
as before and computes  

a 2 + La~A + J L ~ A  + K L ~ T  2 

for tes t ing this source of var ia t ion.  Thus  instances in which 

exact  tests  exist for cer ta in  model  terms can be considered 

a special case of the a lgor i thm.  

I f  no exact  F test  exists for a certain model  term,  the  

degrees of f reedom corresponding to the  denomina to r  used 

in calculat ing the F s tat is t ic  for this t e rm can be obta ined  

a s  
^2 
3/ p - -  
^2 

is the value used as the denominator in calculating the F 
value, while the -~ and ~ are the calculated mean squares 
and degrees of freedom, respectively of the model terms 
whose EMS's  when combined equal the expectation of 7. 
See [3] for a derivation of this formula. All values for cal- 
culating p are known besides the ~ and these are obtained 
by constructing from the algorithm a table denoting the 
structure of the EMS's  of the model terms. From the table 
a triangular set of equations solvable by a backward solu- 
tion is easily obtained. The solution vector gives the calcu- 
lated mean squares which are to be used in computing ~. 

All concepts and methodology presented in this paper 
have been fully implemented on the IBM 7074 while the 
authors were members of the Statistical Laboratory at 
Iowa State University. An at tempt  was made to avoid 
machine dependencies. As a consequence, the program 
has been readi ly  conver ted  to the  I B M  360, Mode l  50 

now in use at  I o w a  S ta t e  Univers i ty .  I t  is in tended  t h a t  

the  a lgor i thms developed will fo rm par t  of a more  ex- 

tens ive  s ta t is t ical  comput ing  sys tem or iented  toward  

algebraic p rob lem specification. 
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Technische  Hochschule ,  Braunschweig ,  G e r m a n y  

p r o c e d u r e  transpl (m, n, inf, c, a, b, x, kw); value m, n, inQ 
in teger  m, n, inf, kw; in teger  array c, a, b, x; 

c o m m e n t  transpl is derived from Algorithm 258, transport, 
[Comm. ACM 8 (June 1965), 381] in order to reduce running time 
by about 50 percent. The following notation is used. 
c m, n-matrix of unit costs, 
a array of quantities available, 
b array of quantities required, following the usual descrip- 

tion of the transportation problem, 
in] greatest positive integer within machine capacity, 
x m, n-matrix of flows, 
kw optimal total costs (computed by procedure). 
c, a, b are disturbed by the procedure. Sum of a[i] = sum of bill. 
Multiple solutions are left out of account. [Ref.: G. Hadley, 
Linear Programming, l~eading, London, 1962, p. 351]; 

b e g i n  in teger  i, j ,  u, v, k, l, s, t, gd, h, p, cij, xij, ai, bj, lsvj, nlvi; 
B o o l e a n  zg ; 
in teger  array g, listu, nlv[l:m], r, listv[l:n], ls[O:m+n--1], 

nl[l:mXn], lsv[O:n]; 
c o m m e n t  in the for-statement u : . . . .  after s33, operate on 

all pairs i, j with c[i,j] = 0. To win time the array nl supervises 
those zeros; the j-indices of zeros in row i are kept in 
n l [ ( i - 1 ) X n + l ]  . . .  nl[nlv[i]]. In the for-statement v : . . . .  
after s33, operate on all pairs i , j  with x[i,j] ~ 0 (and c[i,j] =0). 
ls supervises those essential zeros, the /-indices of essential 
zeros in column j are kept in ls[lsv[j--1]+l] . . .  ls[lsv[j] 
Procedure in adds to list ls, procedure out takes out from list 
ls an essential zero in position i, j ;  

p r o c e d u r e  in; 
b e g i n  

lsvj := lsv[j]; 
for t := lsv[n] step --1 un t i l  Isvj do ls[t+l] := ls[t]; 
for t := j s t ep  l u n t i l n  do lsv[t] := Isv[t] + 1; 
ls[lsvj+l] := i 

