
e. In  the a lgor i thm GOMORY there are s ta tements  of the 

form 

C := cntier (A/B)  

where C is an integer variable,  att(t A and B are integer type 
expressions, h i  order to p reven t  roundoff errors the resul t  C 
should be checked to make sure tha t  

C N  B <  A < C X B + B  

and corrected if these iltequalities are m)t satisfied. 
The  corrections, a, b, e, lead to a program which cannot  fail 

unless the products  developed should overflow t lowever,  anyone 
who wishes to use the  a lgor i thm may prefer  to do some analysis  
of the  par t icu lar  division his computer  performs and seek an al- 
t e rna t ive  which is not as t ime-consuming.  Many machines have a 
bui l t - in  Eucl idean division ins t ruct ion for integer numbers  
which would be very useful for Gomory 's  algori thm. Unfor tu -  
nately  ALGOL t rans la tors  are not likely to produce this ins t ruc t ion  
in t h e i r  object  programs since an  a r i thmet ica l  expression A / B  is 
a real type expression by definition. 

procedure  Gomory 1 (m, n)  t r ans ien t :  (a) exit:  (no solut ion);  
va lue  m, n; 
in t eger  m, n; 
in t eger  array  a; 
l abe l  no solution; 

e o m n i e n t  Gomory 1 a lgor i thm for al l - integer programming.  
"['he object ive of th is  procedure is to determine the in teger  soIu- 
l ion x[1], - -- , x [ n -  l] of a l inear programming problem with inte-  
ger coefficients only. In other words: The problem is to find 
integer numbers  

x[1], - . .  , z { n - l l  
minimizing the object ive funct ion 

a[0, 1] × x[l] + . . .  + a[0, n - l l  × x [n -1 ]  
under  the constra ints  

x[1] > 0, . . .  , x [ n - 1 ]  >_ 0 
and  

all, 1] X x[1] + . . .  + all,  n i l ]  ~ x[n--1] _< all ,  n] 
f o r i  = 1, . . .  , m - - n + l  (2 < n < m). 

The  tableau matr ix  a used by  the procedure consists of m + l  
rows and n eolunms. The components  are all ,  j] for i = 0, 1, 
--- , m , j  = 1 , . . .  , n .  

The  input  values for the components  are given pa r t l y  by the  
problem itself (see above).  The remaining components  must  
have been previously assigned in the following manner :  

a[0, n] := 0 
and 

all,  j]  := i f i  = j + m -- n + 1 t h e n  - l e l s e 0  
for i = m - n + 2 ,  . . .  , m, j = 1, . . .  , n. The tableau columns,  
with  the exception of the last  column, have to be lexicographieally 
positive.  

The  a lgor i thm is finished if all entr ies  in the las t  column,  
except the  topmost  entry,  are non-negative.  Then  - a [ 0 ,  n] is 
the value of the objective function.  The optimal solut ion 
x[1], . . .  , x [ n - I I  is given by the  n - 1  components  a l t o - n + 2 ,  n], 
• .. , aim, n] of the las t  column of a. 

The  exit  no solut ion is used if a row is found which  has a 
negat ive  en t ry  in the  last  column, bu t  otherwise only non- 
negat ive  entr ies;  

b e g i n  i n t e g e r  i, k, j ,  l, r, c, t, s, lambda num,  lambda denom~ 
i n t e g e r  p r o c e d u r e  Eucl id  (% v); 

v a l u e  u, v; 
i n t e g e r  u, v; 

b e g i n  i n t e g e r  w; 
w := entier  (u/v);  

L8: i f w  X v > u t h e n  
b e g i n  w := w - l ;  go t o L S e n d ;  

Lg: i f  (w+l )  N v y~ ~ l b c n  
b e g i n  'Iv := 'w-[ l; go /o [2) e n d ;  
E~wlid := Iv 

e n d  E,c l id ;  
LI: f o r i  := 1 slelp [ i l n i i l  ,~ ~ll~ i r a  [i, ~] < 0 Ihe t t  

b e g i n  r := i; go to L2 e n d ;  
go to end; 

L2: for  A: : =  1 s l e p  1 i t t l l i l  /t--~l d o  if(~[~', /~:] < 0 t h e l l  go  tO L4; 
go to  no so~ttion ; 

L4: I := k; 
f i l r j  := k + l  s t ep  1 u n t i l  ~l t do i f a [ r ,  j l  < 0 t h e n  

b e g i n  i := O; 
L3: i r a [ i ,  j] < all, II / h e n  I := j e l se  

i f  all,  j] = a[i, l] t h e n  
b e g i n i  := i + 1 ;  go to 1.3 e n d  

e n d  ; 
s : = 0 ;  

L5: i f  a[s, l] = 0 t h e n  
b e g i n  s := s + l ;  go IO 1.5 e n d ;  
lambda n u m  := - a [ r ,  l]; 
lambda dehorn := 1; 
f o r j  := 1 s t e p  1 u n t i l  l - l ,  l ? l  s t e p  1 u n t i l  n - 1  do 

i f  air, j] < 0 t h e n  
b e g i n  

for  i := 0 s t e p  1 u n t i l  s--1 do i f a [ i ,  j] ¢ 0 t h e n  go to L7; 
t := Eucl id  (a[s, j l ,  @% /]); 
i f  ( tNa[s,  l] = a[s, j l )  A ( t > l )  t h e n  
begin i := s; 

L6: i := i + 1 ;  
if  tXa[ i ,  l] = all ,  j] t h e n  go to L0 e l se  
i f  tXa[ i ,  l] > all ,  j] t h e n  t := t - -1  

e n d ;  
i f  --a[r, j] X lambda dehorn > t X lambda h u m  t h e n  
b e g i n  lambda n u m  := - a [ r ,  j]; lambda denom := t end;  

