( l + s ) ;  
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for  n :=  0 s t e p  1 u n t i l  i f  nmax < a t h e n  nmax--1 e l s e  a - - 1  do  
P [ n + l ]  :=  ( n + a + l )  X Rr[n] X P[n] ;  

L:  e n d  integer Legendre 1; 
p r o c e d u r e  integer Legendre 2(x, m, nmax, d, Q); 

v a l u e  x, m, nmax, d; i n t e g e r  m, nmax, d; r e a l  x;  a r r a y  Q; 
c o m m e n t  T h i s  p r o c e d u r e  g e n e r a t e s  to d s ign i f i can t  d ig i t s  t h e  

a s s o c i a t e d  L e g e n d r e  f u n c t i o n s  of t he  s econd  k i nd ,  Q,m(x), for  
n = O(1)nmax, a s s u m i n g  m > 0 an  in t ege r ,  a n d  x > 1. T h e  
r e su l t s  a re  s t o r e d  in t h e  a r r a y  Q. T h e  p r o c e d u r e  f irst  g e n e r a t e s  
Qo"(x) f r o m  t h e  r ecu r r ence  re la t ion  

2rx 
Q~-~i + ~ Q j +  ( r +  n) ( r  - n - 1)Q~ -1 = 0 

(1) 

( r = l , 2 , - . . , m - - 1 )  

wi th  n = 0, a n d  t h e  in i t ia l  v a l u e s  

1 x + 1 Qol(x) = _ ( x  2 _ 1)_½" QoO(x) = ~ l n  x - 1 '  

T h e n  a v a r i a n t  of t h e  b a c k w a r d  r ecu r r ence  a l g o r i t h m  of J .  C.  
P .  Mi l le r  is a p p l i e d  to  t h e  r ecu r s ion  

(n-m+l)Q~+~ - (2n+l)xQ,  m + (n+m)Q~_~ = 0 
(2) 

( n = l ,  2, 3 , - . - ) .  

(For  m o r e  de t a i l s  see  [2]. See also [4] for  a v e r y  s i m i l a r  a l -  
g o r i t h m . )  I f  m > 1, t h e  l ead ing  coefficient  in  (2) v a n i s h e s  
for  n = m --  1, w h i c h  i n v a l i d a t e s  t h e  t h e o r e t i c a l  j u s t i f i c a t i on  
for t he  b a c k w a r d  r ec u r r ence  p rocedu re .  N e v e r t h e l e s s ,  i t  a p p e a r s  
t h a t  t h e  p r o c e d u r e  p r o d u c e s  va l id  r e su l t s  for  a r b i t r a r y  m _> 0. 
C o n v e r g e n c e  of t h e  b a c k w a r d  r ecu r r ence  a l g o r i t h m  is s low for 
x nea r  1, b u t  i m p r o v e s  r a p i d l y  as x inc reases ;  

b e g i n  i n t e g e r  n, nu, p; r e a l  xl ,  QO, Q1, Q2, epsilon, r; 
a r r a y  Qapprox, Rr[0:  nmax]; 
i f x  _< 1 k / n m a x  < 0 V m < 0 t h e n  go to  alarm; 
xl  :=  sqrt (xT2--1);  
Q1 :=  .5 X In ( ( x + l ) / ( x - 1 ) ) ;  
i f  m = 0 t h e n  Q[0] :=  Q1 e l s e  
b e g i n  

Q2 :=  - l / x 1 ;  x l  :=  2 X x/x1; 
for  n :=  1 s t e p  1 u n t i l  m - 1 do  
b e g i n  

Q0 :=  Q1; Q1 : =  Q2;  
Q2 : = - n  X x l  X Q1 - n X ( n - l ) X  Q0 

e n d ;  
Q[O] :=  Q2 

e n d ;  
for  n :=  0 s t e p  1 u n t i l  nmax do  Qapprox[n] :=  O; 
epsilon :=  .5 X 1 0 T ( - d ) ;  
nu := 20 + entier (1.25 X nmax); 

L0: r :=  0; 
for  n : =  nu  s t e p  --  1 u n t i l  1 do  
b e g i n  

r :=  ( n + m ) / ( ( 2 X n + l ) X x - -  ( n - m + l ) X r ) ;  
i f n  < n m a x  t h e n  Rr[n -1]  :=  r 

e n d ;  
f or  n : = 0  s t e p  1 u n t i l  nmax--1 do  Q [ n + l ]  : =  Rr[n]  X Q[n]; 
for  n :=  0 s t e p  1 u n t i l  nmax do  
i f  abs(Q[n]-Qapprox[n]) > epsilon X abs(Q[n]) t h e n  
b e g i n  

f or  p :=  0 s t e p  1 u n t i l  nmax do  Qapprox[p] : =  Q[p]; 
nu := nu + 10; go  t o L 0  

e n d  
e n d  integer Legendre 2; 

p r o c e d u r e  integer Legendre 3(x, n, mmax, d, Q); 
v a l u e  x, n, mmax, d; i n t e g e r  n, mmax, d; r e a l  x;  a r r a y  Q; 

c o m m e n t  T h i s  p r o c e d u r e  g e n e r a t e s  to d s i gn i f i c an t  d ig i t s ,  a n d  
s to re s  in t h e  a r r a y  Q, t h e  L e g e n d r e  f u n c t i o n s  of t h e  s econd  k i n d ,  
Q,m(x), for  m = 0(1)mmax,  a s s u m i n g  n > 0 a n  in t ege r ,  a n d  

x > 1. T h e  p r o c e d u r e  integer Legendre 2 is u s e d  to  o b t a i n  in i t i a l  
v a l u e s  Q o, Q1, a n d  s u b s e q u e n t  v a l u e s  a re  o b t a i n e d  f r o m  t h e  
r e c u r s i o n  (1) of t h e  p r e c e d i n g  c o m m e n t ;  

b e g i n  i n t e g e r  m;  r e a l  x l ;  a r r a y  Ql[0:n];  
i f  n < 0 V mmax < 0 t h e n  go  t o  alarm; 
integer Legendre 2(x, O, n, d, Q1); Q[0] :=  Ql[n] ;  
x l  :=  2 X x /sqr t (xT2-1) ;  
i f  m m a x  > 0 t h e n  
b e g i n  

integer Legendre 2(x, 1, n, d, Q1); Qll]  :=  Ql[n] 
e n d ;  
for  m :=  1 s t e p  1 u n t i l m m a x - 1  do  