e n d  ; 
p r o c e d u r e  out ; 
b e g i n  

Isvj := lsv[j]; 
for t := lsv[j--1]+l step 1 u n t i l  lsvj do 
b e g i n  

i f  ls[t] ~ i t hen  go to next; 
s := t; go toex;  

next: 
e n d  ; 

ex : 
for t := j step 1 u n t i l  n do  Isv[t] := lsv[t]--l; 
lsvj := lsv[n]; 
for t := s step 1 u n t i l  lsvj do ls[t] := ls[t+l] 

e n d  ; 
for i := 1 step 1 u n t i l  m do  

for j := 1 step 1 u n t i l  n do  x[i,j] := 0; 
for i := 1 step 1 u n t i l  m do  nlv[i] := (i--1)Xn; 
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lsv[O] :=  0; 
f o r  j :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

liatv[j] :=  1; 
lsv[j] := 0 

e n d  ; 
s l :  

kw := gd : = 0 ;  
c o m m e n t  gd is t he  defect ,  i .e. ,  t h e  s u m  of q u a n t i t i e s  n o t  y e t  

t r a n s p o r t e d ;  
f o r  i :=  1 s t e p  1 u n t i l  m do  
b e g i n  

h :=  inf; 
f o r  j :=  1 s t e p  1 u n t i l  n d o  

i f c [ i , j ]  < h t h e n  h : =  c[i, j];  
f o r  j :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

cij  :=  c[i, jl :=  c[i, j] -- h; 
i f  cij  = 0 t h e n  
b e g i n  

listv[j] :=  0; 
nlvi := nlv[i] : =  nlv[i] + 1; 
nl[nlvi] :=  j 

e n d  
e n d ;  
kw :=  h X a[i] + k w  

e n d  see next c o m m e n t ;  
f o r  j :=  1 s t e p  1 u n t i l  n do  
b e g i n  

i f  listv[j] = 0 t h e n  go  t o  nextj l;  
h :=  inf; 
f o r  i :=  1 s t e p  1 u n t i l  m do  

i f  c[i, j] < h t h e n  h : =  c[i, j ] ;  
f o r  i :=  1 s t e p  1 u n t i l  m do  
b e g i n  

c/ j  :=  c[i, j l  :=  c[i, j] -- h; 
i f  cij  ~ 0 t h e n  
b e g i n  

nlvi :=  nlv[i] :=  nnlv[i] + 1; 
nl[nlvi] :=  j 

e n d  
e n d ;  
kw := h X b[j] + kw; 

next j l  : 
e n d ;  
c o m m e n t  in  s t ep  1 t h e  u s u a l  r e d u c t i o n  of t h e  m a t r i x  of cos ts  

is a ch i eved  (dual  p r o b l e m ) ,  zeros are  l i s t ed  in  nl; 
s2: 

f o r  i :=  1 s t e p  1 u n t i l  m d o  
b e g i n  

ai :=  a[i]; nnlvi :=  nlv[i]; 
f o r  u :=  ( i - -1)  X n - -~  1 s t e p  1 u n t i l n l v i d o  
b e g i n  

i f  ai ~- 0 t h e n  go  t o  nexti2; 
j :=  nl[u]; 
bj : = b[j]; 
i f  bj -~ 0 t h e n  go  t o  nextj4; 
h :=  :c[i, j] :=  i f  ai < bj t h e n  ai e l s e  bj; 
ai := ai -- h; b[j] := bj -- h; in; 

next j4: 
e n d ;  

nex ti2: 
a[i] :=  ai; gd :=  gd + ai 

e n d ;  
c o m m e n t  a p p l y i n g  a u s u a l  ru le  to all zeros we ge t  an  in i t ia l  

flow ( r e s t r i c t ed  p r i m M  p rob l em)  in  s t ep  2; 

