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an effective data processing technique. The physical reali- 
zation of this concept has been seen to be highly modular 
and suitable for programming implementation. 

The Data Filter behaves as a two-port data filter within 
an interpretive processing environment, and represents the 
physical realization of the data filtering concept. This is 
accomplished by associating format declarations with its 
input and output ports which define its processing charac- 
teristics. The desired data string is sequentially constructed 
in the OUT buffer by filtering datum in the IN or HOLD 
buffers through these format declarations. A Procedural 
Controller is employed to synchronize loading of the IN 
buffer and dumping of the OUT buffer to achieve specific 
data processing results as implied by the job being proc- 
essed. 
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r e a l  p r o c e d u r e  t(y); v a l u e  y; r e a l  y; 
c o m m e n t  This  procedure evaluates  the  inverse funct ion  t = t(y) 

of y = t In t in the  in te rva l  y _~ - - l / e ,  to an accuracy of abou t  
4 percent ,  or be t te r .  Except  for the  addi t ion  of the  case 
- 1/e =< y =< 0, and  an error  exit  in case y < - - l / e ,  the  procedure  
is identical  wi th  the  real procedure  t of Algor i thm 236; 

b e g i n  r e a l  p, z; 
i f  y < -- .36788 t h e n  g o  t o  alarm 1; 
i f  y =< 0 t h e n  t := .36788 + 1.0422 X sqrt(y + .36788) e lse  
i f y  ~ 10 t h e n  
b e g i n  

p := .000057941 X y -- .00176148; p := y X p --k .0208645; 
p := y X  p - -  .129013; p := y X  p ~ . 8 5 7 7 7 ;  
t := y X  p + 1.0125 

e n d  
else  
b e g i n  

z := In(y) -- .775; p := ( . 775 - - ln ( z ) ) / (1+z ) ;  
p := 1 / ( l + p ) ;  t := y X  p / z  

e n d  
e n d  t; 
p r o c e d u r e  min imal  (ela, omega, eps, lal ,  din); 

v a l u e  eta, omega, eps; r e a l  eta, omega, eps, lal,  din; 
c o m m e n t  This  procedure  assigns the  value  of M' to lal ,  accu- 

ra te ly  to wi th in  a re la t ive  error  of eps, where {XL' } is the  minimal  
solut ion (normalized by  k0'= 1) of the  difference equa t ion  

2L ~ 1 L 2 -~ v 2 
h~.l  L +-----~ whL -- L ( L  -b 1) kL-1 = 0 (~ ~ 0). 

(For terminology,  see [3].) If  {XL} denotes  the  solut ion corre- 
sponding to ini t ial  values X0 = 1, M = ~ -- 7, the  procedure also 
assigns to dm the  value  M -- M'. The negat ive  logar i thm of 
IX~ -- k~'[ may  be considered a measure of the  "degree of mini-  
ma l i t y "  of the  solution {hLI; 

b e g i n  i n t e g e r  L ,  nu; r e a l  eta2, r, ra; 
eta2 := eta ~" 2; 
nu := 20; ra := 0; 

L i :  r := 0; 
fo r  L := nu  s t e p  - 1  u n t i l  1 d o  
r := -- (L 1" 2-4-eta2)/(LX ( ( 2 X L + I ) X  omega-- ( L + i ) X r ) ) ;  

i f  abs(r--ra) > eps X abs(r) t h e n  
b e g i n  

ra := r;  nu : = n u +  10; go t o L l  
e n d ;  
lal := r;  d i n : =  omega--  e t a - -  r 

e n d  minimal ;  
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p r o c e d u r e  Coulomb (eta, ro, Lmax, d, F) ;  
v a l u e  eta, ro, Lmax, d; i n t e g e r  Lmax, d; r e a l  eta, to; 
a r r a y  F;  

c o m m e n t  This  procedure generates  to d significant digits  the  

regular  Coulomb wave funct ions  FL(V, p) for fixed v ~ 0, p _~ 0, 

and  for L = O(1)Lmax. (For no ta t ion ,  see [2, Ch. 14]). The  
resul ts  are p u t  into  the  a r ray  F. Le t t ing  

