
2q+2 .  R o m b e r g  i n t e g r a t i o n  is n o r m a l l y  g i v e n  as  t h e  e x t r a p o l a -  
t i o n  to  t h e  l imi t  of t h e  t r a p e z o i d  rule .  L e t  

1 k T~)  = h ( ~  fo + f l  + " " + f2k-, + ~ f~ ) ,  and  T ~  ) 

4~T22 ~- T2~ 
4 m _ _ 1  

t h e n  t h e  R o m b e r g  q u a d r a t u r e  ru le  g ives  

f 
r o  n 

f ( t )  dt = T(~ ) = ~ wi f ( t i ) ,  
0 i=0 

where n = 2q, m = (p -- 2)/2, and k = q-m. The left and right 
endpoints must be in t[0] and t[n] respectively. The abscissas 
are returned in t[0] to t[nn] and the corresponding weights in 
w[0] to w[n]. 

I f  p = 2 t h e  R o m b e r g  ru le  is t h e  s a m e  as  t h e  r e p e a t e d  t r a p e -  
zoid  ru le ,  a n d  if p = 4, t h e  s a m e  as  t h e  r e p e a t e d  S i m p s o n  ru le .  

F o r  n ~ 128 a n d  p ~ 16, t h e  n u m e r i c a l  i n t e g r a t i o n  of power s  
(less t h a n  p) of x on  t h e  i n t e r v a l  [0, 1] gave  a n s w e r s  co r rec t  t o  
one  r o u n d  off e r ro r  in  a n  l l - d i g i t  m a n t i s s a .  
REFERENCE: B a u e r ,  F .  L. ,  R u t i s h a u s e r ,  H . ,  a n d  St iefc l ,  E .  
N e w  a s p e c t s  in  n u m e r i c a l  q u a d r a t u r e .  Proc.  of  S y m p .  i n  A p p l .  
Math. ,  ¥o l .  15: H i g h  speed  c o m p u t i n g  a n d  e x p e r i m e n t a l  a r i t h -  
m e t i c .  A m e r .  M a t h .  Soc. ,  P r o v i d e n c e ,  R .  I . ,  1963, pp .  199-218; 

b e g i n  i n t e g e r  i ,  j ,  m,  m l ,  m4,  s;  
real  h, ci; r e a l  a r r a y  c[0: (p - -  2) /2] ;  
h :=  (tin] -- t[Ol)/n; w[0] : =  w[n] : =  0; 
f o r  i :=  n - - 1  s t e p  - -1  u n t i l  1 d o  

b e g i n w [ i ]  := c[i] : = 0 ;  t[i] := i X h + t[O] e n d ;  
m :=  ( p - -  2) /2 ;  c[0] : =  1.0; s : = m 4 : =  1; c[n] : =  0; 
i f  m > l n (n ) / l n (2 )  t h e n  m : =  l n (n ) / l n (2 ) ;  
f o r  j :=  1 s t e p  1 u n t i l  m do  
b e g i n m 4  :=  4 X m 4 ;  m l  : =  m 4 - -  1; 

f o r  i :=  j s t e p  - -1  u n t i l  1 do  
c[i] :=  (m4 X c[i] --  c[i --  1 ] ) / m l ;  

c[0] :=  c[0] X ( m 4 / m l ) ;  
end;  
for i := 0 s t ep  1 u n t i l  m do 
b e g i n  ci := c[i] X s; 

f o r j  :=  0 s t e p  s u n t i l  n d o  w[j] :=  w[j]+ci ;  
s : = 2 X s  

end;  
w{O] := win] := 0.5×w[O]; 
f o r j  :=  0 s t e p  1 u n t i l  n do  w[j] :=  w[j] X h;  

e n d  rombergrule 

A L G O R I T H M  282 
DERIVATIVES OF e~/x, cos (x)/x, AND sin (x)/x* 

[$22] 
WALTER GAUTSCHI (Recd. 19 Aug. 1965) 
Argonne National Laboratory, Argonne, Ill. 

