
d i t : o  

e s  t o  

(4)  
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( 9 )  
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• : 1 - 9 6 6  

t + , ) l n ( l  + ~ )  

= j + ( - 1 / ( j  I 

@ , j  ~1 
( - -  1 xQ = L . , . ,  ) -:- 

I [ iU..~: 

i )  ! /=  in (1 + :~:)~ (lO) 

al  = 1, 

a~ = ( -1)<3(j -I )  (j > 2), 

b~ = - ( - 1 p / j  (j k 1). 

(11) 

Appiying the algorithm to these coefficients leads to the 
,"., array of which the first few elements are as follows: 

"--....~.! 
i x ,  I 

1 1 

2 - 1  
3 Y 
4: _ 1,37 

(i 1 7  5 9  
- - -  i g ~  

1 3 2 7 9  
3 { I  0 - 

2 3 4 5 6 7 

1 

- 2  I 

4 - 3  I 
2 6 1 .T 

- -  :~ - 2 -  - - 4  1 

~ 12 --5 1 4 • - -  2!27- 

1 (} o a ] s ; _ I I~" :;.,.5 - - 6  
- -  "2 0 "-4 " , 

As might be expected from the fact that  Y(X) has a 
branch point at X = e -~'~ = .6922 .--  , this power series 
has a small radius of convergence. The corresponding con- 
tinued fraction, however, obtained by the qd algorithm, 
converges quite satisfactorily. Even for X = 4, the error of 
the sixth convergent is less than 2.4 percent, and the 
error of the 15th about .0015 percent. 

Acl:nowledgment.s. I t  is a pleasure to acknowledge the 
helpful criticism and advice of Dr. Richard I:. King, 
Argonne National Laboratory, in improving the clarity i 
of the presentation and suggesting lhe inclusion of a spe- 
cific example. 
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ALGORITI{M 273 
SERREV [c1] 
HExi~v C. TrL~enEn, J~. (Retd. 2 Apr. 1965) 
Argonne National Laboratory, Argonne, Illinois 
(Work suppor t ed  by the US Atomic Energy  Commission.)  

p r o c e d u r e  S E R R E V  (A, B, C, N);  
va lue  N;  i n t e g e r  N; a r r a y  A , B ,  C; 

c o m m e n t  This  procedure  produces  in the  a r ray  C the  coefficients 
of the  power  series yi =_~.£~)Cox ~, where y is the  solut ion of 

y N 

f(y) = ~ A~y ( = g(x) = ~ B~z ~ 

and -tt = 1. The  arrays  A and B are l inear,  wi th  bounds  1 and 
.1[ ~_ N.  The  a r ray  C is square,  wi th  bounds I:M', I : M .  Ele-  
ments  above the  diagoaal  are not  used. The  der ivat ion of the  
me thod  is given in [11; 

b e g i n  i n t e g e r  I , o  r , K , L [ 3 [ ;  r ea l  T; 
f o r  I :=  1 s t e p  1 u n t i l  N do  

b e g i n  f o r d  :-- I --1 s t e p  --1 u n l i l  l do 
b e g i n  7' := 0; L[3f  := l - - J ;  

f o r K  :=  1 s t e p  1 u n t i l  L / M  do  T :=  C[K,1] × C [ I - K , J I  
+ T; C[[, J + l ]  := 7' 

e n d  for J ;  
T :=  /~[/1; 
f o r  J :=  2 s t e p  1 u n t i l  I do  T :=  T - A [ J ]  X C[[,J]; 
C[/,I] := 7' 

e n d  for [ 
e n d  

R E F E R E N C E  : 

1. Tma('.tma, H. C., Jr .  Solut ion of t r anscenden ta l  equa t ions  by 
series reversion.  Comm. AC_I[ 9 (Jan. 1966), 10-11. 