2LL! CL(V) = 2Le--~'/2 [ r ( L  + 1 + i~) l 
fL ---- (2L)!CL(,) EL(,, p), (2L + 1)! ' 

the  procedure first ob ta ins  fL as the  minimal  solut ion of the  
recurrence re la t ion  

L [ ( L + i ) 2 - ~ V : I y L + I  E L(L? 1)] L(L -~- 1) 
(L -b 1)(2L + -- ' "~ -- yL ~ 2L-----~ Y ~  = O, 

using for normal iza t ion  the  i den t i t y  

pe ~p = ~ XLfL , XL = iLp(~"-~')(--i¢o), 
L=O 

where P~'~)(z) denotes the  Jacobi  polynomial  of degree L. The  
pa ramete r  oo is so chosen as to avoid undesi rable  cancel la t ion 
effects. The  fin~d resul ts  FL are obta ined  recursively,  by  

EL(%p) = CLfL, 

2 L - - 1  = (  2~'~ ~½ 
CL = L(2L + 1----------) [L2 + ~]½cL_~(L = 1, 2, 3 "" "), co \ e  2~, - 1 /  " 

A detai led just i f icat ion of the  process is to appear  elsewhere 
([3]). For  large posi t ive v and  p, the  generat ion of the  coefficients 
~L is subjec t  to some loss of accuracy.  If  0 ~. ~ ~ 20, 0 =< p ~ 20, 
none,  or only a few decimal digits  will be lost ,  however.  Wr i t ing  
the  procedure  minimal  in double precision will resolve the  
problem for ~, p up to abou t  50, for normal  accuracy require-  
ments .  In  any  case, if h igher  precision is desirable,  the  procedure  
pu ts  ou t  a message to th is  effect. There  is an error  exit, if p < 0; 

b e g i n  i n t e g e r  L, nu,  nu l ,  mu, mu l ,  i,  It; 
rea l  epsilon, rol, eta2, omega, dl,  sum, r, r l ,  s, t l ,  t2; 
a r r a y  lambda, lmin[O :1], Fapprox, Rr[0 :Lmax] ; 
s w i t c h  coej~icients := L2, L1, M1; 
i f  ro < 0 t h e n  go  to  alarm2; 
i f  to = 0 t h e n  
b e g i n  

fo r  L := 0 s t e p  1 u n t i l  L m a x  do F[L] := 0; 
go  t o  L5 

e n d ;  
epsilon := .5 X 10W (--d);  rol := 1/ro; eta2 := etal '2;  
t l  :~  i f  eta > 0 t h e n  .5 X to/eta e l s e  O; 
omega := i f  eta < 1 t h e n  0 e l s e  
i f  t l  ~ 1 t h e n  1.570796327/tl e l s e  

(1.570796327 -- arctan(sqrt(1/ t l --1)  ) -~ sqr t ( t lX  ( 1 - - l l ) ) ) / t l ;  
lambda [0] := lmin[O] :~- 1; lambda[1] :-- omega--:.eta; 
sum := ro X exp(omegaXro); 
f o r  L := 0 s t e p  1 u n t i l  L m a x  do Fapproz[L] := O; 
dl  := 2.3026 X d @ 1.3863; 
t l  := 1.3591 X to; 
L := i f  Lmax < tl  t h e n  1 + entier(tl)  e l s e  Lmax; 
t l  := exp(1.5708Xeta); s := sqrt(1-~omega T 2) ; 
t l  : = i f  omega = 0 t h e n  t l @ l / t l  e l s e  

exp ( - eta X arc tan (1/omega) ) ; 
t2 :~ omega ~ s; 
r := 1.3591 X ro X t2; 
s := ( d l + l n ( t l X s q r t ( t 2 / s ) ) - o m e g a X  to) /r;  
nu  := i f  s ~ -•36788 t h e n  ent ier(rXt(s))  e l s e  1; 
n u l  :-- en t i e r (LX t ( . 5Xd l /L ) ) ;  
nu  :=  i f  nu  < nu l  t h e n  nu l  else  nu; 
n u l  :=  1; 
i f  omega = 0 t h e n  i :-~ 1 e l s e  i := 2; 