* W o r k  p e r f o r m e d  u n d e r  t h e  ausp i ce s  of t h e  U.S .  A t o m i c  E n e r g y  
C o m m i s s i o n .  A u t h o r ' s  p r e s e n t  a d d r e s s  is P u r d u e  U n i v e r s i t y .  

p r o c e d u r e  dsubn(x,  nmax,  d); 
v a l u e  x, nmax;  i n t e g e r  nmax;  r e a l  x;  a r r a y  d; 

c o m m e n t  T h i s  p r o c e d u r e  g e n e r a t e s  t h e  d e r i v a t i v e s  

d~(x) = dx~ \ x /  (n = O, 1, 2, . . . ,  n m a x )  

u s i n g  t h e  r e c u r r e n c e  r e l a t i o n  

d,(x)  = (e ~ --  nd~_,(x) ) /x  (n = 1, 2, 3, . . .  ). 

T h e  r e s u l t s  are  s t o r e d  in  t h e  a r r a y  d. I f  x = 0, t h e r e  is a n  e r ro r  

ex i t  to  a g loba l  label  ca l led  alarm; 
b e g i n  i n t e g e r  n; real  e; 

i f  x = 0 t h e n  go  t o  alarm; 
e :=  exp(x);  d[0] :=  e/x;  
f o r  n :=  1 s t e p  1 unti lnnmax do  

d[n] :=  ( e - -  n X d [ n - -  1])/x 
e n d  dsubn ; 
p r o c e d u r e  csubn(x,  nmax,  c); 

v a l u e  x, nmax;  i n t e g e r  nnmax; r e a l x ;  a r r a y  c; 
c o m m e n t  T h i s  p r o c e d u r e  o b t a i n s  t h e  d e r i v a t i v e s  

d" / c o s  x \  nmax)  c~(x) = ~x~ ~ - ~ - - )  (n = 0 ,1 ,2 ,  " " ,  

f r o m  t h e  r e c u r r e n c e  r e l a t i o n  

c~(x) = ( r , (x)  --  n c ~ a ( x ) ) / x  (n = 1, 2, 3, . . .  ), 

where  {T,(x)}:=l = { - - s in  x, --cos x,  s in  x,  cos x,  - - s i n  x,  . . .  }. 
T h e  r e s u l t s  a re  s t o r e d  in  t h e  a r r a y  c. I f  x = 0, t h e r e  is a n  e r ro r  
ex i t  to  a g loba l  labe l  ca l led  alarm; 

b e g i n  i n t e g e r  n ;  a r r a y  tau[l:  4]; 
i f  x = 0 t h e n  go  t o  alarm; 
tau[1] : = - - s i n ( x ) ;  tau[2] :=  - -cos(x);  
tau[3] :=  - - tau[1] ;  tau[4] :=  --tau[2]; 
c[0] :=  tau[4]/x; 
f o r  n :=  1 s t e p  1 u n t i l  nmax  do  

c[n] := ( t a u [ n - - 4 X ( ( n - - 1 )  + 4 ) ] -  n X c [ n - - 1 ] ) / x  
e n d  csubn ; 
p r o c e d u r e  ssubn(x ,  nmax,  d, s) ;  

va lue  x,  nmax,  d; i n t e g e r  nmax,  d; r e a l  x;  a r r a y  s;  
c o m m e n t  T h i s  p r o c e d u r e  g e n e r a t e s  to  d s ign i f i can t  d ig i t s  t h e  

d e r i v a t i v e s  

(sinx  
s,(x)  = d x " \  x ] (n = 0 , 1 , 2 , . . . , n m a x ) ,  

a n d  s t o r e s  t h e  r e s u l t s  in  t h e  a r r a y  s. T h e  m e t h o d  of c o m p u t a t i o n  
is b a s e d  on  t h e  r e c u r r e n c e  r e l a t i o n  

s~(x) = (z~(x) --  n s n - l ( x ) ) / x  (n = 1 , 2 , 3 ,  . . . ) ,  

whe re  {cr~(x)}:_t = {cos x,  - - s i n  x, - c o s  x, s in  x,  cos x , . . . } .  
T h e  r e c u r r e n c e  r e l a t i o n  is app l i ed  in  f o r w a r d  d i r e c t i o n  as l o n g  
as  n =< ]xl, a n d  in  b a c k w a r d  d i r ec t i on  for  t h e  r e m a i n i n g  v a l u e s  
of n ,  s t a r t i n g  w i t h  a n  a p p r o p r i a t e l y  l a rge  n = r. A d e t a i l ed  d is -  
c u s s i o n  of t h e  m e t h o d  will be  p u b l i s h e d  e l sewhere .  I t  is a s s u m e d  
t h a t  a g loba l  real  p r o c e d u r e  t(y) is ava i l ab l e ,  w h i c h  e v a l u a t e s  
t h e  i nve r se  f u n c t i o n  t = t(y) of y = t In t to  low a c c u r a c y  for  