Q [ m + l ]  :=  - m X  x l  X Q [ m ] -  (m+n)  X ( m - n - l )  X Q [ m - 1 ]  
e n d  integer Legendre 3; 
p r o c e d u r e  Legendre l (x ,  alpha, nmax, d, P1) ;  

v a l u e  x, alpha, nmax, d; i n t e g e r  nmax ,  d; 
r e a l  x, alpha; a r r a y  P1 ;  

c o m m e n t  T h i s  p r o c e d u r e  e v a l u a t e s  to d s ign i f i can t  d ig i t s  t h e  
L e g e n d r e  f u n c t i o n s  

r (~+n+ 1) [~ 
P,"(x) ~ q-- 1) ~u [x + (x ~ -- 1)½ cos t] ~ cos nt dt 

for  n = 0 (1 )nmax ,  whe re  x > 1 a n d  a is real .  T h e  r e s u l t s  a re  
s t o r e d  in t h e  a r r a y  P1 .  I t  is a s s u m e d  t h a t  a non loca l  p r o c e d u r e  
gamma be a v a i l a b l e  w h i c h  e v a l u a t e s  F(z) for  0 <  z < 2. (See 
[3].) T h e  p r o c e d u r e  f irst  g e n e r a t e s  t h e  q u a n t i t i e s  f ,  = P , n ( x ) /  
F ( a + n + l )  f r o m  t h e  r e c u r r e n c e  r e l a t i on  

2nx n - a - 1 
f~+l + (n + a + 1) (x 2 -- 1) ~ f" + n + a + l ' - -  f . - l= O, 

a n d  t he  i d e n t i t y  
o o  

f0 + 2 E f~ - [x + (x 2 - -  1)~] a 
~=1 r ( ~  + 1) ' 

a p p l y i n g  a v a r i a n t  of t h e  b a c k w a r d  r e c u r r e n c e  a l g o r i t h m  of 
J .  C.  P .  Mi l le r .  (See [2] for  m o r e  de ta i l s . )  T h e n  P,~(x)  = 
F ( a + n + l ) f ~  is o b t a i n e d  r e e u r s i v e l y . I f  a < --½,we le t  a = - - a - - 1  
a n d  c o m p u t e  P~(x )  = Pan(x). T h e  s u b s t i t u t i o n  is m a d e  to 
avo id  loss  of a c c u r a c y  when  x is la rge .  T h e  r a t e  of  c o n v e r g e n c e  
of t h i s  p r o c e d u r e  dec rease s  as  x inc reases .  A gene ra l  i dea  of t h e  
speed  of c o n v e r g e n c e  m a y  be  o b t a i n e d  f r o m  the  g r a p h s  in [2, §6]. 
If  x is v e r y  close to  1, t h e  s a m e  c h a n g e s  as m e n t i o n e d  in t h e  
f irst  p r o c e d u r e  a re  r e c o m m e n d e d ;  

b e g i n  i n t e g e r  n, nu, m; r e a l  a, epsilon, x l ,  sum, c, r, s; 
a r r a y  Papprvx,  Rr[0 :nmax]; 
i f  x < 1 V nmax < 0 V entier(alpha) - alpha = 0 t h e n  
go  t o  alarm; i f x  = 1 t h e n  
b e g i n  

PI[O] :=  1; f o r n  :=  1 s t e p  1 u n t i l n m a x d o  P l [ n ]  :=  O; 
g o  t o  L1 

e n d ;  
a :=  i f  alpha < - - .5  t h e n - - -  alpha -- 1 e l s e  alpha; 
f or  n :=  0 s t e p  1 u n t i I  nmax d o  Papprox[n] :=  0; 
epsilon :=  .5 X 1 0 T ( - d ) ;  
i f a  _< 1 t h e n  c :=  gamma(l+a)  e l s e  
b e g i n  

m :=  entier(a) -- 1; e :=  gamma(a--m); 
f or  n :=  0 s t e p  1 u n t i l  m d o  e :=  ( a - n )  X e 

e n d ;  
x l  :=  sqrt ( x T 2 - 1 ) ;  sum :=  (x+xl)~'a/c; x l  :=  2 X x/x1; 

nu  :=  20 + entier ( (37 .26+.1283X(a+38.26)Xx)Xnmax/  
(37 .264 .1283×  (a+l) ×x)); 

L0:  r :=  s :=  0; 
f or  n :=  nu s t e p  --  1 u n t i l  1 do  
b e g i n  

r :=  ( a + l - - n ) / ( n X x l + ( n + a + l ) X r ) ;  s :=  r X ( 2 + s ) ;  
i f  n ~ nmax t h e n  Rr[n -1]  :=  r 

e n d ;  
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PI[0]  :=  s u m / ( l + s ) ;  
f o r  n :=  0 s t e p  1 u n t i l  nmax --  1 d o  

