
LDQ = 

M P Y  X 

DVP = 
STO X 
ARS 8 
0RA = 
FAD = 
TRA 1, 

of 2 :~ - 3],  the  sequence  r epea t s  a f te r  '2 :~' -- 32 in tegers  
have been ge~eratJe(l. 

While l~esting the L e h m e r  gene ra to r  we t r ied  revers ing  
each '35-bi[) in teger  a f te r  i t  came  o u t  of [she genera tor .  
That  is to  say,  bit, s I and  35 were in t e rchanged ,  b i t s  2 and  
34 were int~erchange(l, etx'. t t e n c e  t h e  sequence of reversed  
integers was tes ted  for randomness .  T h e  impress ive  th ing  
ab<)ut the  L e h m e r  gene ra to r  is t h a t  the  sequence of re- 
versed in tegers  y ie lds  tes t  results  which  are no t  signifi- 
cantly different  from the  unreve r sed  integers ,  i nd ica t ing  
that  the  leasl ,-significant  b i t s  of the  in tegers  are  as r a n d o m  
(at leasl: f rom the v i e w p o i n t  of sa t i s fy ing  our  t es t  c r i te r ia )  
as the  mos t - s ign i f ican t  bi ts .  [ n  b o t h  modu lus  2 k m e t h o d s  
the leas t -s ignif icant  b i t s  a re  pe r iod ica l ly  n o n r a n d o m .  

The  recipe for the  Lehmer  m e t h o d  is:  (1) f ind the  
largest pr ime p less t h a n  regis te r  c apac i t y ;  (2) f ind a posi- 

tive p r imi t ive  roo t  A of p,  which  has  suff iciently ( to be  
determined b y  s t a t i s t i ca l  t e s t s )  m a n y  d ig i t s ;  (3)  s t a r t  

with any  pos i t ive  in teger  X0 < p and  genera te  the  se- 
quence of p s e u d o r a n d o m  in tegers  b y  the  reeurs ion re la t ion :  

X i + l  = A X . i  ( m o d  p) .  

The sequence will  r e p e a t  a f te r  p - - 1  in tegers  have  been 
generated. 

The  L e h m e r  gene ra to r  for t he  I B M  7 0 4 / 9 / 9 0 / 9 4  is: 

312,,5 Multiplier = 55. 
ACMQ = 55Xi. 

0377777777741 AC = 5~Xdmod (2~5-31)] = Xi+~. 

0200000000001 Insert characteristic and roundoff 
0. 
4 

Time on a 7094 M o d e l  I :  21 or  22 cycles. 

3. T e s t  R e s u l t s  

The  gene ra to r  was  r a t h e r  ex tens ive ly  tes ted .  (A t abu la -  
tion of the  t e s t  r esu l t s  is p r e sen t ed  in [5]) and  passed  the  
usual s t a t i s t i ca l  t e s t s  (and  some new tes ts )  for r a n d o m  
number genera to r s .  However ,  the  p a r t i c u l a r  a p p l i c a t i o n  
must  be the  u l t i m a t e  cr i te r ion  of t h e  su i t ab i l i t y  of  a se- 
quence of p s e u d o r a n d o m  numbers .  H e n c e  the  user  would  
do ve ry  well  to f o r m u l a t e  his own tes t s  d e p e n d i n g  on the  
appl ica t ion  and  to  t es t  t he  sequence  of p s e u d o r a n d o m  
numbers used.  

t~ECE[VED FEBi~UARY, 1966 
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E X A M I N A T I O N  S C H E D U L I N G  [ZH] 

J. •. L. 1)ECK AND ~([. R. WILLIAMS (Recd. ]7  Maw. 1964, 
25 Jan.  1965 and  1 Mar .  1.966) 

Un ive r s i t y  of  A lbe r t a ,  Calgary ,  AIta . ,  C a n a d a  

procedure partition (incidence) graph of order : (m) into : (n) 
parts using weights : (w) bound : (max) preassignment : 
(preassign) of number : (pren); 
Boolean array incidence; integer  array w, preassign; 
integer  m, n, max, pren; 

c omme n t  This is an heuristic examination time-tabling pro- 
cedure for scheduling m courses in n time periods. I t  is essen- 
tially the problem of graph partitioning and map coloring. 

In the terminology of graph theory: Given a graph of m ver- 
texes with a positive integer weight w[i] at the i th  vertex, 
partition this graph into no more than n disjoint sets such 
that each set contMns no two vertexes joined by an edge, 
and such that the total weight of each set is less than the 
prescribed bound max. 

We represen t the graph as an mXm symmetric Boolean matrix 
incidence whose i , j th  element is t r ue  if and only if vertex i is 
joined to vertex j by an edge (if a student is taking both course i 
and course j) ,  diagonM elements being assigned the value t rue.  
The weight assigned to the i th vertex (number of students in the 
i th  course) is w[i]. We shall see below that preassignment is 
permitted. The number of courses to be preassigned is given in 
pren and tim course preassign [i, 1] is to be placed ~t the time 
preassign [i, 2]. 

