
cOlttlneltt In till(ling the+ ti~(mv(+(:i()J'S :e of +ta n X n  mat r ix  B 
after having fou~/d ~.he (~ig(mv:lhms X of B by an 5, of the m a n y  
~ivail~blc methods ,  it is ()itch dcsiv:~bh, to s t a r t  f rom the  original  
matrix B and not {'tom its ( ransl 'orm f rom which the  Vs were 
0btait~e(1. Where:ts the rcsult i) lg eigeav(!etors will sti l l  be in- 
itueneed by errors in t.hc Ms, the  e igenvec tors  would not  be 
influenced by errors in the ( r, 'msl'ormcd m~ttrix. 

@tee XI - B = A is :~ si ngul:(r mat r ix  of rank  r the  p rob lem is 
to find ec = n - r veegors x which form a basis  of the  left  null 

space of A. 
Note: If the r igh t  mill space  is des i red  the  mat r ix  A should 

be transposed. 
The following a l g o r i t h m  fir~ds these  n - r  l inear ly  i1~dependent 

vectors by tile Gauss- ,h)rdat /  e l imina t ion  in place using the  
maximal available e l emen t  for the p ivo t .  T h e  process will t e rmi-  
nate after r s teps ,  s ince the  maximal  avai lable  e lements  for 
p, iv0ting are then  equal  to  zc.ro. 

Now, replacing these  zero p ivo t  d e m e n t s  by uni ty ,  the  rows 
of the matrix, f rom which  no nonzero  e l emen t  has been  chosen,  
are the basis of tlle nul l  space  of A,  t h a t  is, if x is such a row 
then xA = z, the zero v e c t o r  of o rder  n. 

The proof for this  is e s t a b l i s h e d  hy the fac t  th,~t ttle e l imina-  
tion amounts to p r c m u l t i p l y i n g  B by a ma t r i x  A' ,  a produ(: t  of 
elemerttary mat r ices ,  such  t h a t  A ' A  is a ma t r i x  w i th  ones on 
r of the diagonal pos i t ions  a n d  zeros  e v e r y w h e r e  else. 

Test results. A vers ion  of this  p rocedure  accep tab le  to the  
IBM 7094 ( A L C O g - I L L I N O I S  70(.)0 A L G O L  Compi ler )  was 
tested. 

With eps = 10 -6 the r e su l t s  for the  5X5 mat r ix  

1 2 3 4 5 
6 7 8 9 10 

11 12 13 14 15 
16 17 18 19 20 
21 22 23 24 25 

showed t.he d imens ion  of tire null space  as 3 hav ing  as a basis  

xl = ( - . 7 5 ,  1.00, 0.00, 0.00, --.25) 

x~ = ( - . 5 0 ,  0.00, 1.00, 0.00, -- .50) 

x:¢ = ( - . 2 5 ,  0.00, 0.00, 1.00, -- .75) 

~,xaet to 6 decimal  p laces ;  
hegin integer array  r, c[1 :n]; i n t e g e r  i, j ,  k, m, j j ,  kk, t; 

real max, temp; 
for i := 1 s t e p  1 u n t i l  n d o  r[i] :=  c[i] :=  0; 
for m := 1 s t e p  1 u n t i l  n do  
begin max := 0; 

for }~ := 1 s t e p  1 u n t i l  n dn  
begin i f  r[k] # 0 t h e n  go  to  L e l sc  

|br j := 1 s t e p  1 u n t i l  n do  
if  c[j] = 0/~ abs(a[k, j])  > max t h e n  
beg in  kk :=  k; j j  :=  j ;  max := abs(a[k, j]) 
end j loop ; 

/,: endk loop; 
if max < eps t h e n  gn to  SORT;  
cIjj] := kk; r[kk] := j j ;  temp :=  1/a[kk, jj]; a[kk, jj] :=  1; 
forj := 1 s t e p  1 u n t i l  n do  a[/ck, j] :=  a[kk, j] X temp; 
for k := 1 s t e p  1 u n t i l  kk --  1, kk + 1 s t e p  1 u n t i l  n do 
begin letup := a[k, j j ] ;  a[k, jj] :=  0; 

f o r j  := 1 s t e p  1 u n t i l  n do  
I)egin 

a[k, j] := a[k, j] -- temp X a[kk, j] ;  
i f  abs(a[k, j]) < eps t h e n a [ k , j ]  :=  0 

end ; 
end k loop; 

end m loop; 