A L G O R I T H M  274 
G E N E R A T I O N  OF HILBEIUP D E R I V E D  T E S T  

M A T R I X  [F1] 
J. BOOTHROYD (Reed. 19 ~1ay 1965 and 27 Aug. 1965) 
University of Tasmania, Hobart ,  Tas., Australia 

, p r o c e d u r e  testmx(a,n ; v a l u e  n;  i n t e g e r  n; a r r a y  a; 
I c o m m e n t  T . J .  Dekker ,  " E v a l u a t i o n  of D e t e r m i n a n t s ,  Solut ion 

i of Svsterns of Linear  t: :quations and  Mat r ix  I n v e r s i o n "  [Rep, ! -. 

i No.  MR63, Ma thema t i ca l  Centre ,  Amsterdam]  descr ibes  a t e s t  
: mat r ix  M[l:n,  l:.n] wi th  the  folh)wing proper t ies :  
i (a  e lements  M[i.j] are posi t ive  integers ,  

: i i i (b) ~he inverse  has e lements  ( - 1 )  T ( i+j)  X M[i,j] ,  
~ ~i (c), the  degree of i l l -condit ion increases rapidly  wi th  inc reas -  
: i i ing n. 
i i Such matr ices  m a y  be formed by  31 = FG-~HG where  F is 
: i diagonal mat r ix  diag(fi) with  f i  = factorial ( n+ i -1 ) / ( f ac to r ia l  
:. i ( i -1 )~2) / fac tor ia l (n - i ) ,  H is t he  order  n segment  of a H i l b e r t  
! i mat r ix  and G is diagonal ,  diag (gi), with  gi der ived f rom the  p r ime  

decomposi t ion  of f i  by:  

;i f i  = pl~lp2 ~" . . .  ph '~k, gi pl~+2p2 ~+2 - . .  pk • . i ~ m k  = 2 

C o m m u n i c a t i o n s  o f  t h e  AC3:I 1I  



T h i s  p r o c e d u r e  fo rms  ma t r i c e s  a l l : n ,  l : n ]  of th i s  type  and  fol- 
lows D e k k e r  it~ p r inc ip le  b u t  n o t  in de ta i l .  F ac t o r i a l s  are avo ided  
by  e v a l u a t i n g  t he  f i  wi t h  :~ r eeu r s ion  sequence  

rill := ~, f[i+l] := fg] x 0<2-i?e) + i72 
( i = 1 ,  2, - . -  , -n- - l ) ,  

p e r m i t t i n g  t h e  exac t  c o m p u t a t i o n  of f i  for m u c h  larger  n t h a n  
wou ld  o the rwise  be poss ible .  I n  the  e v a l u a t i o n  of expr~ss ions  
of t he  form ( ,Xb)  + c, where  t he  re.~ult is i n t eg ra l  b u t  c is no t  
a f ac to r  of e i t he r  a n r  b, n u m e r a t o r  i~ teger  overf low is avo ided  
by  the  s imp le  device  

express ion  :=  q X  b + (rXb) + c where  a = q X  c + r .  

T e s t  m a t r i c e s  for 2 ~ n N 15 have  been  c o m p u t e d  on a m a c h i n e  
w i th  a 39-bi t  in t ege r  regis ter .  D u r i n g  t e s t s  of the  p rocedure  t h e  
spec i f ica t ion  of t h e  a r r ay  parain~:ter was c h a n g e d  f rom r e a l  to  
i n t e g e r  a n d  the  r e su l t s  checked  by m a t r i x  mul t ip l ica t . ion  u s ing  
an  exac t  double  prec i s ion  in teger  i n n e r - p r o d u c t  rou t ine .  T h e  
u n i t  m a t r i x  was ob ta ined  in all cases.  As r e a l  a r r a y s  t l lcse 
m a t r i c e s  will find use  only for va lues  of n s u c h  thai.  all i n t ege r  
e l e m e n t s  h a v e  an  exac t  f loat ing po in t  r e p r e s e n t a t i o n .  Fo r  
10 ~ n -<- 15 the  va lues  of t h e  e l emen t s  of l a rges t  m o d u l u s  a r t :  

10 16i6615 
11 49884120 
12 108636528 
13 490804314 
14 185989(X)32 
15 2209t;817600 ; 

b e g i n  i n t e g e r  i, j ,  k, f i ,  gi, d, q, r; B o o l e a n  even; 
i n t e g e r  a r r a y  f ,  g [ i :n l ;  
c o m m e n t  F i r s t  we c o m p u t e  F = diag(fi); 
f i  : = f i t ]  : =  n; j :=  n X  n;  
tbr i := 1 s t e p  1 u n t i l  "n--1 d o  

b e g i n  d : =  i X i;  k :=  j - - d ;  
q : = f i  : d; r : = f i - q M d ;  
f [ i + l ]  :=  f i  :=  q X k + (rXk) + d 

e n d ;  
c o m m e n t  And  now, u s i ng  a modif ied  p r ime  f ac to r s  a l g o r i t h m  

to o b t a i n  G = diag(gi), we c o m p u t e  FG -~, whose  e l emen t s  re- 
place t h o s e  of F ;  