• L0: b e g i n  o w n  a r r a y  lambda[O:nu]; 

c o m m e n t  Dynamic  own ar ray  declarat ions  are not  per- 
mi t t ed  in most  of the  cur ren t  ALGOL compilers.  I t  can be  
avoided here, a t  the  cost of ex t ra  storage,  if lambda is de- 
clared as an ar ray  of dimension [0:300] a t  the  beginning  of 
the  procedure  Coulomb. The  same remark  applies to the  
ar ray  lmin declared la te r  in the  block labeled M1; 

go  to  coe~cients [i]; 
L i :  minimal  (eta, omega, l o - m ,  r l ,  d l ) ;  

c o m m e n t  The  l e t t e r  m in 10-m is a place holder  for a ma- 
chine-dependent  integer,  namely  one less t h a n  the  number  of 
decimal digits  carr ied in the  precision mode (single, or 
double precision) of the  procedure minimal .  Similar ly for 
the  l e t t e r  n in the  next  s t a t emen t ,  which is a place holder  
for the  in teger  m -t- 1. B o t h  m and  n are to be proper ly  
subs t i t u t ed  by  the  user;  

i f abs (d lXeps i lon)  >__ 1 0 - - n t h e n b c g i n i  := 1; g o t o L 2 e n d ;  
outstring (1, 'The reques ted  accuracy cannot  be guaranteed .  
Use of the  procedure minimal  in a higher  precision mode 
appears  indica ted ' )  ; 
i := 3; mul  := 0; 

M i :  b e g i n  a r r a y  Rra, lam[O:nu]; o w n  a r r a y  lmin[O:nu]; 
mu := entier (1.25Xnu);  
fo r  L := m u l  s t e p  1 u n t i l  n u  do lam[L] := 0; 

M2: r := 0; 
f o r  L := mu s t e p  --1 u n t i l  mul  -~ 1 do 
b e g i n  

r := -- (L ~ 2•e ta2) / (LX ( ( 2 X L + l ) X o m e g a - -  (LW1)Xr) ) ;  
i f L  =< nu t h e n  Rra[L--1] := r 

en d ;  
fo r  L := m u l  -~ 1 s t e p  1 u n t i l  n u  do 

lmin[L] := Rra[L-1]  X Imin[L-1];  
for L := m u l  s t e p  1 u n t i l  n u  do 
i f  abs(lmin[L]--lam[L]) > epsilon X abs(Imin[L]) t h e n  
b e g i n  

for k := mul  s t e p  1 u n t i l  nu do  lain[k] := lmin[k]; 
mu := mu ~ 5; 
i f  mu < 5 X nu  t h e n  go  to  M2 e l s e  
b e g i n  

outstring (1, 'convergence difficulty in the  generat ion of 
the  coefficients l ambda  sub L ' ) ;  

go  t o  L5 
e n d  

e n d  ; 
/am[O] := - - r l ;  /am[1] := 1; t l  :=  dl / (1--~ r l T 2 ) ;  
fo r  L := 2 s t e p  1 u n t i l  n u  d o  
b e g i n  

lain[L] := ( (2XL--1)XomegaXlam[L--1]-~  
( (5--1)  T 2+eta2) X lam[L- -2] / (L- -1 ) ) /L ;  

lambda[L] := Imin[L] ~- t l  X (lam[L]-~rlXlmin[L]) 
e n d  

e n d ;  
go  to  L3; 

L2: fo r  L := n u l  s t e p  1 u n t i l  nu  -- 1 d o  
lambda[L-t-1] := ( (2XL-b l ) X omegaX lambda[L]T 

(L T 2Te ta2)X lambda[L- -1] /L ) / (L+l ) ;  
L 3 : r  := s := 0; 

fo r  L := nu s t e p  --1 u n t i l  1 do  
b e g i n  

t l  :=  e t a / ( L + l ) ;  
r := 1 / ( ( 2 X L - - 1 ) X  ( t l / L W r o l -  ( l + t l  T 2 ) X r / ( 2 X L - ~ 3 ) ) )  ; 
s := r X (lambda[L]+s); 
i f  L ~ Lmax t h e n  Rr[L--1] := r 

e n d ;  
F[0] := sum/(1-bs);  
f o r L  := 1 s t e p  1 u n t i l  Lmax do  F[L] :-- Rr[L -1]  X F[L--1];  
c o m m e n t  The  fo r - s t a t ement  which follows is of pure ly  