L7: end;  
f o r j  := 1 s t ep  1 u n t i l  l - - l ,  l + l  s t e p  1 u n t i l  n do 

b e g i n  c := Euc l id  (a[r, j] × lambda dehorn, lambda num); 
i f  c # 0 t h e n  
fi, r i := 0 s t ep  1 u n t i l  m do 

all, j] := all ,  j] + c × all ,  I] 
end;  

go to L1; 
end : 
e n d  
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I N T E R P O L A T I O N  I N  A T A B L E  J E l l  

J .  STAFFORD ( R e e d .  16 N o v .  1964 a r id  7 , June  1965) 

W e s t l a n d  A i r c r a f t  I , t d . ,  S a u n d e r s - R o e  D i v i s i o n ,  I!',ast 

C o w e s ,  I s le  of W i g h t ,  E n g l a n d  

real  p r o c e d u r e  I N P O L ( T ,  X ,  I ,  N ,  O U T ,  X O U T ,  E X P O L ) ;  
va lue  X ,  N ;  array  T, X;  i n t e g e r  [;  i n t e g e r  array N; 
real  X O U T ,  E X P O L ;  B o o l e a n  O U T ;  

c o m m e n t  E v a l u a t i o n  of a funct ion by  polynomiM interpola- 
l ion  in a tab le  of wdues.  

The  values may be specified a t  a r b i t r a r y  intervals ,  at  nodes 
of a mul t id imensioual  r ec tangu la r  grid.  The  interpolation is 
by Nevil le 's  process, repeated in each dimension.  

The  given values are a r ranged  in a ore>dimensional  real arrt~y 
T, as follows. The first wdue in the table ,  T[0], is D, the number 
of independent  var iab les  (or d imensions) .  I t  will normally be 
in tegral  (al though of type real), bu t  if not  then its integral part 
is taken.  7'[11, 7.'[2], . . .  , T[D] ,'ire the  nutnbers  of values of 
X 1 ,  X2 ,  . . .  , XD ,  and mus t  be in tegral .  These  are followed by 
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T[1] values of X1, 7'[21 vah tes of X2, . . .  T[D] values of XD. 
The values of each of these independenl~ variables must all be 
distinct and muse. be arranged in monotonic order. Finally 
come the 7'[1] × T[21 × -- .  × T[D] values of the dependent 
variable F(Xt,  X2, . . .  , XD)> arranged as T[D] sets of T [ D - 1 ]  
sets of . "  of 7'[2] sets of TIll values of F.  

The table is represented by a one-dimensional array because 
it is riot feasible to use a general D-dimensional array.  

!rite giveu values of the indepei~dent variables are X[[] 
([=l,  2, . - .  , D). iX[/] of the tabulated values X[/] are used to 
interpolate in the [ t h  dimensiotl. EVPOL is the required value 
of the function. The actual parameter  corresponding to the 
formal parameter E'XPOL should be an expression which pro- 
rides the vahle of [NI>OL if any of the X[I] is outside the range 
covered by the array T. If this occurs XOUT is the particular 
value of X[[] concerned. The variables I, OUT and XOUT are 
declared as formal parameters  of INPOL so tha t  they may be 
used il* the actual parameter  correspotlding to the formal pa- 
ranteter EXI'OL. 

Aa exalnple of a call of INPOL is Z := INPOL(A, X, K, N, 
OUT, Y, i f  K = i  t h e n  EXTt{APOLATE (A, 1, N, OUT, Y) 
else it' K = 2  t h e n  L[MTAB (A, 2, OUT, Y) else Y - 2 ) .  If 
X[I] is outside the range covered by the array A this statemmit 
will use the extrapoh~tory procedure EXTRAPOLATE (give~t 
Delow) to provide a value for [NPOL. if X[2] is out of range 
lhe pree, cdure L[MTAB (also given below) will be used to 
replace the value of X[21 by its value at the nearer edge of the 
table, before returning to [NP()L to eontinue the inter|)oh~tiot~. 
It" some other variable (X[3], say) is out of range the value of 
[;VI'OL is takea as X[31 -- 2. 

The procedures INPOL, EXTRAPOLATE and IXMTAB 
were tested oft. an ICT Atlas computer.  They were also tested 
(m t~ N a t i o n a l - E l l | e l l  803 computer,  after being altered to 
conform to the restrict ions of the 803 ALGOL compiler. The 
t0sts were for D = 0, 1, 2 and 3, and included all special eases; 

begin in teger  D, J, K, L, M, Q, XI;  

procedure b'OITS3(N, P, V, UB); 
~ahte N; i n t e g e r  N; p r o c e d u r e  P; 
integer a r ray  V~ UB; 

comment  Nesting of for s ta tements ,  adapted from proecdure 
For,s 1 [Algorithm 137, Comm. A CM 5 (Nov. 1962), 555]; 

l ieg ln i n t c g e r  J ;  
it" N = 0 t h e n  P e lse  f o r , f  := 1 s t e p  1 u n t i l  UB[N] do 

I)egin V[N] := ,]; PY)ITS3(N-1, P, V, UB) end  
end FOb'S3; 

real p rocedure  NEV(X,  AX,  SAX,  A Y, SA Y, N); 
value X, SAX,  SA Y, N; real  X;  i n t e g e r  SAX,  SA Y, N; 
array /IX, A Y; 

eotnmetlt One-dimensional interpolation by Neville's process. 
N values of the independeut  variable are used in the inter- 
l)olation, namely, 3( consecutive elements of array A X  start+ 
ing at subscript SAX.  The corresponding values of the de- 
pendent variable are the 37 consecutive elements of array 
A Y starting at subscript  Set Y. X is the value of the inde- 
pendent variable for which the wflue of the dependent vari- 
able (namely, NEV) is to be interpolated; 

begin i n t e g e r  I, J, N J, KI; a r r a y  F[0: N - l ] ;  
| b r J  := 0 s t ep  1 u n t i l N  - l d o  F[J] := AY[SAY + Jl; 
f iw J := 1 s t e p  1 u n t i l  N - 1 do 
begin 