P l [ n + l ]  :=  Rr[n] X P l [n ] ;  
f o r  n :=  0 s t e p  1 u n t i l  nmax d o  

i f  abs (Pl[n]--Papprox[n])  > epsilon X abs (P l [n ] )  t h e n  
b e g i n  

f o r  m :=  0 s t e p  1 u n t i l  nmax d o  Papprox [m] :=  P1 [m]; 
nu :=  nu  -4- 10; go  t o  L0 

e n d  ; 
PI[0] :=  c X PI[0];  
f o r  n :=  1 s t e p  1 u n t i l  nmax d o  
b e g i n  

c :=  (a+n)  X c; P l [ n ]  :=  c X P l [ n ]  
e n d ;  

L i :  e n d  Legendre 1; 

p r o c e d u r e  Legendre 2(x, a, m,  nmax,  d, P2) ; 
v a I u e  x, a, m, nmax, d; i n t e g e r  m, nmax, d; r e a l  x, a; 
a r r a y  P2; 

c o m m e n t  T h i s  p r o c e d u r e  e v a l u a t e s  to  d s ign i f i can t  d ig i t s  t h e  
L e g e n d r e  f u n c t i o n s  P~+~(x) for  fixed x > 1, a ,  m ~_ 0, a n d  for  
n = O(1)nmax. T h e  r e s u l t s  a re  s t o r e d  in t h e  a r r a y  P2 .  T h e y  a re  
o b t a i n e d  r e c u r s i v e l y  f r o m  

x = 2 n + 2 a + l  xP~+~('* x) - n + a + m  P~i(),~ x 
P~+n+l( ) n + a - m + l  n + a - m + l  

t h e  in i t i a l  v a l u e s  be i ng  c a l c u l a t e d  w i t h  t h e  he lp  of t h e  p roce-  
d u r e  Legendre 1 ; 

b e g i n  i n t e g e r  n ;  a r r a y  P l [ 0 : m ] ;  
i f  m < 0 t h e n  go  t o  alarm; 
Legendre l (x ,  a, m,  d, P 1 ) ;  P2[0] : =  P l [ m ] ;  
i f  nmax > 0 t h e n  
b e g i n  
Legendre l (x ,  a-k1, m, d, P1) ;  P2[ l ]  :=  P l [ m ]  
e n d ;  
f o r  n :=  1 s t e p  1 u n t i l  nmax--1  d o  

P 2 [ n + l ]  :=  ( ( 2 X n + 2 X a + I ) X x X P 2 [ n ]  
-- ( n + a + m )  X P2[n--  1])/ ( n + a - - m +  l ) 

e n d  Legendre 2; 

p r o c e d u r e  conical (x, tau, nmax, d, P ) ;  
v a l u e  x, tau, nmax, d; i n t e g e r  nmax,  d; r e a l x ,  tan; a r r a y  P ;  

c o m m e n t  T h i s  is a n  a d a p t i o n  of t h e  p r o c e d u r e  Legendre 1 to  t h e  
case  c~ = --½ -4- iv, w he re  v is real .  T h e  p r o c e d u r e  t h u s  g e n e r a t e s  
M e h l e r ' s  conica l  f u n c t i o n s  P-~+i~(x) to d s ign i f i can t  d ig i t s  for  
n = O(1)nmax a n d  x > 1. T h e  r e s u l t s  a re  s t o r e d  in t h e  a r r a y  P .  
To  avo id  exces s ive ly  la rge  a n d  exces s i ve l y  s m a l l  n u m b e r s ,  we 

le t  f~ ~ ) = P_½+i~(x)/n. a n d  first  c o m p u t e  f ,  f r o m  t h e  r e c u r r e n c e  
r e l a t ion  

2nx (n -- ½)~ -4- 
f~+, -4- 

( n T 1 ) ( x  2 -  1) ~f" '4""  n ( n + l )  
A-1 0, 

a n d  t h e  i d e n t i t y  

f0 -4- ~ Xnf~ = [x+(x~--l)½] -½ cos (r In [x+(x~-- l )~] ) ,  
n ~ l  

where  

I r(½+i~) r(½ - i~) ] 
h,, = n!  F(½ + iT -4- n)  -4- F(½ -- iv  -4-4- n ) j / .  

T h e  h 's  a re  o b t a i n e d  r e c u r s i v e l y  b y  

1 3 --  4 d  
- -  ~2 x~ ~+v~' ( ~ + ~ ) ( ~ + ~ ) '  

1 
l + -  

n 
(2h. -- ~_a) (n = 2, 3 , . . . ) .  

h"- '  = ( i  + 2_~)' + ( ~ ) '  

T h e  p r o c e d u r e  conve rges  r a t h e r  s lowly  if x a n d  v a re  b o t h  la rge  
(see t h e  g r a p h s  in §6 of [2]). If  t h e  a c c u r a c y  r e q u i r e m e n t  as 
specif ied by  d is too  s t r i n g e n t  t h e  p r o c e d u r e  m a y  n o t  c o n v e r g e  
a t  all due  to  t h e  a c c u m u l a t i o n  of r o u n d i n g  e r ro r s ;  

b e g i n  i n t e g e r  n, nu ,  m; r e a l  epsilon, t, x l ,  x2, sum, lambda 1, 
lambda 2, lambda, r, s; a r r a y  Papprox,  Rr[O:nmax]; 
i f  x < 1 V nmax < 0 t h e n  go  t o  alarm; 
i f  x = 1 t h e n  
b e g i n  

P[0] :=  1; f o r  n :=  1 s t e p  1 u n t i l  nmax do  P[n] :=  0; 
go  t o  L3 
e n d ;  
t :=  tauT2; 
f o r  n :=  0 s t e p  1 u n t i l  nmax do  Papprox[n] :=  0; 
epsilon :=  .5 X 1 0 T ( - d ) ;  
x l  :=  sqr t (xT2-1) ;  x2 :=  x + x l ;  
sum :=  cos( tauXln(x2) ) / sqr t (x2) ;  xl  :=  2 X x / x l ;  
nu :=  30 + entier ( (1+( .140+.0246Xtau)  X ( x - 1 ) ) X n m a x ) ;  