831 : 
i f  qd = 0 t h e n  go  t o  86; 
c o m m e n t  p r o b l e m  is so lved  if de fec t  ha s  b e c o m e  zero;  

s32: 
f o r  j :=  1 s t e p  1 u n t i l  n d o  r[j] := 0; 
k : = 0 ;  
f o r  i :=  1 s t e p  1 u n t i l  m do  
b e g i n  

i f  a[i] ~ 0 t h e n  
b e g i n  

k :=  k + 1; listu[kl :=  i ;  g[i] :=  i n f  
e n d  
e l s e  g[i] :=  0 

end; 
c o m m e n t  r[j] = 0 if c o l u m n  j is u n l a b e l e d ,  = i if l ab e l ed  

f r o m  row i. g[i] = 0 if row i is u n l a b e l e d ,  = i n f  if a[i] ~ 0, 
i .e. ,  a[i] is a poss ib le  sou rce  of flow. T h e  ind ices  i of l abe led  
rows  are  k e p t  in  listu[1] . . .  listu[k]. I n  s t ep  3, c o n s i s t i n g  of 
s t ep  32 a n d  s t ep  33, t h e  m a x i m a l  flow is f o u n d  b y  t h e  la-  
be l ing  p rocess .  L a b e l i n g  ends  in  on ly  two  w a y s  : (a) a c o l u m n  j 
w i t h  b[j] > 0 h a s  been  l abe led :  go to  s t ep  4, (b) all l ab e l i n g  is 
done ,  b u t  a pos i t i ve  flow h a s  n o t  been  f o u n d :  go to  s5; 

833 : 
/ : = 0 ;  
f o r  u :=  1 s t e p  1 u n t i l  k d o  
b e g i n  

i :=  li~tu[u]; nlvi :=  nlv[i]; 
b e g i n  

j :=  nl[s]; 
i f  r[j] # 0 t h e n  go  t o  nextj5; 
r[j] := i; l := l + l;  listv[1] := j;  
i f  b[j] > 0 t h e n  go  t o  84; 

nextj5 : 
e n d  

e n d  in  e ach  n e w l y  l abe led  row,  see  listu, look for  zeros in  
u n l a b e l e d  c o l u m n s ,  l i s t  t h e m  in  listv; 

i f  l = 0 t h e n  go  t o  85; 

k : = 0 ;  
f o r  v :=  i s t e p  i u n t i l  l d o  
b e g i n  

j :=  listv[v]; lsvj :=  lsv[j]; 
f o r  s :=  lsv[j--1]+l s t e p  1 u n t i l  lsvj d o  
b e g i n  

i :=  1818]; 
i f  g[i] = 0 t h e n  
b e g i n  

g[il := j;  k : = k + l ;  
listu[k] := i 

e n d  

e n d  
e n d  in  e ach  n e w l y  l abe led  c o l u m n ,  see listv, look  for  e s s e n t i a l  

zeros in  u n l a b e l e d  rows,  label  t h e s e  rows,  l i s t  t h e m  ir~ listu; 
i f  k = 0 t h e n  g o  t o  85; 
go  t o  s33; 
c o m m e n t  s t ep  4. A c o l m n n  j w i t h  b[j] h a s  been  l abe led ,  b[j] 

is t h e  s i n k  of a poss ib le  pos i t i ve  flow, t h e  p a t h  of w h i c h  is 
i n d i c a t e d  b y  labe ls .  F i n d  t h e  m i n i m u m  flow h a long  t h e  p a t h ;  

h :=  b[j]; p :~- j ;  
mark :  

i :=  r[j];  j :=  g[i]; 
i f  j = i n f  t h e n  
b e g i n  

i f a [ i ]  < h t h e n h  : =  a[i];  g o t o r e  

e n d ;  
i f x [ i , j ]  < h t h e n  h :=  x[i , j];  
go  t o  mark ;  
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re: ; 
c o m m e n t  fl0w h a long  t h e  l abe led  p a t h  t h u s  r educes  de fec t  