A+J := N - - J  -- 1; 
for [ := 0 s t ep  1 u n t i l  N J  do 
begin 

KI := S A X  + I; 
F[I] := (F[I+i]-F[[]) × (X--AX[KI])/  

(AX[KI+J]-AX[KIJ)+F[I]  

end;  
NEV := F[OJ 

end  NEV; 

D := enticr (T{0]); 
c o l i l i l i e l i t  D : l iUlo.ber of  di l i tei /s iol is.  The  special ease D = 0 

iinplies that  the l t tbul l t ted funct ion F is "t constalltj the vahlc. 
of which is T{I].  The same vahie is takeu if l )  < 0; 

i f  D < i thetl  INPOL :~ T{1] else 
begin  XI := l ;  

f o r  I := 1 s t e p  1 u n t i l  D do 
begin  

if  N[[] < 2 t h e n  N[/] := 2; 
i f - \ ' [ l t  > Tilt t h e n  .\[[] := 7'1[}; 
c o m m e n t  Adjustment of mirnber of poiuts tised for iuter- 

polar|on. Nornlally .\'[/i must be at least 2, :u/d if N[ll < 2 
it is set equal to :2..\+[[1 also may not e×eecd the llumber 
el vahles of tile indepe~tdent variable ii~ the ci~rr(,spoltd- 
illg dimension (lmmcly, T[II), aud if it do(,s st) it is r(> 
duee(l accord|ugly. 

The eombin~tiou (ff these two tests, ill this order, 
permits as a sl)eeial ease one poii~t inlerp()l:~tiol~ in any 
particular dimelision ([, say), if T[I] = [. This implies 
tliat the depeudent variable is iudepei/deiit of X[[i. If 
this is intended then lhe :t(.tu/tl l )arameter corresl)ondii~g 
to the forlml, l p'<trltuleter E.\'I)OI, must [)e a fuiwlioi~ 
design<'ltor which (if ealled for) rellhtces the wt lue of 
XOUT' by t im sitlgle vlt lue of the I th  wti ' ial i le fl.Olll the 
arrq.,v T, (Proeeih i re LIMTAIJ lll~ty It( i ised foF this 
purpose,)  

Since arl'a~,- ,\' is called by wthi(' Iiolle o[ these  adjust- 
tilellts affeels the vahtes of X ] I ]  i~ tim ~lotlloe~tl iti'rl~y N;  

XI := Xl  -t- +\{/I 
e n d  [;  
licgili a r ray  F[I: X/-.N[I]];  i t l legcr  ar ray  V, X[NIT,  

Y[NC' [1 : D]; 

p rocedu re  ONEWA Y; 
e o n l i n e l i t  Performs an i~/terpolatiou in the first direct> 

siou, If t i l ls is the last of a set l i[ N[21 such interpola- 
tions, • i furt.her inl.erpohdion is performed in t im secoud 
din ie l is io l i ,  a l id so (,ill to fts l l i l t l /y Idgtier levels as ueces- 
sary ; 

begin I"[V[[iJ := N E V  (A'[I], T, XL'V/T[ I ] ,  7', Q, L); 
[ := 1; M := 0; 
for K := l s t ep  1 until D - l do 
begin  Q := Q + YLVC[KI; 

i f  V[K] ¢ N[KI t hen  go to CONTINUE else 
begin  M := M -f- N[K!; 

F[M+V[K+I] ]  := NEV(X[K+IL T, XINIT'[K+I], 
F, l, N[KI); 

I := I + N]Ki 
e l l d  

e n d ;  
CONTINUE '. 
end  ONEWA Y; 

Q:= X [ : =  D + I ;  M := 1; 
tk~r [ := 1 s t e p  1 u n t i l  D a l e  
begin  K := X [  -~ T[[I - 1; 

OUT := (X{I] - 7'[Xi]) × (XiIi - T{K]) > 0; 
i f  OUT t h e n  
begin  

XOUT := X{I}; INPOL := EXPOL; X[[] := XOUT; 
if T[0] ~ 0 

t hen  beg in  K := K + T[0]; T[O] := D e n d  

end ;  
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e o n i n i e n t  :If X[I] is outs ide  the range covered by i he  
table ,  d w  e x t r a po l a to ry  expresskm EA't>OL is evaht.- 
a ted .  I t  is e xpe c t ed  d m t  i t  will o f ten  1}e or con ta in  ()He 
c)r more  f u n c t i o n  des ignators ,  t oge the r  w i t h  c r i te r ia  
fo r  chuos ing be tween them,  as in the examlth"  :d)ove,  

EXI 'OL lnay  incorpora te ,  e.g.,  any  of tile f{>lh>whig 
a l t e r n a t i v e s .  In tho f i rst  and t h i r d  of these the si(le 
effects  are t i le  importaxlt, ones,  tile vt)llle ass igned to  
EXI}OL being  mere ly  a d t immy to  eotfform wi th  Sec t ion  
5.4.4 of t he  Revised  I{eport  <)it Algel 60 [(/ommJ A C.][ (7 
(Jan.  I9(i3), 1-17]. 
1. EXI 'OL nmy be a fun(; t iel~ des igna to r  wh ich  uses 

the i n t e r p o l a t o r y  f o r l nu la  to extrap{}lato 1) 3" exe<'u{ ing 
the s t a t e m e n t  0[77' := f a l s e  and  re t t l rn iug  t o / , \  [>0],, 
Tho last  A[/ ]  values  of X[[] are used ill tho formula ,  
bllt E X t ' O L  may  a r range  to use the  first X l/[ values  
ins t ead  (which will usua l ly  be pre fe rab le  if X{[] lies 
beyond  tlm lower l imit  {>f the  tab le )  by execut ing  t h e  
s t a t e m e n t  T[0] := X[/]  - 7'[/] (in which  the  value of 
the  local X{/] is to be used  if it differs h 'om tha t  of 
tfie nonloeal  A[/ ] ) .  The  p rocedure  E X T I f A  POLA T E  
(given below) nmy be used  for  th is  purpose .  