p recau t iona ry  na ture ,  making  sure t h a t  the  resul ts  have  the  
requi red  accuracy.  If  speed is impor t an t ,  the  s t a t e m e n t  
may  be omi t ted ;  
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for  L :=  O s t e p  1 u n t i l  Lmax do 
i f  abs(F[Ll--Fapprox[L]) > epsilon X abs(F[L]) t h e n  
b e g i n  

for  k :=  O s t e p  1 u n t i l  Lmax do  Fapprox[k] :=  F[k]; 
n u l  :=  m u l  :=  nu; nu  :=  nu + 10; 
i f  nu < 300 t h e n  go  t o  L0 e l s e  
b e g i n  

outstring (1, ' c o n v e r g e n c e  d i f f icu l ty  in  Coulomb'); 
go  t o  L5 

e n d  
e n d  

e n d ;  
t l  :=  6.2831853072 X eta; 
c o m m e n t  T h e  c o n s t a n t  2x-in t h e  p r e c e d i n g  s t a t e m e n t  m u s t  be  

s u p p l i e d  m o r e  a c c u r a t e l y  if m o r e  t h a n  11 s i gn i f i c an t  d ig i t s  a re  
des i red  in t h e  final r e s u l t s ;  

i f  abs(tl) < 1 t h e n  
b e g i n  

t 2 : =  s :=  1; L : =  1; 
L 4 : L  : = L + I ;  

t2 : =  t l  X t2/L; s : =  8-}- t2; 
i f  abs(t2) > epsilon X abs(s) t h e n  go  t o  L4;  
s :=  sqrt(l/8) 

e n d  
e l s e  

s :=  sqr t ( t l / ( exp( t l ) - - l ) ) ;  
F[0] :=  s X F[0]; 
f o r  L :=  1 s t e p  1 u n t i l  Lmax do 
b e g i n  

s :=  (L-- .5)  X sqrt(LT 2+eta2) X s / ( L X ( L + . 5 ) ) ;  
F[L] :=  s X F[L] 

end;  
L5 : e n d  Coulomb; 
c o m m e n t  T h e  p r o c e d u r e  Coulomb was t e s t e d  on  t h e  C D C  3609 

c o m p u t e r ,  w i t h  t h e  p r o c e d u r e  minimal  in s ing le  p rec i s ion  (un-  
less  s t a t e d  o t h e r w i s e ) .  T h e  t e s t s  i n c l u d e d  t h e  fo l lowing :  

(i) G e n e r a t i o n  of ~L(~, o) = [CL(~)PI'+i]-IFL(~I, P), L = 0(1)21, 
to  8 s ign i f i can t  d ig i t s  ( d=8 )  for  ~ = 0, - -5(2)5 ,  p = .2, 
1(1)5. T h e  r e s u l t s  were  in  c o m p l e t e  a g r e e m e n t  w i t h  v a l u e s  
t a b u l a t e d  in  [4]. 

(ii) C o m p u t a t i o n  of F0(~, p), F0'(~, p ) =  (d/dp)Fo(~, p) to 6 
s i gn i f i c an t  d ig i t s  for  ~ = 0(2)12, p = 0(5)40, u s i n g  
F e ' =  ( p - 1 + n ) F o -  ( l + ~ ) t F 1 .  C o m p a r i s o n  w i t h  [5] 
r evea l ed  f r e q u e n t  d i s c r e p a n c i e s  of  one  u n i t  in  t h e  l a s t  
d ig i t .  I n  add i t i on ,  b e g i n n i n g  w i t h  n = 8, t h e  r e s u l t s  b e c a m e  
p r o g r e s s i v e l y  worse  for  p = 30, 35, 40, be i ng  co r r ec t  to  
o n l y  2-3 d ig i t s  w h e n  n = 12, p = 40. W i t h  t h e  p r o c e d u r e  
minimal  in  doub le  p rec i s ion ,  h o w e v e r ,  t h e s e  e r ro r s  dis-  
a p p e a r e d .  