w i t h o u t  c h a n g i n g  to t a l  cos t s .  C o r r ec t  l i s t  of e s sen t i a l  zeros  
if n e c e s s a r y .  S t a r t  l abe l ing  anew,  o p t i m i z i n g  t h e  r e s t r i c t e d  
p r i m a l  p r o b l e m ;  

j :=  p;  b[j] :=  b[j] --  h; a[i] := a[i] --  h; 
gd := g d - - h ;  

re l  : 
i :=  r[j];  x i j  :=  x[ i , j ] ;  x [ i , j ]  := x i j  + h ;  
i f  x i j  = 0 t h e n  in ;  
j :=  g[i]; 
i f j  = i n f t h e n  go  t o  s31; 
x i j  :=  z[i ,  j] := x[i, Jl --  h; 
i f  x i j  = 0 t h e n  out; 
go  t o  re1; 

s5: ; 
c o m m e n t  s t ep  5. F l ow  is m a x i m a l .  T o  find a new  so lu t i on  to 

t h e  dua l ,  t a k e  t h e  p a r t  of m a t r i x  c w h i c h  is t h e  i n t e r s e c t i o n  
of l abe led  rows a n d  u n l a b e l e d  co l umns ,  r educe  m a t r i x  in  a 
c e r t a i n  w a y ;  

k : = 0 ;  l : = n + l ;  
for j : =  1 s t e p  1 u n t i l  n do  
b e g i n  

i f  r[j] = 0 t h e n  
b e g i n  

k :=  k + l ;  listv[k] : = j  
e n d  
e l s e  
b e g i n  

l :=  l - -  1; listv[1] : = j  
e n d  

e n d  l i s t  all l abe led  rcsp.  un l abe l ed  c o l u m n s  in  listv; 
h : = i n f ;  
for i :=  1 s t e p  1 u n t i l  m do  
b e g i n  

i f  g[i] = 0 t h e n  go  t o  nexti6; 
for s :=  1 s t e p  1 u n t i l  k do  
b e g i n  

j :=  Iistv[s]; 
i f  c[i, j] < h t h e n  h : =  c[i, j] 

e n d ;  
nexti6 : 

e n d  find m i n i m u m  h in  pa r t i a l  m a t r i x ;  
for i : =  1 s t e p  1 u n t i l  m d o  
b e g i n  

zg := g[i] # 0; nlvi  : =  ( i - -1 )  X n ;  
for s :=  1 s t e p  1 u n t i l  n d o  
b e g i n  

j := Iistv[s]; 
i f  zg t h e n  c i j  : =  c[i, j] 
e l s e  
ci j  :=  c[i, j] := c[i, j] + h; 
i f  ci j  = 0 t h e n  
b e g i n  

nlvi  :=  nlvi  + 1; 
nl[nlvi] :=  j 

e n d  
e n d ;  
for s :=  1 s t e p  1 u n t i l / c  d o  
b e g i n  

j :=  listv[s]; 
i f  zg t h e n  ci j  : =  c[i, j] : =  c[i, j] --  h 
e l s e  cij  :=  eli,  j ] ;  
i f  ei j  = 0 t h e n  
b e g i n  

nlvi  :=  nlvi  + 1; 
nltnlvi] :=  j 

e n d  

e n d ;  
nlv[i] :=  nlvi  

e n d  r e d u c t i o n ,  add  h to l abe led  co lumns ,  s u b t r a c t  h f r o m  
labe led  rows.  C o n s t r u c t  new  l i s t  of zeros;  

kw :=  h X g d + k w ;  
c o m m e n t  t o t a l  cos ts  for  new  s o l u t i o n  of d u a l ;  
go  t o  s32; 

s6: ; 
c o m m e n t  so lu t ion ,  de fec t  ha s  b e c o m e  zero;  

e n d  

CERTIFICATION OF ALGORITHS~[ 257 [D1] 
HAVIE INTEGRATOR [Robert N. Kubik, Comm. 