This procedure does not minimize the second order incidence 
i.e. a vertex i being assigned to the set k, where the set k - 1  
contains a vertex j joined to i (a student writing two consecutive 
examinations), but this may be done by rearranging the sets 
after the partitioning is completed. The procedure contains its 
own output statements, but its driver should provide the input; 

begin  integer  array row [1 :m], number [1 :n]; 
integer  i, j ,  sum, course, time; 
Boolean preset, completed; 

[ N [ T [ A L I Z E :  preset:= false; 
f o r j  := 1 s tep 1 u n t i l n  do number [j] := 0; 
f o r i  := I step 1 u n t i l m  do 
begin  sum := O; 

f o r j  := 1 step 1 u n t i l m d o  
i f  incidence [i, j] t h e n  sum := sum + 1; 
row [i1 := sum 

end I N I T I A L I Z E ,  Note that row [i] now contains the multi- 
plicity of, or number of edges at the vertex i (number 
of courses which conflict with the course i). Of course since the 
incidence matrix is symmetric, less than half (i > j) need be 
stored. However, this procedure, for the sake of simplicity, 
is written for the whole matrix. Also note that row [i] will 
eventually contain the negative of the set number to which 
the i th vertex is assigned (examination time for the i th  course) 
and number [j] will contain the weight of the j th  set (number of 
candidates at time j) .  From here on we drop the Mlusions to 
graph theory in t, he comments; 

T H E  P R E A S S I G N M E N T :  for j := 1 s tep 1 u n t i l  pren do 
beg in  comment  preassignment of courses to times is now car- 
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ried out.  If pren = O, ihen there are no preass ignn:ehls ;  
course := preassign i./,l]; !z.me:= preassig,,, {j:2!; 
comment We now a t t emp t  to assign this  eozz,'se to the givet~ 

l ime ; 
S C R U T I N I Z E :  i f  r ,u, [course] < (; t h e n  

begi  n oulsl ring (1, 'This  eo u rse'  ) ; ou zinleger ( |, co~z r.se) 
ougslrinq (1, qs ah 'eady scheduled at ~imC); 
.u l inleger  (l,  .-row[eo-ur.sel); go t o  . \ ' E X T  

end;  
i f  nunlber [lime] + wieourse] > max t h e n  
b e g i n  outsh'ing (1, 'Spaee is n o t  available for course ' ) ;  

oulirdeger (1, cou,'se); oulstring (I, 'at t ime') ;  
mointeger (1, lime); go to A ' E X T  

end ;  
for  i := 1 s t e p  1 u n t i l  m d o  

i f  row ]ii = -- time t h e n  
b e g i n  i f  incidence li, e,,*,'s,d t h e n  

b e g i n  oulslring (1, 'course munbe r ' ) ;  
oulialeger (l,  course); oulstring (1, 'conflicts wi !h ' ) ;  

outinteger ( l , i )  ; 
~,ut.*tring (l, 'which is :dready scheduled a t ' ) ;  
oulinteger (1, t ime) ,  
go t o  N E X T  

e n d  if incidence 
e n d  if vow; 

S.'L TLSF.ICTOIg }': rowlcou,'se] := - t i m e ;  
~tumber [time] :=  number Itime] + w [cou,'sel; 
prem!l := t r u e ;  

A ' E X T :  
e n d  7+HE I 'REA,%.qIGAME. \T;  

M A I N  I'h'OGR.-tM: b e g i n  | |ooh.~an a r r a y  available [I :m]; 
i n t e g e r  rtext ; 
p r o e e d u r e  check (course); i n l e g e r  co~trse; 
h e g l n  i n t e g e r  j ;  e o n u n e n t  This  procedure renders  ~tI~- 

available lhose courses conflicting wi th  the given course; 
f o r j  : =  I s t e p  1 u n t i l  m do 

if  incidence leo,~rsc,jl t h e n  available [j! := f a l se  
e n d  uf procedure check. 