2. E X P O L  may use some o t h e r  formuht  to e x t r a p o l a t e ,  
a f t e r  which  it mus t  r e tu rn  to  IXi>OL wi thou t  a l te r ing  
the  value  of the  Boolean var iab le  OUT. If th is  is all 
that, is r equ i red  t ee  ac tua l  p a r a m e t e r  eo r r e spond iug  
to E X P O L  may be an o r d i n a r y  a r i t hme t i c  express ion  
c o n t a i n i n g  no f unc t i on  des igna to r s .  

3. E X P O L  may be a func t ion  des igna to r  whieb  c o n -  
s t r a i n s  X[I] to lie w i th in  range  by  replac ing it by tho 
value of the  I t h  va r iab le  at  U~e nea re r  l imit  of t he  
tab le  (or by some o the r  va lue) .  In  doing th is  it m u s t  
ope ra te  on tile value of X O U T  and  not  d i r ec t ly  on 
X{[I. T h e  nonloeal  a r r a y  X will not  be affected.  
E X P O L  m u s t  also exect l te  the  s ta temm~t OUT :=  
f a l s e  before  r e tu rn ing  to IXPOL.  The  p rocedure  
LLI[TA B (given below) m a y  be used  for th is  purpose .  

4. £\¥POL may do some th ing  else and con t inue  the  
p r og r am  wi thout  r e t u r n i n g  to I X P O L  (e.g., by a go  
to  s t a t e m e n t  referr ing to a nonlocaI  labol) .  Th i s  
should  be cons idered  an  e r r o r  exit  as the  vaiue of 
IX i 'OL  will be undef ined  (see Sect ion  ,5.4.4 of t h e  
Rev i sed  R o p o r t  o n  A l g o l  60); 

i f  OUT t h e n  go t o  /3; 
c o m m e n t  I f  OUT = t r l i e  on exit  f rom [NPOL t hen  

ex t r apo l a t i on  has occur red .  T h e  converse  is no t  neces-  
sar i ly  t r u e ,  as  it depends  on tho  n a t u r e  ()f t he  actual  
p a r a m e t e r  co r re spond ing  to the  formal  p a r a m o t e r  
EX POL; 

J := XI;  
L :=  ( J + K )  + 2; 
i f  (X[[]-T[J])  X (X[I]-T[L])  > 0 t h e n  J := L e l s c  

IC := L;  
i f  K -- J > 1 t h e n  go to  A ; c o m m e n t  F ind  X[I] in 

t ab le ;  
L := K - N[I] + 2; 
i f  L < X [  t h e n  L := X [  e l s e  
beg i r l  

K :=  X[  + T[I] - X[/ ] ;  i f  L > K t h e n  L :=  K 
e n d  A(Uustnmrlt  ]l{2ar edge of t ab le ;  
(2 := (2 + T [ [ ]  + (L - XI)  X M; XI:V[7'[[1 := L; 
X I  :=  X /  + 7'{/]; 
YL\C[[]  := =1/ X ( 7 ' [ / ] -  ( i f  / = 1  t h e , ,  0 c l s e  A[ /J ) ) ;  
] /  := ] /  X 7'[/I 

e n d  [;  
V[D] : =  1; L : =  All [ ;  
fo r  [ :=  1 s t e p  1 t, t l l i l  D -- 1 d o  N [ / ]  : =  ,V[ / -FI ] ;  

t:OI?S;~(/) / , { L V t , , ' i l . / ) ,  1,  \ ~: / , \1>o/,  : .... / " [ l / -F I ]  
e n d  smq}{' of I" 

e n d  /) > 1; 

e n d  1.\' I'OL : 

rea l  t ) r o c e d u r ( '  /:,'A" 7'A'.I I'~)t..1 7'/ ', ' tT, /. \ ,  () t  7 ' . .VO~ 7'); 
ar ra>  T; i n i c g ( ' r  [ ;  i n l e g ( ' r  a r r a>  ,\ ; I b ) o l e a n  O( 'T;  
rea  I XO U T ; 

c o m m e n t  This fun{ ' t i .n  dus ignn{ . r  is iniea{h,d f{., use in tb ,  
;)(NiU:II pPlr:tlln,tcF {'ort'{'si}ottd[Hg to lb.t, (ortmtl p~lt'atne~eP 
EX/>(U~ in a call <)[' I}r(wedur{' /,X/}O/,. Tim I}aram{,ters have 
th{" s:~me signif i<mnee as iH I,V I)()1. 

E.VTI?_II 'O[-I  7'E a r r a n / c s  l'{>r th{' illierpohll(>Py [ormula to 
be used to exlrup{)hHe l'or tim Ill, v:tri:t})t{,, :~u{/ i'(}r (fie first, 
AI[]  values  of th is  ~:Mai}le t{)I){, used i)l the  r<>rmula instead 
of ils last X[[] values  if it Ii{,s b{,>o)~{/ the  h)wer limit <)r the 
tab le  ; 

b e g i n  i n t e g e r  J ,  K ;  
OUT :=  f a l s e ;  EA'7'R.t I)OL.1 7'K : =  0; 
c o m m e n t  Th.is s t a t e m e n t  ass igns  a {humny value to EX'I'I~AP- 

OL+t TE to eonf<>rm wi th  Seeth>n 5,4.4 of the  l{evised Itep0rt 
ot~ Algol 60; 

, f  : =  1; f o r  /(  :== 0 s l e l l  l u n l i l  [ I (h) , , /  : =  ,1 -}- 7' [Ki ;  
i f '  T[[] = l t h e n  ,\'O2"7' : =  7'{if] e l s e  

i f  a6~(XOUT - 7'[<I l) < ab~(XOUT--- 7'[,1---~..-7+[1] :- 1]) t h e n  
b e g i n  K := iV[C; 

i f  K < 2 t h e n  K :=  2; 
i f  K > 7+[[] t h ( . , ,  K :=  7'{1l; 
T[0] :=  K -  7'[1] 

e n d  
e n d  EXT'tPA. t)OL.I 7'/','; 

:real p r o c e d u r e  LI,I[7 'A H(T, [, O("7 +, ,VOU7');  
a r r a y  7'; i n t e g e r  [; I h ) o l e a n  ()UT';  r e a l  X()UT;  

e o l i l l l i e n t  Th i s  h tne t i o i )  d e s i g n a t o r  is i n {ended  f o r  use in (;tie 
t~ettm[ pa ra l I l e t e r  eOPl'esi)onding to  t i le  f o rnm l  p<,traineter 
E X P O L  in a (:all of proe{ 'dure [ . \POL.  T h e  l), 'tralneters have 
the  same s ignif icance as in [X'POL. 