L0: n :=  2; 
lambda 1 := 1 / ( .25+t) ;  
lambda 2 :=  (3-4X t ) / ( ( .25+t )  X (2 .25+t ) )  ; 

L i :  lambda :=  ( 1 + 1 / n )  X (2Xlambda 2-1ambda 1) /  
( ( 1+ .5 /n )T2  + (lau/n)T2); 
i f n  < n u t h e n  
b e g i n  
lambda 1 := lambda 2~ lambda 2 := lambda; 

n :=  n + 1; go  t o L l  
e n d ;  
r :=  8 :~  0; 

L2: r := - ( ( 1 - . 5 / n ) T 2 + ( t a u / n ) T 2 ) / ( x l + ( l + l / n ) X r ) ;  
s :=  r X (lambda 2+s ) ;  
i f  n < nmax t h e u  Rr[n--1] := r; 
lambda 1 := lambda 2; 
lambda 2 := 2 X lambda 2 -- ( ( l + . 5 / n ) ~ 2 + ( l a u / n ) T 2 )  

X l a m b d a / ( l + l / n ) ;  
lambda :=  lambda 1; 
n :=  n --  1; i f n  > 1 t h e n  go  t o L 2 ;  
P[0] :=  s u m / ( l + s ) ;  
f o r  n :=  0 s t e p  1 u n t i l  nmax -- 1 d o  P i n + l ]  :=  Rr[n] X Pin ] ;  
f o r  n :=  0 s t e p  1 u n t i l  nmax  d o  

i f  abs (P[n] -Papprox[n] )  > epsilon X abs(P[n]) t h e n  
b e g i n  

f o r  m :=  0 s t e p  1 u n t i l  nmax do  Papprox[m] :=  P im ] ;  
nu :=  nu + 60; c o m m e n t  T o  avo id  an  inf in i te  loop in 

case  of d i v e r g e n c e  t h e  u s e r  s h o u l d  p r o v i d e  for a n  u p p e r  
b o u n d  on nu,  s a y  1000, a n d  exi t  f r o m  t h e  p r o c e d u r e  w h e n  
nu exceeds  t h i s  b o u n d ,  p r i n t i n g  an  a p p r o p r i a t e  e r ro r  
m e s s a g e ;  

go  t o  LO 
e n d ;  

t :=  1; 
f o r  n :=  1 s t e p  1 u n t i l  nmax d o  
b e g i n  

t :=  n X t; P in ]  :=  t X Pin] 
e n d  ; 

L3 : e n d  conical ; 

p r o c e d u r e  toroidal (x, m,  nmax, d, Q); 
v a l u e  x, m, nmax,  d; i n t e g e r  m, nmax, d; r e a l  x; a r r a y  Q; 

c o m m e n t  T h i s  p r o c e d u r e  g e n e r a t e s  to  d s ign i f i can t  d ig i t s  t h e  
t o ro ida l  f u n c t i o n s  of t h e  s econd  k ind ,  Q'2t+,(x) , for  n = 0(1) 
nmax,  where  x > 1, a n d  m is a n  in t ege r ,  pos i t i ve ,  n e g a t i v e  or 
zero.  T h e  m e t h o d  of c o m p u t a t i o n  is b a s e d  on  t h e  r e c u r r e n c e  
r e l a t i on  

(n-m+~)Q_i+~+l(x)  - 2 n x Q _ ~ ( x )  -4- (n+m-~)Q_t+~_l (x)  = O, 

a n d  t h e  i d e n t i t y  

Q~.~(x) + 2  ~ Q : i ~ ( x ) =  ( - 1 )  m + ½ ) ( x -  l ) - , ( ~ _  1 ) , 
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to w h i c h  a v a r i a n t  of  J .  C.  P .  M i l l e r ' s  b a c k w a r d  r ecu r r ence  
a l g o r i t h m  is app l ied .  (See [2] for  more  de ta i l s . )  T h e  c o n v e r g e n c e  
of th i s  p r o c e d u r e  is s low for x nea r  1, a n d  i m p r o v e s  r a p i d l y  as x 
i nc rease s ;  

b e g i n  i n t e g e r  n, nu, p; r e a l  epsilon, xl,  c, sum, r, s; 
a r r a y  Qapprox, Rr[O:nmax]; 
i f  x _< 1 V nmax < 0 t h e n  go  t o  alarm; 
f o r  n :=  0 s t e p  1 u n t i l  nmax do  Qapprox[n] := 0; 
epsilon :=  .5 X 1 0 T ( - d )  ; 
c :=  2.2214414691; 
i f  m > 0 t h e n  

f o r n  :=  0 s t e p  1 u n t i l  m - - 1  do  c : =  - - ( n + . 5 )  X c 
e l s e  

f o r  n :=  0 s t e p  --1 u n t i l  m + l  d o  c : =  --c/(n--.5); 
sum :=  c X ( (x+l) / (x -1) )T(m/2) / sqr t (x -1) ;  xl  : =  2 X x; 
nu := 20 + e n t i e r  ( (1 .153  (.0146+.O0122Xm)/(x-1)) Xnmax) ; 

L0:  r :=  s :=  0; 
f o r  n :=  nu s t e p  - 1  u n t i l  1 do  
b e g i n  

r :=  (n+m- - .5 ) / (nXx l - - (n - -m+.5 )Xr ) ;  s : =  r × ( 2 + s ) ;  
i f  n _< nmax t h e n  Rr[n-1] : =  r 

e n d ;  
Q[0] :=  sum/( l+s) ;  
f o r n  :=  0 s t e p  i u n t i l n m a x  - 1 d o Q [ n + l ]  : =  Rr[n] X Q[n]; 
f o r  n :=  0 s t e p  1 u n t i l  nmax do  

i f  abs(Q[n]-Qapprox[n]) > epsilon X abs(Q[n]) t h e n  
b e g i n  

f o r  p :=  0 s t e p  1 u n t i l  nmax do  Qapprox[p] : =  Q[p]; 
nu := nu + 10; go  t o L 0  

e n d  
e n d  toroidal ; 
c o m m e n t  All p r o c e d u r e s  were t e s t e d  on t h e  C D C  3600 c o m p u t e r .  