y => 0. (See W. G a u t s c h i ,  A l g o r i t h m  236, Besse l  f u n c t i o n s  of 
t h e  f irst  k ind ,  Comm. A C M  7 (Aug.  1964), 479 G a u t s c h i ,  W. 
C o m p u t a t i o n  of succes s ive  d e r i v a t i v e s  of  f (z)/z,  in  p ress ;  

b e g i n  i n t e g e r  n, nO, nu;  r e a l  x l ,  d l ,  s l ;  a r r a y  sigma [1: 4]; 
x l  := abs(x);  
s igma [1] :=  cos(x); s igma [2] :=  - s i n ( x ) ;  
s igma [3] :=  - - s igma  [1]; s igma [4] :=  - - s igma  [2]; 
nO := enntier (x l ) ;  s[0] :=  i f x  ~ 0 t h e n  sigma [4]/x e l s e  1; 
f o r  n :=  1 s t e p  1 u n t i l  i f  nO =< nmax  t h e n  nO e l s e  n m a x  d o  

sin] :=  (sigma[n --  4 X ((n --  1) + 4)] -- n X s[n --  1])/x;  
i f  nO < nmax  t h e n  
b e g i n  

s l  :=  0; d l  :=  2.3026 X d +  .6931; 
n u  :=  i f  nmax  =< 2.7183 X x l  0 t h e n  

1 + entier (2.7183 X x l  X t(.36788 X d l / x l ) )  e l s e  
1 + entier (nmax X t ( d l / n m a x ) ) ;  

f o r  n :=  n u  s t e p  ~ 1  u n t i l  n 0 + 2  d o  
b e g i n  

s l  :=  (sigma[n --  4 X ((n --  1) + 4)] --  x X s l ) / n ;  
i f n  ~ nmax  -4- 1 t h e n  s i n - - l ]  :=  s l  

e n d  
e n d  

e n d  ssubn 
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ALGORITHM 283 
SIMULTANEOUS DISPLACEMENT OF POLYNO- 

MIAL ROOTS IF REAL AND SIMPLE [C2] 
IMMO O. KERNnR (Recd. 8 Sept. 1965 and 12 Nov. 1965) 
Rechenzentrum Universitaet Rostock 

p r o c e d u r e  Prrs  (A,  X ,  n, eps); v a l u e  n, eps; 
i n t e g e r  n; r e a l  eps; a r r a y  A ,  X;  

c o m m e n t  Prrs (po lynomia l  roo t s  real  s imple )  c o m p u t e s  t h e  n 
roo t s  X of t h e  p o l y n o m i a l  e q u a t i o n  

A,,x ~ + A , - l x  '~-1 + " "  + Ao = 0 

s i m u l t a n e o u s l y .  On  e n t r y  t h e  a r r a y  X c o n t a i n s  t h e  v e c t o r  of 
in i t i a l  a p p r o x i m a t i o n s  to  t h e  roo t s  a n d  on ex i t  i t  c o n t a i n s  t h e  
v e c t o r  of  i m p r o v e d  a p p r o x i m a t i o n s  to  t h e  roo ts .  T h e  in i t ia l  
a p p r o x i m a t i o n s  m u s t  be  d i s t i nc t .  A c c u r a c y  is specif ied b y  m e a n s  
of a p a r a m e t e r  eps. I t e r a t i o n  is c o n t i n u e d  un t i l  t h e  E u c l i d e a n  
n o r m  of t h e  co r rec t ion  v e c t o r  does n o t  exceed eps. T h e  con-  
ve rgence  is q u a d r a t i c ;  

b e g i n  i n t e g e r  i ,  k; r e a l  x, P ,  Q; 
eps := eps T2; 

W:  Q : = 0 ;  
f o r  i :=  1 s t e p  1 u n t i l  n do  

b e g i n  x :=  P :=  A In]; 
for /c  : = 1 s t e p  1 u n t i l  n d o  
b e g i n  x :=  x X X[i] + A[n -- k]; 

i f k  # / t h e n  P : =  P X (X[ i ] -X[k] )  
e n d ;  
X[i] := X l i ] - - x / P ;  

Q : = Q +  (x /P)  T2 
e n d ;  
i f  Q > eps t h e n  go  t o  W 

e n d  

CERTIFICATION OF ALGORITHM 9 [D2] 
RUNGE-KUTTA INTEGRATION [P. Naur et al., 

Comm. A C M  3 (May 1960), 318] 
HENRY C. THACHER,  JR. (Recd. 28 July 1964 and 22 Nov. 