L I M T A H  rep laees  t he  vah ie  /)f X O U T ,  which  is otitside tfie 
range of tile tab le ,  by the  value (}f the  [ t h  va r iab le  at  ttte nearer 
edge of the  t ab l e ;  

b e g i n  i n t e g e r  J ,  K ;  
J := 1; f o r  K :=  0 s t e p  1 u n t i l  [ - 1 d o , 1  := ,1 + 7'[K]; 
K := g + 7'{11 - l ;  
LIMTAB :=  X O U T  := i f  cd~,s(XOU7'-7'[JI) > 

ab.s(XOUT- T[K]) t h e n  7 ' [£ j  e l s e  T[JI;  
e o n l n i e n t  Th is  s t a t e m e n t  ass igns  a l h l i l l m y  value to [+[MTAB 

to  c o n f o r m  w i t h  Seet i (m 5.4.4 (}f the  Rev ised  I {epor t  on 
A lgo l  00; 

OUT := f a l s e  
e n d  L[M7'.IH 

~ELUlk'~ 
i i]~ai 

lab 
[,,ii 

C:~(t{ 
2!in in 
:~{+ed 
+#: 

if~ = 
b@ 

end; 

~fJ/[ 

++,1 

i,@ 

rod; 
b( 
ir]I 
if;I{ 

dirt 

i+r/ 
7 ] 
7 ! 

/~rj 

iN 

L} 
L1 

i8 

~l' ,,b 
n!Jb. 
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I,[XI) fq:d'XII+21)EN(IE VUN( TI()NS [121 
NiK~ ,',us W ~ m ' H  (I{ec(t .  14 l)(!u, 1964  au{l 22 I)( 'c ,  1964) %i 

(~ol]]t)ut(!r ~ H{q/c{~ I)e t ){ . ,  S t a n f o r d  U. S,{aldor{l ,  (Jail[. hi 
;]P~0e 

p r o c e d u r e  [:'re<'ed<'n,c~ (M, j', g, n, f<ni/); ¢ ,, 
v a l u e / } ;  i n t e g e r  n; i n t e g e r  a r r a )  M,f ,  g; labelfa'£1; 
e(I~I'IIIllCI112 ~l[ is a g:iveH n X n m:~i fix o[ iniev;ers { l . s ig .a tJng one a~¢e"il. 

of the  f{}uP rela{ioil8 < ,  :=, > ,  ~,, T h e  idelH, i{iers Is, cq, FI r des- "ii~i 
ignate  var iab les  <h~ela, r . d  ou{si(hB {he I}ro<',edu r{~ (<} whi<d~(tistinct ::'#r 
in tegers  rel}res{'nling lira relati<}n8 < ,  = ,  > haw{', l}e<m assigned. :%ti] 
Th i s  proe{Mure then  deI{~rulines in{{~gel's j ] l j  . , .fin and g[1] 2;~ ~r 

f/inl s ' ] t h a t  ft}r,'dl i , j , f [ t l  , l [ t / , j ]  flLTl is {['ue : l ndso ihn t t ,  he iii~+ 

C o m m u n l e a t i o n s  o f  t i l e  ACM V o l u m e  8 / N u m b e r  10 / O e t o b e r ,  1965 



sm:zllest of these  i,~tegcrs is q--l. o des ign : i r e s  t he  e m p t y  r e l a t ion ,  
so that  x o y is t r u e  fo r  :~rbi trat 'y  x, y. I f  M is s u c h  t h a t  no f a n d  g 
exist which sa t i s fy  :ill n e rel,'~iior~s, t h e n  c o n t r o l  is t r a n s f e r r e d  to 
the label p a r a m e t e r  ja i l .  3?his p r o e e d u v e  h u s  been  u s e d  to  de te r -  
miz~c the p recedence  f u H c t i o n s  of  s y m b o l s  in a g iven  p r e c e d e n c e  
grammar (see [FLOYD, R .  Syt~tac t ic  a n a l y s i s  a n d  o p e r a t o r  

prccndence. J . A C M  10 (1963), 316-333]);  

begill i n t e g e r  i, j , /c ,  k l ,  f m i n ,  groin; 
proccdurcf ixrow (i, l, x ) ;  v a l u e  i ,  l, x;  i n t e g e r  i, l, x; 

begin i n t e g e r  j ;  f[i l  : =  g[l] : ÷  x; 
irA: = kl t h e n  
begin  i f  M[i, k] = ls A f[i l  ~ g[k] t h e n  go  t o  j h i l  e l s e  

i f M [ i , k ]  = eq A f[i] ~ g[k] t h e n  g o  t o f i t i l  

end ; 
f o r j  := kl s t e p  - 1  u n t i l  1 d o  
if:l /[i ,  j] = Is A f[i] > g[j] t h e n  fixcol ( i , j ,  1) e l s e  
if M[i,j] = eq A f[i] ~ g[j] t h e n  fixcol (i, j ,  O) 

end fixrow ; 
proecdurefixcol el, j ,  x) ;  v a l u e  l, j ,  x;  i n t e g e r  l, j ,  x; 