Some  of t h e  t e s t s  t h a t  were r u n  are  desc r ibed  below;  
c o m m e n t  T h e  p r o c e d u r e s  integer Legendre 1-3 were d r i v e n  to  

p r i n t  t e s t  v a l u e s  to  6 s ign i f i can t  d ig i t s  of P~(x) ,  Q~'(x), Q,~(x), 
m = 0(1)10, for  x = 1.5, 3, 10, a n d  n = 0(1)5. As  fa r  as  pos -  
sible,  t h e  r e su l t s  were  c o m p a r e d  w i t h  v a l u e s  t a b u l a t e d  in [5], 
a n d  f o u n d  to be in c o m p l e t e  a g r e e m e n t .  S imi l a r ly ,  t e s t  v a l u e s  of  
P-~t+n(x), m = 0(1)4, were o b t a i n e d  f r o m  t h e  p r o c e d u r e  Legendre 
1, for  x = 1.5, 3, 10, a n d  n = 0(1)5. All  ag r eed  w i t h  v a l u e s  
t a b u l a t e d  in [5]. More  e x t e n s i v e  t e s t s  cou ld  be r u n  by  h a v i n g  
t h e  p r o c e d u r e  " v e r i f y "  t h e  a d d i t i o n  t h e o r e m  

P~(zy--%/(x 2 - 1)~¢/(yZ_ 1)) = P~(x)P~(y) 

r ( " - - m  + ~ P,~(x)Pa~(y), x > l , y > i ;  
+ 2  ( - -1)~ F(a  + m + 

m ~ l  

c o m m e n t  T h e  p r o c e d u r e  conical (wi th  d = 6 )  was  r u n  to  p r o d u c e  
t e s t  v a l u e s  of P~+i~(x), m = 0, 1, for  x = 1.5, 5, 10, 20, a n d  
r = 0(10)30. T h e  r e s u l t s  ag r eed  to  6 s ign i f i can t  d ig i t s  w i t h  
t h o s e  in [10], [11]; 

c o m m e n t  T h e  p r o c e d u r e  toroidal was  d r i ven  to  g e n e r a t e  t e s t  
v a l u e s  to 6 s ign i f i can t  d ig i t s  of Q~t+~(x), QY-~+~(x), n = 0(1)5, 
for  x = 1.5, 3, 10, a n d  m = 0(1)4. All  v a l u e s  of  Q_~+~(x) were  
checked  a g a i n s t  t h o s e  in [5]• T h e r e  were no d i sc repanc ies •  T h e  
v a l u e s  of Q2½~(x) were c o m p a r e d  w i t h  t h o s e  of [r(n--m+½)/ 
F(n+m+½)]Q~_~+=(x). T h e  l a rges t  r e l a t i ve  e r ro r  o b s e r v e d  was  
1.5~0 - 9, occu r r i ng  a t  m = 4, n = 5, x = 1.5; 

c o m m e n t  I n t e g r a l s  of t h e  fo rm  

f Tr /2 
f~(k ~,~) = (--1) ~ [1 -- k 2 s in  ~ ~]- cos 2n~ d~, 0 < k < 1, 

J0 

a re  r e p e a t e d l y  e n c o u n t e r e d  in app l i ed  m a t h e m a t i c s  (see, e .g . ,  
[6]-[9], where  ~ = - ~ ,  or  a = - ~ ) .  I t  is r e a d i l y  seen  t h a t  

r(~ + 1) (1 - k2),12P, ~ ( -25- -k2- ) 
f~(k 2'a) = (--1) " ~  F ( a + n + l )  \2~¢/(1 --  k2)" " 

T h e  p r o g r a m  t h a t  fol lows g e n e r a t e s  (1--k~)f~(k 2, a), n = 
0(1)i0,  for  o~ = --~,  --{-, and  k 2 = .1, .5, .9, ca l l ing  for an  ac- 

c u r a c y  of 6 s ign i f i can t  d ig i t s .  Se lec ted  r e su l t s  a re  s h o w n  below. 

a k2 n (1 - k2)fn(k2, a) 

-- 1 .5  .1 0 1.5307576371 
5 5. 245644047210-- 8 

10 9. 080164866710-- 16 
• 5 1 3.4378228849,0-- 1 

4 2. 829584442310-- 3 
7 1. 821595488010-- 5 

.9 2 4. 8615561237,0-- 1 
6 5. 287840870810-- 2 
9 8. 810774395410-- 3 

-- 2 .5  .1 0 1.6169191877 
5 2. 396902298410-- 7 

10 7.3394117106,0--15 
.5 1 8.4721308463,0--1 

4 1.494014960510-- 2 
7 1.4764302684,0-- 4 

• 9 2 4. 9389962376 
6 9. 707320038310-- 1 
9 2.1695170317,0-- 1 

T h o s e  for a = - -g  were c o m p a r e d  w i t h  v a l u e s  t a b u l a t e d  in [6]. 
T h e r e  was  a g r e e m e n t  in  all  f ou r  d e c i m a l  p laces  g i v e n ;  

b e g i n  i n t e g e r  n ;  r e a l  alpha, k2, c; a r r a y  Pi [0 :10] ;  
f o r  alpha :=  --1.5,  - -2.5 do  
f o r  k2 :=  .1, .5, .9 do  

b e g i n  
c :=  1.570796327 X (1--k2)T(l+alpha/2); 
Legendre 1 (.LX(2--k2)/sqrt(1--k2), alpha, 10, 6, P1 ) ;  
f o r  n :=  0 s t e p  1 u n t i l  10 d o  
b e g i n  