ACM 8 (June 1965), 381] 
I. FAI~KAS (Recd. 29 Apr. 1966 and 18 Aug. 1966) 
Institute of Computer Science, University of Toronto, 
Toronto 5, Ont., Canada 

Havie in tegrator  w a s  t r a n s l a t e d  w i t h  s o m e  mod i f i ca t i ons  in to  
FORTRAN IV a n d  was  r u n  on t he  I B M  7094 I I  a t  t h e  I n s t i t u t e  of 
C o m p u t e r  Science,  U n i v e r s i t y  of  T o r o n t o .  To  reduce  t h e  effect  of  
roundoff ,  t he  c a l c u l a t i o n s  were  ca r r i ed  t h r o u g h  in  doub le  prec i -  
s i on  i n t e r n a l l y  a n d  t he  r e s u l t  was  r o u n d e d  to s ing le  prec is ion .  T h e  
m a i n  c h a n g e  m a d e  w a s  t h a t  t he  p a r a m e t e r s  x and  in tegrand in 
havieintegrator were  r ep laced  by  a s ing le  p a r a m e t e r  of t y p e  F U N C -  
T I O N  in FORTRAN IV.  T h e  o t h e r  c h a n g e  was  t h a t  mask  was  re-  
m o v e d .  T h e  m a x i m u m  o rde r  of a p p r o x i m a t i o n  was  k e p t  less  t h a n  
or  equa l  to 25, a n d  conve rgence  was  o b t a i n e d  in  e v e r y  case.  

T h e  r e s u l t s  o b t a i n e d  for  t he  two t e s t  ca ses  were  in  a g r e e m e n t  
w i t h  t he  a u t h o r ' s  r e su l t .  Bes ides ,  14 o t h e r  succe s s fu l  t e s t s  were  
m a d e  a n d  those  s h o w n  in  T a b l e  I a re  typ ica l .  

T A B L E  I 

Order Iutegrand A B True value eps Error X 10 s required 

e * 0 .0  1 .0  1.7182818 10 -6 0 3 
10 -4 240 2 
10 -2 3700 2 

x 12 0.01 1.1 .26555932 10 -6 - -2  4 
10 -4 59 3 
10 -2 36041 2 

~ /x  0 .0  1 .0  .66666667 10 -6 - -27 3 
10 -4 --1982 2 
10 -2 --126848 2 

1 /~ /x  0.01 1.0  1.8000000 10 -6 0 3 
10 -4 140 2 
10 -2 790 2 

L ike  o t h e r  i n t e g r a t i o n  a l g o r i t h m s  t h a t  d e t e r m i n e  s a m p l e  p o i n t s  
in  t he  i n t e r v a l  in  a d e t e r m i n i s t i c  m a n n e r ,  havieintegrator m a y  fai l  
in  c e r t a i n  i n s t a n c e s .  F o r  examp le ,  a n y  i n t e g r a n d  w i t h  t h e  p r o p e r t y  
t h a t f ( a )  = ](b) = f[(a + b)/2)] will l ead  to t he  v a l u e  (b - a) f(a)  
w h i c h  will  in  genera l  n o t  be an  a c c e p t a b l e  a p p r o x i m a t i o n  to 
f 2 f ( x )  dx. T h u s  f ~  s in  2 x dx l eads  to 0. Moreove r ,  fro xe_ ~ dx l eads  
to " a l m o s t  ze ro"  (in fac t ,  5.7966 X 10-17). 