begin i n t e g e r  i ;  g[j] : =  f[l] + x;  
i f k  ~ k l t h e n  
begin  i f  M[k,j] = gr A f[k] < g[j] t h e n  g o  t o  fa i l  e l s e  

if  M[k,j] = eq A f[k] ¢ g[j] t h e n  g o  t o  fa i l  

end;  
t b r i  := k s t e p  --1 u n t i l  1 d o  
i f  M[i,j] = gr A f [ i ]  _< g[j] t h e n  f ixrow (i, j ,  1) e l s e  

i f  M[i,j] = eq A f[i] ~ g[j] t h e n  f ixrow (i, j ,  O) 

end fixeol; 
kl := 0; 
for k := 1 s t e p  1 u n t i l  n d o  

begin fm in  : =  1; 
for j := 1 s t e p  1 u n t i l  kl  d o  

i fM[k,  j] = gr A f m i n  < g[jl t h e n  f m i n  : =  g [ j ] + l  e l s e  

if  M[k, j] = eq A f m i n  < g[j] t h e n f m i n  : =  g[j];  

f{k] := fmin;  
f o r j  := kl s t e p  - 1  u n t i l  1 d o  

i fM[k , j ]  = ls A f m i n  > g[j] t h e n  fixcol (k, j ,  1) e l s e  
i f  M[k, j] = eq A f m i n  > g[j] t h e n  fixcol (k, j ,  0);  

kl := / A + i ;  groin : =  1; 
for i := 1 s t e p  1 u n t i l  k d o  

if M[i, k] = Is A f[i] >_ groin t h e n  groin : =  f [ i ] + l  e l s e  
i f  M[i, k] = eq A f[i] > groin t h e n  groin : =  f [ i ] ;  

g[k] :=  gmin; 
f o r /  := k s t e p  - 1  u n t i l  1 d o  

i f  M[i, k] = gr A f[i] <_ groin t h e n  f ixrow (i, k, 1) e l s e  
i f  M[i, k] = eq A f[i] < gmin  t h e n  f ixrow (i, k, O) 

end k 
end Precedence 

ALGORITHM 266 
PSEUD0-RANDOM NUMBERS [G5] 
~[. C. P IKE AND I .  D .  H I L L  

(Recd. 15 Feb. 1965 and 6 July 1965) 
5Iedical Research Courtcil, London, England 
real p r o c e d u r e  random (a, b, y) ;  

r e a l s ,  b; i n t e g e r y ;  
c o m m e n t  random g e n e r a t e s  a p s e u d o - r a n d o m  n u m b e r  in t h e  

0pen interval  (a, b) w h e r e  a < b. T h e  p r o c e d u r e  a s s u m e s  t h a t  
integer a r i t h m e t i c  u p  to  3125 X 67108863 = 209715196875 is 
available. T h e  a c t u a l  p a r a m e t e r  c o r r e s p o n d i n g  to  y m u s t  be  a n  
irLtcger identif ier ,  a n d  a t  t h e  f i rs t  call of t h e  p r o c e d u r e  i t s  va lue  
must be an  odd  i n t e g e r  w i t h i n  t h e  l i m i t s  1 to 67108863 inc lus ive .  
If a correct s e q u e n c e  is to  be g e n e r a t e d ,  t h e  v a l u e  of t h i s  in te-  

ger  ident i f ier  m u s t  n o t  be  c tmnged  b e t w e e n  succes s ive  c~lls of 
t he  p r o c e d u r e ;  

b e g i n  

y :=  3125 X y; y :=  y - (y+67108864) X 67108864; 
random : =  y/67108864.0 X ( b - a )  + a 

e n d  random 

C o v c y o u  [21 showed  t h a t  for  m u l t i p l i c a t i v c  c o n g r u e n t i : d  
m e t h o d s  of g e n e r a t i n g  p s e u d o r a n d o m  n u m b e r s ,  t he  c o r r e l a t i o n  
b e t w c c n  success ive  n u m b e r s  will be a p p r o x i m a t e l y  the  r ec ip roca l  
of t h e  m u l t i p l y i n g  fac to r .  G r e e n b e r g e r  [3] s h o w e d  f u r t h e r  t h a t  t he  
f a c to r  shou ld  be  c o n s i d e r a b l y  less t h a n  t h e  s q u a r e  roo t  of  t he  
m o d u l u s .  

(cont inued on next  page) 

R e v i s e d  A l g o r i t h m s  P o l i c y  • M a y ,  1964 

A contribution to the Algorithms department must be in the iorm of 
an algorithm, a certification, or a remark. Contributions should be sent in 
duplicate to the editor, typewritten double-spaced in capital and lower~case 
letters. Authors should carefully follow the style of tiffs department, with 
especial attention to indentation and completeness of references. ~Iaterial 
to appear in boldface type should be underlined in black. Blue underlining 
may be used to indicate italic type, but this is usually best left to tim Editor. 

An algorithm must be written in the ALGOL 60 Reference Language 
[Comm. ACM 6 (Jan. 1963), 1-17], and normaUy consists of a commented pro- 
cedure declaration. Each algorithm must be accompanied by a complete 
driver program in ALGOL 60 which generates test data, calls the procedure, 
and outputs test answers. Moreover, selected previously obtained test answers 
should be given in comments in either the driver program or ttm algorithm. 
The driver program may be published with the algorithm if it would be of 
major assistance to a user. 