P l [ n ]  :=  c X P l [ n ] ;  c :=  - -c / (n+alpha+l);  
outreal (1, P l [n ] )  

e n d  

e n d ;  

go  t o  skip; 
alarm: outstring (1, ' p a r a m e t e r s  no t  in r a n g e ' ) ;  
skip: e n d ;  
c o m m e n t  T h e  i n t e g r a l s  

f/ ~i(k) = (1 -- k 2 cos  4~) -½-i d4~, 0 N k < 1, j = 0, 1, 2, . . .  

a rose  in  r e c e n t  r a d i a t i o n  field s t u d i e s  ([1]). One  h a s  

aj(k)  = ~r(1--k4)-(½+i)/2P_t+i((1--k4)-I ). 

T h e  p r o g r a m  below ca l cu l a t e s  f~i(k) to 8 s ign i f i can t  d ig i t s  for  
k 2 = .2(.2).8, j = 0(1)9. T h e  r e s u l t s  ag ree  to 8 f igures  w i t h  t h e  
va lue s  t a b u l a t e d  in  [1]; 

b e g i n  i n t e g e r  j ;  r e a l  k2, x, x l ;  a r r a y  P2 ,  omega [0:9]; 
f o r  k2 :=  .2 s t e p  .2 u n t i l  .9 do  
b e g i n  

x :=  1/sqrt(1-k2T2) ; 
Legendre 2(x, - - .5 ,  0, 9, 8, P2) ;  
x l  :=  3.1415926536 X sqrt(x); 
omega [0] :=  x l  X P2[0]; 
f o r  j :=  1 s t e p  1 u n t i l  9 d o  
b e g i n  

x l  :=  x X x l ;  omega[j] :=  x l  X P2[j]  
e n d ;  
f o r  j :=  0 s t e p  1 u n t i l  9 d o  outreal (1, omega[j]) 

e n d ;  
go  t o  skip; 

alarm: outstring (1, ' p a r a m e t e r s  n o t  in r a n g e ' ) ;  
skip : e n d  
e n d  
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A L G O R I T H M  260 
6-J SYMBOLS [Z] 
J. H. Gu•• (Recd. 13 Nov.  1964) 
Nordisk  I n s t i t u t  for Teoret isk Atomfysik,  Copenhagen,  

D e n m a r k  

rea l  p r o c e d u r e  SJS  (J1, J2, J3, L1, L2, L3, factorial); 
v a l u e  J1, J2, J3, L1, L2, L3; 
i n t e g e r  J1, J2, J3, L1, L2, L3; 
array  factorial; 

comment  SJS calculates the 6-j symbols defined by the fol- 
lowing formula 

12 13 = X ~ (--1)~(zW1)!/((z--jt--j2--j3)l(z--jl--12--13)! 
(z--ll--j2--13) !(z--ll--12--j3) !(jl + j2+l l  +12--z) ! 
(j2 +j3+12 +13--z) l ( j3+jl  +13+ll--z)  !) 

where 

~(a,b,c)  = I (a  + b - c)l (a - b + c)' ( - a  + b + c) l l  ~ ~ + 1)! 

and where j l  = J1/2, j2 = J2/2, j3 = J3/2, ll = L1/2, 12 = L2/2' 
13 = L3/2. [Reference formula 6.3.7 page 99 of EDMONDS, A. R. 
Angular momentum in quantum mechanics. In Investigations 
in Physics, 4, Princeton U. Press, 1957]. The parameters of the 
procedure J1, J2, J3, Li ,  L2, L3 are interpreted as being twice 
their physical value, so that actual parameters may be inserted' 
as integers. Thus to calculate the 6-j symbol 

the call would be S I S  (4, 4, 0, 4, 4, 0, factorial). The proce- 
dure cheeks that the triangle conditions for the existence of a 
coefficient are satisfied and that j l  -F j2 + j3, j l  + 12 + 13, 
ll -t- j2 "-F 13 and ll + 12 --I- j3 are integral. If the conditions 
are not satisfied the value of the procedure is zero. The parame- 
ter factorial is an array containing the factorials from 0 up to 
at least 1 -4- largest o f j l  "4-j2 + j3, j l  + 12 4- 13, ll 4 - j2  + 13 
and ll -4- 12 -F j3. Since in actual calculations the procedure 
SJS  will be called many times it is more economical to have the 
factorials in a global array rather than compute them on every 

entry to the procedure. The notation is consistent with that 
used in the procedure for calculating Vector-coupling coeffi- 
cients. See Algorithm 252, Vector Coupling or Clebsch-Gordan 
Coefficients [Comm. ACM 8 (Apr. 1965), 217]; 
b e g i n  i n t e g e r  w, wmin, wmax; 
rea l  omega; 
rea l  p r o c e d u r e  delia (a, b, c) ; 

v a l u e  a, b, c; 
i n t e g e r  a, b, c; 

begin delia := sqrt (factorial [(a+b--c)+2] 
X factorial [ (a-b+c)  +2] 
X factorial [ ( -a+b+c)  +2]/factorial [(aWb-ke+2) +2]) 

e n d  delta; 
if  J1 + J 2  < J3 V abs(J1 - J2) > J3 V J1 + J2 + J3 

2 X ( ( J l+J2+J3)+2)  
V J i  + L2 < L3 V abs(J1-L2)  > L3 V J I  + L2 + L3 ~ 2 X 

( (J i+L2+L3)  +2) 
V L1 + J2 < L3 V abs(L1--J2) > L3 V L1 + J2 + L3 ~ 2 X 

((LI+J2WL3) +2) 
V L1 + L2 < J3 V abs(L1--L2) > 33 V L1 + L2 + J3 ~ 2 X 

( (L1 +L2 +J3) + 2) 
t h e n  SJS := 0 e l s e  
begin 

omega := 0; 
wmin := J1 + J2 + J3; 
if wmin < J1 + L 2  + L 3  then  wmin := J1 + L 2  + L 3 ;  
if wmin < L1 + J 2 - 4 - L 3  then  wmin := L1 + J2 + L3; 
i f  wmin < L1  -4-L2"4- J3 t hen  wmin := L1 + L 2  + J 3 ;  
wmax := J1 4- J2 + L1 -4- L2; 
if wmax > J 2 - F J 3  4-L2-4-L3 then  wmax := J2 + J3 + 