1965) 
Argonne National Laboratory, Argonne, Ill. 

A l g o r i t h m  9 was  t r a n s c r i b e d  in to  t h e  h a r d w a r e  r e p r e s e n t a t i o n  
for C D C  3600 ALGOL a n d  r u n  succes s fu l ly .  T h e  fo l lowing  p r o c e d u r e  
was  u s e d  for  t h e  g loba l  p r o c e d u r e  comp: 
r e a l  p r o c e d u r e  comp (a, b, c) ; v a l u e  a, b, c; r e a l  a, b, c; 
b e g i n  i n t e g e r  A E ,  BE ,  CE; 

i n t e g e r  p r o c e d u r e  expon(x); r e a l  x; 
c o m m e n t  T h i s  f u n c t i o n  p r o d u c e s  t h e  base  10 e x p o n e n t  of  x; 
expon :=  i f x  = 0 t h e n  --999 e l s e  

entier (.4342944819 X ln(abs(x)) + 1); 
c o m m e n t  T h e  n u m b e r  - 9 9 9  m a y  be r ep laced  b y  a n y  n u m b e r  

less  t h a n  t h e  e x p o n e n t  of t h e  s m a l l e s t  pos i t i ve  n u m b e r  h a n d l e d  
b y  t h e  p a r t i c u l a r  m a c h i n e  used ,  for  t h i s  a l g o r i t h m  a s s u m e s  
t h a t  t r u e  zero  h a s  a n  e x p o n e n t  sma l l e r  t h a n  a n y  nonze ro  
f l oa t i ng -po in t  n u m b e r .  U s e r s  i m p l e m e n t i n g  r e a l  p r o c e d u r e  
comp b y  m a c h i n e  code s h o u l d  m a k e  su re  t h a t  t h i s  c o n d i t i o n  
is sa t i s f ied  b y  t he i r  p r o g r a m ;  

T A B L E  

A E  := expon(a); B E  :=  expon(b); CE := expon(c); 
i f A E  < B E  t h e n  A E  := BE;  i f A E  < CE t h e n  A E  := CE; 
comp := abs(a -- b)/10 T A E  

e n d  

T h i s  h a s  t h e  a d v a n t a g e  of m a c h i n e  i n d e p e n d e n c e ,  b u t  is h i g h l y  
ineff ic ient  c o m p a r e d  to  m a c h i n e  code.  

T h e  p r o c e d u r e  was  t e s t e d  u s i n g  t h e  two  fo l lowing  p r o c e d u r e s  
for  F K T  : 
p r o c e d u r e  F K T  (X,  Y ,  N,  Z);  r e a l  X ;  i n t e g e r  N; a r r a y  

Y, Z ;  
c o m m e n t  (dyl/dx) = zi = y2, (dy#dx) = z2 = --yl  • W i t h  

yl(0) = 0, y2(0) = 1, t h e  s o l u t i o n  i s y l  = s i n x ,  y2 = cosx;  
b e g i n  Z [1] :=  Y [2]; Z [2] :=  - - Y  [1] e n d ;  
p r o c e d u r e  F K T  (X, Y, N,  Z ) ;  r e a l  X ;  i n t e g e r  N ;  a r r a y  

Y, Z;  
c o m m e n t  (dyl/dx) = 1 + yl 2. F o r  yl(0) = 0, y(x) = tan x; 

Z [1] :=  1 +  Y[1]T2; 
T h e  R K  p rocedu re  was  u sed  to  i n t e g r a t e  t h e  d i f fe ren t ia l  e q u a -  

t i ons  r e p r e s e n t e d  b y  t h e  f irst  F K T  p r o c e d u r e  f r o m  x = 0(0.5)7.0, 
w i t h  eps = eta = 10 -~, a n d  w i t h  y~(0) = 0, y2(0) = 1. T h e  a c t u a l  
s t ep  size h was  .0625 for m o s t  of t h e  r ange ,  b u t  was  r e d u c e d  to  
.03125 in  t h e  n e i g h b o r h o o d  of x = k~r/2, where  one or t h e  o t h e r  of 
t h e  so lu t i ons  is smal l .  