For  each of t he ,t ~ime periods we select a sui table  set  of non- 
conflicting courses whose s luden t s  will fit the exalninat ion 
r o o n l  ; 

~'1'..t1¢1" OF M A f N  PROGILt  31: 
for  t ime := l s t e p  1 u n t i l  n d o  

i f  preset ~ n-umber[lime[ > (t t h e n  
b e g i n  c o m m e n t  The preceding Boolean equiwdenee  di- 

reels the a t t en t ion  (,f the p rog ram initially only to 
lhose t imes where l)resche(hding has occurred. We now 
determine  the avaihtble courses (i.e. unscheduled and 
nonconflict ing).  If  course i is already scheduled,  them 
row[i] is negat ive;  

eompleled := t r u e ;  
l i ~ r i  : =  1 s t e p  1 u n t i l  re. d o  i f  row [i] > 0 t h e n  
] ,eginavai lable  [i] := t r u e ;  completed := f a l se  e n d  

e l se  available [t.] :=  fa l se ;  
i f  co-mplelcd t h e n  go to  O U T P U T ;  
i f  preset t h e n  
b e g i n  c o m m e n t  Some eourses were preseheduled at 

this t ime. It  is necessary to render  their  conflicts un-  
awtil able; 

t l ,  r i : =  l s t e p  l u n t i l m  d o  
i f  row[i] = - - l ime  t h e n  cheek (i) 

e n d  prescheduled courses.  
We now seleet the available course wi th  tlae most  c o n -  
f l ic ts .  This  is essential ly the heur is t ie  s tep  and there-  
fore the plaee where var ia t ions  on the me thod  may  be 
made;  

A G A I N :  
s u n l  : =  0 ;  
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f o r  ~" : =  1 Mep i u n l i l  ~;~ do 
if~.,.rai!ab[,, ! i  ,:'~ row i i  > .~m~ t h e n  
b e g i n  nexl := i; s , m  := rr ," [i] end most co~il}ei G 

if  8,~m. > 0 t h e n  
b e g i n  eonlltlle|l[ 1"heI'e exisls  an avail:fl)le course, s .  

w e  test it (vie ~e:z'!; for size. If it does not fit we look 
for alloiher;  

rv'tl "labh; {nexll := fa l se  : 
i f  r~!md, er {limei + w.nea'ti > ,!rat t h e n  go to - iGALV:  
c o m m e n t  [f we are here the eoLlrse will fi sr we use it: 
rou: [nexti := - t i m e :  
n~o,&er (timei := rzumber {l i ,  el + :c nerll  
check (nexl) ; g o  t o  . LG. t [.V 

e n d  s~on > 0 
e n d  of the t ime loop: 
i f  preset t h e n  

b e g i n  pres~z := fa l se ;  go to S7 'ART 0l" .1/-~tl V 
PI~OGRAM e n d  
[n ease of presehedulit~g this takes us btt(:k to try lho re- 
main ing  t ime periods.  

[f we have reached here with completed t r u e  then ;d[ 
c o u r s e s  a r e  scheduled, but  the converse l l l l t t  3" t / ( ) [  } ) e  ! r i~:' 

t herefore : 
i f  --1 completed t h e n  
b e g i n  completed := t r u e ;  

fo r  i := 1 s t e p  1 u n t i l  m do 
i f  row [i] > 0 t h e n  compleled := f a l se  

e n d  --7 completed and 
e n d  of the main p rogram;  

O U T P U T :  it" -7 com.pleted t h e n  
b e g i n  c o m m e n t  The  following f o r  s l a l e m e n t  ouipu:.s ~he 

courses tha t  were not  scheduled;  
oulsl, ' ing (1, 'courses  iloi seheduled ' ) ;  
f o r  i := 1 s t e p  1 u n t i l  r o d e  

i f  row [i] > 0 t h e n  oulinteger (I,i) 
e n d  not. seh.eduled. 

The following ( ,u tpuls  the t ime period j ,  the n u m b e r  of mu- 
dents  number[j l  and the courses i wr i l ten  at. l ime j ;  

T I : I I E T A B L E :  oulsh'ing(1, ' t ime en rohnen t  courses ' ) ;  
t b r j  := 1 s t e p  l u n t i l  n. d o  
b e g i n  oulMgeger (1,j); outinieger (1, number[j]); 

fo r  i :=  1 s t e p  1 u n t i l m d o  
i f  row[i] = - j  t h e n  outinteger (1,i) 

e n d  j .  
The following o u t p u t s  the courses,  the t imes at which the 3" ftre 
writ ten, :rod t heir  enro lment  ; 

outstving (1, 'course t ime em 'ohnen t ' ) ;  
f o r i  := 1 s t e p  1 u n t i l  m d o  

i f  row {i} < 0 t h e n  oulinleger (1. i ) ;  out.integer (1, row [ii); 
outinleger (1, w{i]) 

e lse  
b e g i n  outinteger(I , i )  ; outstr ing(1,  ' unscheduled ' )  ; 

oulinteger (1 w[i]) 
e n d  

e n d  of the procedure  

R E ~  I A R K  O N  A L G O R I T H 2 ~ [  '27{} 
CHEBYSHEV QUADRATURE [D1] 
F. R. A. Hopgood altd C. Litherland 
[Comm. ACM 9 (Apr. 1966), 270] 

The 33rd line of the second eolumlt on page 270 should  read: 
i f m  # 4 A m ~ mmax /~\ r > m -- 4 t h e n  

A pr in t ing  error  showed A as 7433.  
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