Input and output should be achieved by procedure statements, using 
one of the following five procedures (whose body is not specified in A~GOt~): 
lees "Report on Input-Output Procedures for ALGOL 60," Comm, ACM 7 
(Oct. 1964), 628-629]. 
procedure inreal (channel, destination); value channd; Integer channel; 

real destination; comment the number read from channel channel is as- 
signed to the variable destination; . . . ; 

procedure outreal (channel, source); value channel, source; Integer channel; 
real source; comment the value of expression source is output to channel 
channel;... ; 

procedure inintcger (channel, destination); 
value channel; Integer channel, destination;... ; 

procedure outinteger (channel, source); 
value channel, source; tnte~.er channd, source;... ; 

procedure oulstring (channel, string); value channel; integer channel; 
string string;... ; 

If only one channel is used by the program, it should be designated by 1. 
Examples: 

outstring (1, 'x ='); outreal (1, z); 
f o r /  := 1 step 1 unti l  n do outreal (1, A[i]); 
ininteger (1, digit [17]); 

I t  is intended that each published algorithm be a well-organized, clearly 
commented, syntactically correct, and a substantial contribution to the 
ALGOL literature. All contributions will be refereed both by human beings 
and by an ALGOL compiler. Authors should give great attention to the cor- 
rectness of their programs, since referees cannot be expected to debug them. 
Because ALGO~ compilers are often incomplete, authors are encouraged to 
indicate in comments whether their algorithms are written in a recognized 
subset of ALOOL 60 [see "Report on SUBSET ALGOL 60 (IFIP)," Comm. 
ACM 7 (Oct, 1964), 626-627]. 

Certifications and remarks should add new information to that already 
published. Readers are especially encouraged to test and certify previously 
uncertified algorithms. Rewritten versions of previously published algo- 
rithms will be refereed as new contributions, and should not be imbedded 
in certifications or remarks. 

Galley proofs will be sent to the authors; obviously rapid and careful 
proofreading is of paramount importance. 

Although each algorithm has been tested by its author, no liability is as- 
sumed by the contributor, the editor, or the Association for Computing 
Machinery in connection therewith. 

The reproduction of algorithms appearing in this department is explicitly 
permitted without any charge. When reproduction is for publication pur- 
poses, reference must be made to the algorithm author and 'to the Communi- 
cations issue bearing the algorithm.--G.E.F. 

Volume 8 / N u m b e r  10 / O c t o b e r ,  1965 C o m m u n i c a t i o n s  o f  t h e  A C M  605 



?, 

!, 

i! 

+++,l+++; 

I! < 

The method of Algori thm 133 [1] satisfies Greeuberger's e{)u{ti+ 
~ion, but  since the reciprocal of its multiplying factor is as high as 
0.2, Coveyou's  result shows that it is very unsatisfactory for 1)ur- 
poses requiring stat ist ically independent censeeutive r:tadom 
numbers. 

Algorithms 13',3 and 266 have both been tested by eoml}tttit~g a 
number of sets of 2000 successive random integers betweeu 0 aud 9, 
dividing each set into 4()0 groups of 5, arid performing the poker 
test [4], The results were classified in the following sevea care-, 
gories : 

(i) all different 
(ii) 1 pair 

(iii) 2 pairs 
(/v) 3 of a kind 
(v) 3 of a kind and 1 pair 

(vi) 4 of a kind 
(vii) 5 of a kind. 

The following tables resulted: 

A L G O R I T H M  133 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  = -  . . . . . . . . . . . . . .  ~ i ............... i i ............... 
Run Starting Value (i) i (ii) (iii) (iv) I (v) (v/) i (v//) 

r I ] I r 
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  i - - -  I ......... i ................... 

1 13421773 114 193 42 137 i 7  7 i 0  
2 22369621 111 181 46 40 i14 8 0 
3 33554433 130 178 48 28 17 6 3 
4 6871947673 118 179 51 35 I10 5 2 
5 11453246123 128 189 44 28 i B 4 I 1 
6 17179869185 135 155 " 45 52 'i6 5 12  

120 96 E x p e c t e d  for each . ~ 201.60 43.20 28 80! 3.601 1.8@ 0,04 
Run  ~ / i 

i ~ - - - - !  i I 
Total f o ~ 6 m . , s  73~ i1075 i276 +220 i~o i35 i8  

Expected for 725.76i1209.601259.201172.80i21,60i10.80i 0.24 
Total  ] I i i } ' + 

. . . . . . . . . . . . . . . .  ! ......... ~ ........ __ ... . . .  ! ......... i .......... ! _ 

A L G O R I T H M  266 

Run Starting Value i (i) 

13421773 132 
22369621 140 
33554433 129 

8426219 107 
42758321 101 
56237485 i 118 
62104023 [119 

(i~) ( i i0 

191 35 
187 45 
198 44 
202 50 
2117 60 
203 42 
206 41 

(iv) (v) (~.i) 

38 2 2 
27 0 1 
25 4 ! 0 
87 2 12 
25 5 2 
3 4  1 i2 
27 6 ! 1  

(vii) 

[ t 

Expected f o r e a e h R u n  i 120"961 201.60 43+20ii 28,80+ 3,60 1.8(} 0.0i  

Total  for 7 Runs 8t6 !1394 317 [213 20 10 0 

i .......... ............... ............. . . . . . . . .  ............. ........... ............. 
Expected for i 846+721411.20302,40201 6025.2012.6(} 0,28 

Total  i 
_ I 

Combiuit~g categories (vi) aad (vii) it} each case, the +d)served 
totals give x ~ vahJes (or 5 degrees ()IT' freedom) of 159.0 for Alg,-  
r i thm 13:-3, atad of ;3.28 for Alg,  rithm 266. 

I (  E F E R E N C E S : 

1+ P, EHm!:xz, P. (;. Algorithm 133, Iia)tdom. ('cruz;9. A C M 5  
(Nov 1962), 55:3. 

2. (JOVEY()U,  1{. 11. Serial correlation i)] the gem Ii ~ t (~ l~)f" I )  S (~ ~ ~ {1 ( ) -- 

random (lumbers. J+ , tCM 7119(i0 L 72 7:1. 