~%7T: for j = 1 s t e p  1 u n t i l n  do  
begin 

~E'PEAT: i f  c[jl ~ 0 A j  # c[jl t h e n  

Volume 8 / N u m b e r  I I  / O c t o b e r ,  t965 

b e g i n  
fo r  k := 1 s t e p  1 u n t i l  n do 

i f  r[k] = 0 t h e n  
b e g i n  temp := a[k, j ] ;  

a[k, j] :=  a[k, c[j]]; ,[k, c[jll := temp 
e n d  k loop; 

t :=  c[jl; c[j] := c[t]; c[t] :=  t; go to  R E P E A T  
e n d ;  

e n d  condi t ional  and j loop; 
ec := O; 
fo r  k := 1 s tep  1 u n t i l  n do 

_if r[k] = 0 t h e n  
b e g i n  ec := ec + 1; a[k,k] :=  1; 

i f e c  # k t h e n  
b e g i n  

for  j := I s t e p  l u n t i l  n do  aloe, j] := a[k, j] 
e n d ;  

e n d  condi t i lmal  and k loop; 
c o m m e n t  The first ec rows of the ma t r ix  a are the vee to r s  

which are  or thogonal  to the eolunms of the ma t r ix  a; 
e n d  N U L L S P A C E  
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Q U I C K E I / S O R T  [M1] 

R .  S. S c o w E x *  ( R e c d .  22 5 f a r .  1965 a n d  30 J u n e  1965)  

N a t i o n a l  Phys ic~f l  L a b o r a t o r y ,  T e d d i n g l o n ,  E n g l a n d  
* The  work descr ibed beh)w was s t a r t ed  while the au tho r  was 

a t  Engl ish  Electr ic  Co. L td ,  completed  as pa r t  of the  resea rch  
p rog ramme of the  Nat iona l  Physical  Labo ra to ry  and is pub l i shed  
by  permiss ion  of the  Di rec to r  of the Labora to ry .  

p r o c e d u r e  quickersort(a, j ) ;  
v a l u e  j;  i n t e g e r  j; a r r a y a ;  

b e g i n  i n t e g e r  i ,  k, q, m, p; real  t, x; i n t e g e r  array  "ul, 
lt[l :ln(abs(j)+2) /ln(2) +O.O1]; 

c o m m e n t  " The  procedure  sorts  the  e lements  of the a r ray  a l l : j ]  
into ascending  order.  I t  uses a me t hod  s imilar  to tha t  of Q U I C K -  
SORT by  C. A. R. Hoare  [.1], i.e., by  cont inual ly  sp l i t t ing  the  
a r ray  into pa r t s  such t h a t  all e lements  of one par t  are less t h a n  
all e l ements  of the  other ,  wi th  a th i rd  p a r t  in the middle  con- 
s is t ing of a single e lement .  I am gra teful  to the  referee for po in t -  
ing out  t h a t  Q U I C K E R S O R T  also bears  a marked resemblance  
to sor t ing  a lgor i thms proposed by T. N. H i bba rd  [2, 3]. In  par-  
t icular ,  the  e l iminat ion  of explieit  recurs ion by choosing the  
shor tes t  sub-sequence  for the  secondary  sor t  was in t roduced  by 

H i bba rd  in [2]. 
An e lement  wi th  value t is chosen a rb i t r a r i ly  (in Q U I C K E R -  

SORT the  middle  e l ement  is chosen, in Q U I C K S O R T  a r andom 
e lement  is chosen),  i and  j give the  lower and upper  l imits  of 
thc  s egmen t  being spli t .  Af te r  the  spl i t  has taken place a value 
q will have  been found such  t h a t  a[q] = t and a[I] < t < a[J] 
for all [, J such tha t  i < I < q < J _~ j .  The  p rogram then  
per fo rms  opera t ions  on tile two segments  a l l :q - l ]  and a[q+l :j] 
as follows. Tile smaller  segment  is spl i t  and  the posi t ion of the  
larger  segment  is s to red  in the It and  ut arrays  (It and ut are  
mnemonics  for lower t empora ry  and upper  t empora ry ) .  If  the  
segment  to be spl i t  has two or fewer  e lements  it is sor ted  and  
ano t he r  s egmen t  ob ta ined  f rom the  It and ut ar rays .  When  no 
more segments  remain ,  t he  ar ray  is comple te ly  sor ted .  