L2 + L3; 
if wmax > J3 + J1 + L 3  + L 1  then  wmax := J3 + J1 + 

L3 -4- L1 ; 
for w := wmin s t e p  2 u n t i l  w m a x  do 
omega := omega + (if w =4X(w +4)  t h e n  1 e lse- -1)  

X factorial [w+2T1]/(factorial [ ( w - J 1 - J 2 - J 3 ) + 2 ]  
X factorial [ (w-J1--L2--L3)  +2] 
X factorial [ ( w - L 1 - J 2 - L 3 )  +2] 
X factorial [(w--L1--L2-J3)  +2] 
X factorial [ ( J i+J2+Li+L2- -w)  +2] 
X factorial [ (J2WJ3+L2WL3-w)  +2] 
X factorial [ ( J 3 T J I + L 3 + L i - w )  +2]) ; 

SJS  := delia (J1, J2, J3) X delia (J1, L2, L3) 
X delia (L1, J2, L3) X delta (L1, L2, J3) X omega; 

e n d  
e n d  SJS  

A L G O R I T H M  261 
9-J S Y M B O L S  [Z] 
J. H. GUNN (Recd. 13 Nov.  1964) 
Nordisk I n s t i t u t  for Teore t i sk  Atomfysik,  Copenhagen,  

D e n m a r k  

rea l  p r o c e d u r e  N J S ( J l l ,  J12, J13, J21, J22, J23, J31, J32, J33, 
factorial) ; 

v a l u e  J l l ,  J12, J13, J21, J22, J23, J31, J32, J33; 
i n t e g e r  J l l ,  J12, J13, J21, J22, J23, J31, J32, J33; 
array  factorial; 

comment  N JS  calculates the 9-j symbols defined by the follow- 
ing formula 

j l l  j12 j13~ {~1312 j21 j31'[ 
j21 j22 j23~ = ~ k  (--1)2k(2k--~l) j33 k S 
j31 j32 j33) 

j12 j22 j32~Sj13 j23 j33~ 
j21 k j23(~k i l l  jl2J. 

where j l l  = J l l /2 ,  j12 = J12/2, j13 = J13/2, j21 = J21/2, 

492 Communica t ions  of the  ACM Volume 8 / Number  8 / August ,  1965 



j22 = J22/2,  j23 = J23/2,  j31 = J31/2,  j32 = J32/2,  j33 = 
J33/2  [Reference formula 6.4.3 page 101 of EDMONDS, A. R. 
Angular  momen tum in q u a n t u m  mechanics.  In  Investigations 
in Physics, ~, Pr ince ton  U. Press, 1957]. The  parameters  of the  
procedure J l l ,  J12, J13, J21, J22, J23, J31, J32, J33 are inter-  
preted as being twice the i r  physical  value, so t h a t  ac tual  pa ram-  
eters may be inser ted as integers.  Thus  to calculate the  9-j 
symbol 

the call would be NJS (4, 4, 0, 4, 4, 0, 0, 0, 0, factorial). The 
procedure checks t h a t  the  t r iangle  condit ions for the  existence 
of a coefficient are satisfied and t h a t  j l l  -t-j21 "to j31, j21 "1- 
j22 --F j23, j31 d- j32 + j33, j l l  --F j12-[-  j13, j12 d- j22 + 
j32, j13 -{-j23 + j33 are integral .  If  the  condit ions are not  
satisfied the  value of the procedure is zero. The  pa rame te r  fac- 
torial is an a r ray  containing the  factorials  from 0 up to a t  least  
1 + largest  of i l l  + j21 + j31, j21 + j22 + j23, j31 + j32 + 
j33, j l l  + j 1 2  + j 1 3 ,  j12 d-j22 + j 3 2 ,  j13 d- j23  + j 3 3 .  The  
procedure makes use of the  procedure SJS  [Algori thm 260, 
6-j symbols,  Comm. A C M  8 (Aug. 1965), 492], for calculat ing 
6-j symbols;  

b e g i n  i n t e g e r  k, kmin, kmax; 
r ea l  N J; 
i f  J l l  + J21 < J31 V abs (J l l - J21 )  > J31 V J l l  + J 2 1  

J31 ~ 2 X ( (J l l+J21+J31)+2)  
V J21 + J22 < J23 V abs(J21-J22) > J23 V J21 + J 2 2 - l -  

J23 ~ 2 X ((J21+J22-~J23)+2) 
V J31 + J32 < J33 V abs(J31-J32) > J33 V J31 + J 3 2  + 

J33 ~ 2 X ((J31+J32+J33)+2) 
V J l l  + J12 < J13 V abs (J l l - J12 )  > J13 V J l l  ~ J 1 2  + 

J13 ~ 2 X ( ( J l l+J12+J13)÷2)  
V J12 + J22 < J32 V abs(J12-J22) > J32 V J12 + J 2 2 - t -  

J32 ~ 2 X ((J12dcJ22d-J32)+2) 
V J13 + J23 < J33 V abs(J13-J23) > J33 V J13 + J 2 3  d- 