f o r  i :=  1 s t e p  1 m l t i l  n do  
b e g i n d  :=  gi : -  1; q : = f i  :=  f[i];  j :=  2; 

neu'j: even :=  f a l s e ;  
next: i f  q ) j t h e n  

b e g i n  q :=  f i  + j; 
i f /  # q X j t h e n  
b e g i n  j := j+d;  d : =  2; go to newj e n d ;  

i f  even t h e n  9i :=  gi X j; even :=  ~ even; 
f i  :=  q; go t o  next 

e n d ;  
g[i] :=  gi; f[i] : - f [ i ]  + gi 

e n d ;  

eo~nmet l l .  I : imdly ,  ill one o p e r a t i o n  (FG-1)HG where  H is a 
n o n e x i s t e n t  Hi lbe r t  m a t r i x  whose  rec iproca l  e l emen t s ,  
i + j - 1 ,  are  c o m p u t e d  as we go; 

f o r  i :=  1 s t e p  I u n t i l  n d o  

b e g i n  f i  : =  f[i]; 
fo r  j :=  1 s t e p  1 u n t i l  n d o  
b e g i n  gi := g[j]; k := i + j - 1 ;  

q:=  f i  + k ;  r : = f i - -  q X k ;  
eli,  j] :=  q X gi + ( rXgi )  + k 

e l l d  

e n d  

e n d  teslmx 
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CJ.2RTIiFiCATiON Oi:" A!,QOIliTftS:[ 56 ,[¢ol].~ 
COMPLT.iTE E L I , ! P T I C  i N T E G i l 2 d ,  OF T H E  

SECOND I( iND 
.[,J- ~!I. }ferndon,. Comm ° ~ICM ,~,' (Apr. 1061e ~)j, 180] 

T N £;s~,,II:taJ) ~\[smLtm J,anss~::: (Recd. 9 Aug. i965) 
Institut f/iv Staiik und Dynamik der Lull- und Raur l l -  

fahrtkons~rukt,one., mit tlechcngruppe der Luf .mhrt . ,  
Technische tIochschu]e, S tu t iga r t  (]el'many 

A l g o r i t h m  56 was  run  on a U x I x a c  1107 u s i n g  tl~e l ? x I v a c  110 '7  
ALOO5 60 compi le r  (da ted  . Jammry  25, 1965). The  s i n g l e - p r e c i s i o n  
floai.ing p,~int a r i t t ime t i c  of th i s  t r a n s l a t o r  carr ies  e ight  s i g n i f i e a r l t  
d ig i t s .  

T w a  s y n t a c [ i c a l  er rors  were r e m o v e d  f rom the  a l g o r i t h m :  
1. T h e  l ine 

E L L I P T I C  2 :=  (((0.040905094 X t + 

was  c h a n g e d  to 

E L L I P T I C  2 :=  ((0.010905094 X t -~ 

2. The  func t i on  log was c h a n g e d  to ln. 
In  add i t i on ,  the  s t a i e m e n t  

t :=  1 - - k X k  

was  r e m o v e d  f rom the  a l g o r i t h m  a n d  t h e  e o m p h m m n t a r y  p a r a n ~ e -  
~er itself u sed  as i npu t  to  t h e  p r o c e d u r e :  

r e a l  p r o c e d u r e  E L L I P T I C  2 (t); v a l u e  l; r e a l  t; 

to avoid  eanee l l a i i on  er ror  for  va lue s  of t; nea r  1. [While t h e  u s e  
of f as i n p u t  p a r a m e t e r  is good  c o m p u t a t i o n a l | y ,  the  n a m e  of " g h e  
p rocedu re  is t h e n  s l igh t ly  mis lead ing . -  -J .G.II .]  

Severa l  w d u e s  of t he  comple t e  e l l ipt ic  i n t eg ra l  of the  s e c o n d  
k ind  were c o m p u t e d  for 1 > f > 0. T h e  m a x i m u m  er ror  was f o u ~ d  
1o be a b o u t  7 t , - 7 ,  c o m p a r e d  w i t h  A. ).l. L e g e n d r e ,  T a f e l n  d e r  
E l l i w i s e h e n  N o r m a l i n t e g r a l e ,  S t u t t g a r t ,  1931. Fo r  t = 0 art e r l - o r  
exi t  f rom the  In rou t i ne  t a k e s  p lace .  

A Dale To 12emember! 
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