R E F E R E N C E S  : 
1. HOARE, C. A . R .  Algor i thms 03 and  64. Comm. A C M  4 (July 

1961), 321. 
2. IIIBBARD~ THOMAS N.  Some combina tor ia l  p rope r t i e s  of 

ce r ta in  t rees wi th  appl ica t ions  to searching and  sor t ing .  

J.  A C M  9 (Jan.  1962), 13. 
3. - - - - .  An empir ical  s t u d y  of minimal  s torage sort ing.  Comm,. 

A C M  6 (May 1963), 206-213; 
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/ := ~}t := 1; 
:\ : i f j - - i  > 1 I h e n  

b e g i n  eomme,~ l  This S e g l t t e n [  }lgl8 m o r e  {}1:tl1 [V,O elcmc{mts. 
so split it; 
p := tj=f-i) : 2; 
c o m m e n t  p is the position of an ,qrbitrary elemenl i~, the> 

segment  a[i:jl. The best possible value 0f p would be ore' 
whieh splits the segment  into  two halves of equal size, thus 
if the array ,(segment) is roughly sorted, the middle ele- 
men t  is an excellent choice. If the array is eomplelely 
random iho middle element  is as good as any o~her. 

If howeww ~he array a[ l : j l  is such t h a t  the pa r t s  a l l : j + 2 ]  
and a [ j + 2 + l  :jl  :ire both  sorted the middle e lement  could 
be very bad. A<:,c<>rdingly in some c i rcumstances  
p := (i-l--j) + 2 should be replaced }>y p := ( i + 3 X / )  + t 
or p : -  RANDOM(i ,  j l  as in Q U I C K S O R T ;  

t :=  "[pl; 
a{p] := a[i]; 
q : = j ;  
for ~ :=  i -}- I s t e p  1 u n t i l  q d o  
b e g i n  e o n u n e n t  Search for an  e lement  a{/:] > t s t a r t i ng  

from the beg|raring of the segment ;  
i f  a[k] > t t h e n  
b e g i n  eom.m.ent  Sueh an a[k] has been found;  

for  q :=  q s t e p  - 1  u n t i l  /c do  
b e g i n  e o n u n e n t  Now search for a[q] < t s t a r t ing  from 

the end of the segment;  
i f  a[ql < t t h e n  
b e g i n  c o m m e n t  a[q] has been found, so exchange 

a[q] and  a[k]; 
z : =  (~ [/el ; 
a[k] := a[q]; 
a[q] := ~; 
q := q - l ;  
c o m m e n t  Search for ano ther  pai r  to exchange; 
go  to  L 

e l l d  

e n d  for q; 
q : = k - - 1 ;  
e o n n n e n t  q was undefined according to Para .  4.t:;.5 of 

the Revised AL(~OL 60 Repor t  [Comm. ACM 6 (Jan, 
1963), 1-17}; 

g o  to  ] [  
end ;  

L: e n d  f o r k ;  
c o m m e n t  We reach the label M when the search going up- 

wards meets  the  search coming down; 
M: a{/} :=  a[q]; 

a[q] := t; 
e o n u n e n t  The  segment  has been spli t  in to  the  three par ts  

(the middle ftarl~ has only one element) ,  now store the 
posit ion of the largest  segment, in the  It and *at arrays amJ 
reset  i and j to give the  posi t ion of the next largest  segment ;  

i f 2  X q > i -ff j t h c n  
begill 

It[m] := i; 
~t[m} := q - l ;  
i := q+l 

e n d  
e l s e  

b e g i n  
It{m] :=  q + l ;  
,~['~r~] := j ;  
j : = q - - 1  

end ; 
eolllHHS.~it U p d a t e  m a>d spli t  this  rmw smal ler  S{~gilnlSl{,; 
m := m-÷-l; 
go  to  N 