J33 ~- 2 X ((J13+J23+J33)÷2) 
t h e n  NJS  := 0 e lse  
b e g i n  N J  := 0; 

kmin := abs(J21-J32); 
i f  kmin < abs (J l l - J33 )  t h e n  kmin := abs (J l l - J33)  ; 
i f  kmin < abs(J12-J23) t h e n  kmin := abs(J12-J23); 

kmax := J21 + J32; 
i f kmax  > J l l  ~ J33 t h e n  kmax := J l l  -~ J33;  
i f  kmax > J12 + J23 t h e n  kmax := J12 ~ J23; 

for  k := kmin s t e p  2 u n t i l  kmax do 
N J  := N J  + ( i f k = 2 X ( k + 2 )  t h e n  1 e l se  --1) X (k-~l) X 

S J S ( J l l ,  J21, J31, J32, J33, k, factorial) X 
SJS(J12, J22, J32, J21, k, J23, factorial) X 
SJS(JI3,  J23, J33, k, J l l ,  J12, factorial); 

N J S  := N J  
e n d  

e n d  NJS  

ALGORITHM 262 
NUMBER OF RESTRICTED PARTITIONS OF N 

[All 
J. K. S. McK.AY (Recd. 7 Dec. 1964 and 9 Mar. 1965) 
Computer Unit, University of Edinburgh, Scotland 
p r o c e d u r e  set (p, N);  i n t e g e r  N; i n t e g e r  a r r a y  p; 
c o m m e n t  The number  of par t i t ions  of n wi th  par t s  less t han  

or equal to m is set  in pin, m] for all n, m such t h a t  N > n > 
m > 0 .  

REFERENCES : 
1. GUPTA, I-I., GWYTHER, C. :E., AND MILLER, J.  C. P. Tables  of 

par t i t ions .  In  Royal Society Mathematical Tables, vol. ~, 
Cambridge U. Press,  1958. 

2. HARDY, G. H., AND WRIGHT, E . M .  The Theory of Numbers. 
Ch. 19, 4th ed., Clarendon Press,  Oxford, 1960; 

b e g i n  i n t e g e r  m, n; 
p[0, 0] := 1; 
for  n := 1 s t e p  1 u n t i l  N do 
b e g i n  pin, 0] := 0; 

for  m := 1 s t e p  1 u n t i l  n do 
p[n, m] := p[n, m-- l ]  + 

pin--m, i f  n - - m < m  t h e n  n- -m else  m] 
e n d  

e n d  set 

ALGORITHM 263 
PARTITION GENERATOR [All 
J. K. S. M c I ~ v  (Recd. 7 Dec. 1964 and 9 Mar. 1965) 
Computer Unit, University of Edinburgh, Scotland. 

p r o c e d u r e  generate (p, N,  position, ptn, length); 
i n t e g e r  a r r a y  p, ptn; i n t e g e r  N, length, position; 

c o m m e n t  The par t i t ions  of N may  be mapped in the i r  na tura l  
order, 1 -- 1, onto the  consecutive integers f rom 0 to P ( N ) - i  
where P(N)  (=p[N, N]) is the  number  of unres t r ic ted  pa r t i t ions  
of N. The  ar ray  p is set  by  the  procedure set [Algorithm 262, 
Number  of Res t r ic ted  Par t i t ions  of N, Comm. A C M  8 (Aug. 
1965), 493]. On en t ry  position contains  the  integer  into which 
the  pa r t i t ion  is mapped.  On exit  length contains  the  number  of 
par t s  and  ptn[l: length] contains  the  pa r t s  of the  pa r t i t ion  in 
descending order. 

REFERENCE : 
1. LITTLEWOOD, ]D. E. The Theory of Group Characters. Ch. 5, 

2nd ed., Clarendon Press, Oxford, 1958; 
b e g i n  i n t e g e r  m, n, psn; 

n := N; psn := position; length := 0; 
A: length := length -~ 1; m := 1; 
B: i fp[n ,m]  < p s n t h c n b c g i n m  := m - ~  1; g o t o B e n d e l s e  

i f  p[n, m] > psn t h e n  
C : b e g i n  

ptn[length] := m; psn := psn -- p[n, m - - l ] ;  n := n -  m; 
i f n  ~ 0 t h e n  go to  A;  go to  D 

e n d  
e l s e m  := m - ~  1; go to  C; 

D:  e n d  generate 

ALGORITHM 264 
MAP OF PARTITIONS INTO INTEGERS [All 
J. K. S. M c I ~ v  (Recd. 7 Dec. 1964 and 9 Mar. 1965) 
Computer Unit, University of Edinburgh, Scotland 

i n t e g e r  p r o c e d u r e  place(p, n, ptn); v a l u e  n; 
i n t e g e r  a r r a y  p, pin; i n t e g e r  n;  

c o m m e n t  place is the  inverse of the  procedure generate [Al- 
gor i thm 263, Pa r t i t ion  Generator ,  Comm. A C M  8 (Aug. 1965), 
493]. The  a r ray  p is set  by  the  procedure set [Algori thm 262, 
Number  of Res t r ic ted  Par t i t ions  of N, Comm. A C M  8 (Aug. 
1965), 493]. The  procedure produces the  integer  into  which 
the  pa r t i t i on  of n, s tored in descending order of par t s  in ptn[1] 
onwards,  is mapped;  

b e g i n  i n t e g e r  j ,  d; 
d : = 0 ;  
i f n  = 0 t h e n  go to  B; 
j : = 0 ;  

A: j := j -t- 1; d := p[n, ptn[j]--l] -~d; n := n - -  ptn[j]; 
i f n  ~ 0 t h e n  go to  A;  

B: place := d 
e n d  place 
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