(iii) C o m p u t a t i o n  to 8 s ign i f i can t  d ig i t s  of  F0(~, p), F0'(~, o) for  
p = 27, p = .5(.5)20(2)50. T h e  r e s u l t s  ag r eed  w i t h  t h o s e  
p u b l i s h e d  in  [1] for  p ~ 16, b u t  b e c a m e  i n c r e a s i n g l y  in-  
a c c u r a t e  for  l a rge r  v a l u e s  of  p. C o m p l e t e  a g r e e m e n t  was  
o b s e r v e d ,  h o w e v e r ,  w h e n  t h e  p r o c e d u r e  minimal  was 
o p e r a t i n g  in  t h e  d o u b l e - p r e c i s i o n  m o d e ;  
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CERTIFICATION OF ALGORITHM 257 [Dll 
HAVIE INTEGRATOR [Robert N. Kubik, Comm. A C M  

8 (June 1965), 381] 
KENNETH HILLSTROM (Recd. 28 Feb. 1966, 29 Apr. 1966 

and 15 July 1966) 
Applied Mathematics Division, Argonne National Labora- 

tory, Argonne, Illinois 
Work performed under the auspices of the U.S. Atomic Energy Commission. 

H a v i e  I n t e g r a t o r  was  coded  in  C D C  3600 FORTRAN. T h i s  rou -  
t ine  a n d  a FORTRAN-coded R o m b e r g  i n t e g r a t i o n  r o u t i n e  b a s e d  
u p o n  A l g o r i t h m  60, R o m b e r g  I n t e g r a t i o n  [Comm. A C M  ~ ( J u n e  
1961), 255] were t e s t e d  w i t h  five a n d  f o u r  i n t e g r a n d s ,  r e spec t ive ly .  

T h e  r e s u l t s  of t h e s e  t e s t s  a re  t a b u l a t e d  below.  (The  ALGOL- 
coded  H a v i e  r o u t i n e  was  t r a n s c r i b e d  a n d  t e s t e d  for  t h e  two  
i n t e g r a n d s  u sed  b y  K u b i k ,  w i t h  i den t i ca l  r e s u l t s  in  b o t h  cases . )  

I n  t h e  fo l lowing  t ab l e ,  A is t h e  lower  l im i t  of  t h e  i n t e r v a l  of  
i n t e g r a t i o n ,  B is t h e  u p p e r  l im i t ,  E P S  t h e  c o n v e r g e n c e  c r i t e r ion ,  
V I  t h e  v a l u e  of t h e  i n t e g r a l  a n d  V A  t h e  v a l u e  of t h e  a p p r o x i m a -  
t i on .  

lnlegrand A ] B EPS VI Routine VA 

Number 
of 

Func- 
tion 

Evalu- 
ations 

cos z 0 ~/2 10-6 1.0 Havie 0.9999999981 17 
Romberg 1. 000O0O00O 17 

e -~  O 4.3 10-6 0.886226924 Havie 0. 886226924 17 
Romberg 0. 886336925 65 

In x I 1O 10 -e 14.0258509 Havie 14.02585084 65 
Romberg 14.02585085 65 

e z-4 + 1 ] 0 20 10-6 5.7707276 tIavie 5. 770724810 32,769 
Romberg 5.770724810 16,385 

cos (4x) 0 ~r 10 -6 0.0 ttavie 3.1415926536 3 a 

a Since in the Havie procedure, the sample points of the interval, chosen for 
function evaluation, are determined by halving the interval and are, therefore, 
function-independent, there are functions for which the convergence criterion is 
satisfied before the requisite accuracy is'obtained. An example is the integrand 
f(x) = cos (4x) integrated over the interval [0, ~r]. The value obtained from the 
routine is = ~-. The true value of the integral is 0. 

This inherent limitation applies to all integration algorithms that obtain sample 
points in a fixed manner. 

REMARK ON ALGORITHM 286 [H] 
EXAMINATION SCHEDULING [3. E. L. Peck and M. 

R. Williams, Comm. A C M  9 (June 1966), 433]. 

T h e  6 th  a n d  7 th  l ines  f r o m  the  end  of t h e  p r o c e d u r e  s h o u l d  be  

co r r ec t ed  b y  t h e  i n s e r t i o n  of a b e g i n  e n d  p a i r  so t h a t  t h e y  read  

i f  row [i] < 0 t h e n  
b e g i n  outinteger (1, i ) ;  outinteger (1, row [i]); outinteger 

(1, w[i]) 
e n d  

1966 A l g o r i t h m s  I n d e x  wil l  a p p e a r  in  t h e  
D e c e m b e r  i s sue  of Communications. 
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