606 ( 2 o m m u n i c a t i < m s  o f  the A C M  

'3. ( ;b :Et ;N BI':R{;I::t¢, i \ t .  .kl! :~ pr i{>r i  d c i { ' P i n i l m t  i{}l/ {ff s e r i a l  eotreI{~. 't 
{iCm iu ( ' t ) t l l l} / l i{ ' I"  g l ' m ' l ' : t t U ¢ l  i ' : l l /{II>ll/  I l l l l / l [ )  ? 'S zl[agh. C(}??tpl~t, I 
15 191+1), :~56 : ; S }  ( '{>r+'P{'tit)ll  il+ 1 ,hdh ,  (%mPUl,16(1962),t2B, i! 

4. Ki,:.'ql),~I~,, M+ (;.. AND I~X)~I.\<;i'{+X ~ti'PH, l~. I(:u~doninessand ~i 
r a n t l o t u  s l ~ p l i t m  tlHIH})CI'S ,/+ ]i'W/++~ ,%'A'I//S[. +01.  [Ol (1938), + 
I-+ 7 1 (;6+ ~, 

A 1,(i()1~ ITI  I i\ l 21i7 

I I A N I ) ( ) . \ I  N ( ) l i i I : \ l ~  I ) E V I A T I " ,  1(;5] 

31. C. l'I)~i,'~ (l~{'e{t. :~ . \ l ay  196;; uu{l {; , lu ly  1965) 

.XIedical IieN(,:u'{q] ( lou lwi l ,  l+ot,to~t, E I tghmd 

p r , o e e d u  r e  [L\+D(+rI, ;r2, ]l>l~mb>m ) ; 
IPi'LII p l ' ( } c e d l l l t l ' { '  [l~ollldo]H; r { ' i l l  . / ' [ ,  d '2;  

c o m m e n t  R>,'D uses ~two (,alls of the real procedure Rando,~ 
which is any pseudo-Pa, . iom ,mini}e," geuerator which will 
produce at each call 8 rau(hmt uumber lying strictly between0 
and 1+ A suitable proee{hir{, is giveu 1)y Alg{}rithm 266, Pscud0- 
l landom Numbers  {Comm..1 (',1/ 8(Oct. ]965), 6051 if one chooses 
a = 0, b = 1 aud iuitializes y to s(>me large odd munber, such as 
13421773. R V D  pro(lutes two indepcn(hmt random variables ~1 
and z2 each from the n{)rmal distTibution with mean 0and 
varia~ee 1. The meth(){t used is given by Box, G.E.P., AXD 
MULL.~R, M.E.,  A note on lhe ge~wration of random normal 
deviates. [Ann..l[¢Jh. Sgal. 29 (1958), 610 (ill J; 

beg in  rea l  ~; 
xl : =  sqH(--2,0 X In(l?andom)); 
t := 6.2881853072 X Random; 
c o m m e n t  6.2831853072 = 2 / pi; 
:c2 := xl X sD~(Q; xl := z l  X cos(O 

e n d  R,V D 

Algorithm 121. Norml)ev  [ C o m m . . t C M  5 (Sept. 1962), 482; 8 
(Sept. 19(15), 556] also produces random normM deviates and 
Algorithm 20{), N O R M A L  t lAND()M [Comm. ACM 6 (Aug. 1!)63), 
444; 8 (Sept. 1965), 5561 produces random deviates with 8n approxi- 
mate normal distr ibut ion,  })tit the procedure RND seems pref- 
erable to both of thern, 

We may compare NORI[.!  L RA ADOM to R,YD (which is exact) 
by noting that  at recommended minimum n AY)RMALRANDOM 
requires 10 (.alls of [l~artdo~z while RND gets two independent 
normal deviates from 2 ealls of Random and one call each of Sqft, 
In, sin and cos. Under the s ta ted test conditions a single call of 
AT)RMA L RA XDOM (wit h n = 10) took 20 percent more comput- 
ing time than a s i ,g le  call +)f ILVD when the real proeedureRandom 
was given by Algori thm 266, 

To compare A+(,'mDev t(> If:V l) iu i he s:mm way, we have first to 
calculate the exp(!cted immb{w . f  calls (}f In, sqrt, exp and Random 
for each (:all of A'm',t lh~:. This may be (tone by noting that there is 
(1) an initial single eall of Ra~do,~, then (2) with probability 0.68 
a nuldonl nornlal deviate res)ricted to (0, 1) has Io be fouM and 
this re(luires on a v e r a g e  1.3+i (!alls {}t' Random and 1.18 etdls of ezp, 
a)~d (3) with probabi / i ty  0,32 a ran(t(}m ~l(}rlmil deviate restrictedto 
(1, m ) h:~s l;o be found a~(l this re(llAres on average 2.04 calls of 
Random and 1.52 calls (if each +>f M :rod sqrt. NormDev thus requires 
cm average 2.58 calls c}f Random, 0+80 calls of exp, 0.49 calls of ¢n 
aad 0+49 calls of st/H. (N<}te:X,rmDev requires o n e  f u r t h e r  call of 
R¢~ndom if a signed m)rmal &~viate is reqtHred.) Under the stated 
{{st c{>nditio~s a sMgle call {if A'orml)ev took virtunlly the same 
arn{}unt {}f coml)t~ting time as u sit~gle ealI <ff ILYD when the real 
pPoeedl lPe  [[rl, i.t([oT?z w / i s  i t s  8~)OV(}+ 

(N  } re '  IH J e s t i n g  \ + o r m D c v  { he  I}lrc}{!e(hll+(+ w a s  s l ) e e d e ( l  up  by  re + 

p l a e i ) ] g  +.I b y  {}.682t1894 wh<++'Pv(+r i t  {wetH're{I  a n d  r e m o v i t t g  i t  from 

t h e  / m r a m e t { ~ r  l i s t .  Di t {~+t i t~  .VO/L1/A L R A  NDO:II  Mean, Sifpna, 
r+ w + r e  r e l ) h ~ c e d  b y  0, 1 .0  a n d  10 P e s p e c l i v e l y  a.ud r e m o v e d  f rom the 

I ) ,  r + I m e t e r  l i s t .  ) 
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