T h e  c o m p u t e d  so lu t i ons  a t  x = 7.0 were :  yl = 6.5698602746 
X 1O -1, y2 = 7.5390270246 X 10 -I,  w i t h  e r rors  --5.71 X 10 -7 a n d  
4.48 X 10 -7, r e spec t ive ly .  

R e s u l t s  for  t h e  s econd  d i f fe ren t ia l  e q u a t i o n  are  s u m m a r i z e d  in  
T a b l e  I below. 

T h e  efficiency of t h e  p r o c e d u r e  wou ld  be  i n c r e a s e d  s l i g h t l y  o n  
m o s t  c o m p u t e r s  by  c h a n g i n g  t h e  t y p e  of t h e  o w n  v a r i a b l e  s f r o m  
r e a l  to  i n t e g e r .  

T h e  e r ro r  is e s t i m a t e d  b y  c o m p a r i n g  t h e  r e su l t s  of s u c c e s s i v e  
pa i r s  of s t ep s  w i t h  t h a t  of a s ing le  doub le  s t ep .  T h i s  is s o m e w h a t  
m o r e  t i m e - c o n s u m i n g  t h a n  t h e  K u t t a - M e r s o n  p rocess  p r e s e n t e d  
in  A l g o r i t h m  218 [Comm. A C M  6 (Dec.  1963) 737-8]. H o w e v e r ,  
t h e  c r i t e r ion  for s t ep - s i ze  v a r i a t i o n  in  A l g o r i t h m  9 w h i c h  effec- 
t i v e l y  app l i e s  a n  a p p r o x i m a t e  r e l a t i ve  e r ro r  c r i t e r ion ,  eps, for  
]Yl > eta, a n d  an  a b s o l u t e  e r ro r  c r i t e r i on  eta X eps, for  IYl < eta, 
a p p e a r s  supe r io r  w h e n  t h e  s o l u t i o n  f l u c t u a t e s  in m a g n i t u d e .  

REMARK ON ALGORITHM 218 [D2] 
KUTTA-MERSON [Phyllis M. Lukehart, Comm. A C M  6 

(Dec. 1963), 737] 
G. BAYEa (Recd. 25 Oct. 1965) 
Technische Hochschule, Braunschweig, Germany 

Success ive  calls  of Kutta  Merson wi th f i r s t  ~ f a l s e  do n o t  r e a c h  
t h e  u p p e r  b o u n d  t+h  if t h e  i n t e r v a l  h is u n e q u a l  to  t h e  i n t e r v a l  
h of t h e  f irst  call  wi th f i r s t  _~ t r u e .  

P r o p o s e d  co r rec t ion :  
1) d e c l a r a t i o n  r e a l  hc, i n s t e a d  of o w n  r e a l  hc; 
2) i f f i r s t  t h e n  b e g i n  f o r  i :=  1 s t e p  1 u n t i l  n doy 0 [ i ]  :=  y[i]; 

hc := h; ploc := 1; first := f a l s e  
e n d  e l s e  hc := h/ploc; 

i n s t e a d  of i f  first t h e n  b e g i n . . ,  e n d ;  

I [ALG. 9] 

hmiu 

10 -7 10 -3 .03125 
10 -5 10 -3 .125 
10 -3 10 -a .25 

x = 0.5 

Absolute error 

-- 1 X 10 -9 
- -5  X 10 -7 
--1 X 10 -5 

Relative error 

- -2  X 10 4 
- -9  X 10 -7 
- -2  X 10 -5 

hmln 

.03125 

.0625 

.25 

x =  1.0 

Absolute error 

9 X 10 -s 
8 X 10 -7 

- -2  X 10 -4 

Relative error 

6 X 10 -8 
5 X 10 .7 

- 1 X 10 .4 

hmln 

.00390625 

.0078125 

.03125 

x = 1.5 

Absolute error 

--1 X 10 -8 
- -2  X 10 -4 
- -3  X 10 -2 

Relative error 

- -8  X 10 -s  
--1 X 10 -5 
- -2  X 10 -a 
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