e n d  

6 7 0  ( ] o n l l l l u n l e a t i o n s  (If t h e  ACM 

] ) C g i l l  C,I.FHHII~PII~ 'l'~li:-: SCLLI//t'I/I }/:/>: [t'SS I}!HI/ [W() ()]eH/e/i ts;  
go /o P 

cn(I 

l>e~it~ eommet~ /  Thi,~ is llw ( '~( '  wh<'l~ th<' s<'gmel~ has just 
It~t> eh'nlci~ts, so s<)r~,[i] :,~t<l ~zl,J] x~lnl'~ = i -t 1; 

i fo i / ]  7> oi,]] Ihe,1 
t)~'giu 

:c ::: . ] i I ;  
< i ]  : =  . ! / ! ;  

a[,i] : . . . . .  ~, 
e n d  ; 
e o n l l u ( ' H l  I f  {hi ,  }{ aiH/ !!{ arF',;iys COl l la i l t  tn()Fe segments 

Ix) i)e sooted th(m I'P[}e',t [ [ h t '  t ) t ' l t t  ess  [)5" spli t  t i n t  the smallest 
Of {}/,ese, I f  ll,O t l l l ) l 'e  s e ~ t l l C l l [ s  I '( ' l lRtiIl  {}lt' f/l'/'/t)" }ILLS t)eet/ 
eomph)te l )  s()rled ; 

if' nz 7> 0 f h e t !  
b e g i n  

i := ft[ml; 
j := /~O~z}; 

go  to  N 
e n d ;  

e n d  
e n d  qldckersorZ 
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{h i t che r ,  1965 !1: 

allows the t%r loop labeled tag] to be elimim~ted. 
3. The  var iab le  first may be e l imina ted  by deelar}ng the pa- 

ramete r  u as a value  paramete | ' ,  arid ut i l izing it as the controlled 
var iable  of the  outer  loop. 

The  au thor  wishes to t h a n k  the referee for wduable  suggestions. 
The revised a lgor i thm then reads:  

p r o c e d u r e  inversepermulalion (P) of na tu ra l  tmmt)ers up to: (n); 
v a l u e  n; i n t e g e r  n;  i n l e g e r  a r r a y  P; 

e o m r n e n t  ( ; iven  a permuta t ior l  P(i) of t h ,  tmmbers i = l(l)n, 
the inverse pe rmuta t i (m is computed  in situ 

b e g i n  i n t e g e r  {, j,  k; 
for  n := n s t e p  - t  u n t i l  1 do  
b e g i n  i := P[r~l; 

i f  i < 0 t lhe, l  P i n |  :=  - i  
e lse  i f  f ¢ n t h e n  
b e g i n  X" := n;  

loop: j := Pii}; P{ i I :  ... . . .  k; 
i f j  .... r~, t h e n  Pin,| := i 
e I s e 
b e g i n  k ::= i [ ::= j ;  g o  t o  lOOp 
e f l d  

e n d  
e l l d  

e t l l d  l.lzt~,uy;-;~ ])('r+u?~la[u~r*. 
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I N V E R S E  PF, t l ~ [ U ' I ' A T I O N  

[B. H .  ] 3 o o n s t r ~ ,  C o m m . . . I C 3 1  8 ( F e b .  1965) ,  104] ~,~ 

C.  W .  5[EDLOCK ( R e c d .  12 A p r ,  1965 a n d  14 J u l y  1965) :: 

I B M  C o r p . ,  P r o g r ~ m l n l i n g  S y s t e m s ,  P o u g h k e e p s i e ,  N.Y. 

Several silnplificatior~s may be made to the  subject  algorithm :~ 
to permi t  more efficient opera t ion .  

1. On man,v compilers,  the procedure  would be more efficie,t ,~ 
if the outer  loop were wr i t t en  as a for  loop. 

2. The  in i t ia l iza t ion of the vec tor  i t) to tmgative values may be 
omi t ted  by revers ing the  i n t e rp re t a t i on  of posi l ive and negative 
values. As revised,  P{i] eontaii~s a negat ive  number  if i t  contains 
the  inverse va lue  and i is less t h a n  the cur ren t  wduc of the t,a- 
r amete r  n. P[i] eontait~s a pos i t ive  yah  ( in al o ther  cases. This 