Please turn  the page to the 1966 Algor i thms  Index .  
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C2 283 REAL SIMPLE ROOTS 4-66(273) 
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D1 257 HAVIE INTEGRATOR 6-65(381)s11-66(795)~ 
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El 
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178 
251 
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287 
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INTEGRAL EQUATIONS 
SYSTEM OF VOLTERRA EQNS, ZH,VYCH,MAT,MAT,FIZ,- 
1965(933) 

INTERPOLATION 
AITKEN INTERPOLATION COMP,J,V9(211) 
NEVILLE INTERPOLATION CDMP,J,V9(212) 

CURVE AND SURFACE FITT|NG 
EXPUNENTIAL CURVE FIT 2-66(85)  
CONSTRAINED EXPONENTIAL FIT 2"66(85) 
L1 ApPRDX, ON A DISCRETE SET NUM,MATH°VB(299) 
cHEBYSHEV APPROX,'DISCRETE SET NUM,MATH,V8(3O3) 

MINIMIZING OR mAXIMIZING A FUNCTION 
MINIMIZE FUNCT, OF N VARIABLES 6=63(313)p9"66(684) 
FUNCTION MINIMIZATION 3-65(169)s9-66(686)  
MINoOF UNIMOOAL FCN,OF 1 MAR, COMP,BULL°V9(I04) 

MATRIX OPERATIONS; INCLUDING INVERSION 
HILBERT DERIVED TEST MATRIX 1"66(11) 
INTEGER MATRIX TRIANGULATION 7-66(513) 
SYMM,DECOMP,OF POS*DEF,BAND MIX NUM,MATH,VT(357) 
SYMM,DECOMP.OF POS,DEF,MTX, NUM,MATH,V7(368) 
SYMM,OEcOMP,OF PDS,OEF,BAND ~TX COMPUTING V1(77) 

EIGENVALUES AND EIGENVECTORS OF MATRICES 
HOUSEHOLDER REO.'CUMPLEX MAT, NUM,MATH.VB(79) 
SYMM,MAT,-LLT AND STUM~ SEQ. COMP,J,V9(IO3) 

PERMUTATIONS AND COMBINATIONS 
ALL PERMUTATIDN~ OF N O~JECTS COMP,BULL,V9(I04) 

M OPERATIONS RESLARCHJ GRAPH STRUCTURES 
H 285 MUTUAL pRIMAL-DUAL MEIHOD 5=66(326) 
M 266 EXAMINATION SCHEOULING 6-66(~33) ;11=66(795)  
H 293 TRANSPORTAT|DN PROBLEM 12-66(869) 

d6 PLOTTING 
d6 278 GRAPH PLOTTER 2-66(88)  

K2 RELOCATION 
K2 2B~ INTERCHANGE 2 BLOCKS UF DATA 5=66(326) 

~I SORTING 
MI 271 QUICKERSORT II'65(669)~5=66(35A) 

R2 
R2 

SYMBOL MANIPULATION 
8A51C LIST PROCESSING BIT 1966(166) 

S 
S14 34 GAMMA FUNCTION 
S14 34 9"66(685) 
SIt 54 GAMMA FUNCTION 
S14 80 GAMMA FUNCTION 
S14 221 GAMMA FUNCTION 
S1~ 221 9=66(685) 
S14 291 LOGARITHM OF GAMMA FCN, 
S15 DENIM.OF BUYS ERROR FCk, 
SIS COMPL,ERROR INT,'COMPLEX ARG, 
S21 56 ELLIPTIC INTEGRAL'SECOND KIND 
S22 282 DEHIVATIVES OF EXPfX UR IX) IX 
$22 292 REGULAR COULOMB RAVE FCNS, 

F3 DETERMINANTS 
FS 410ETERMINANT EVALUATION 4-61(176)~9-63(520) ;  
F3 41 3=6A(IAA)s9"66(686) Z 
FS 269 DETERMINANT BY BAUSSIAh ELIM, 11-65(668)p9=66(686) Z 

APPROXIMATION DF SPECIAL FUNCTIONS,,, 
FUNCTIONS ARE CLASSIFIED SOl TO S22p FOLLOWING 

FLETCMER'MILLLR'ROSENHEAD, INDEX OF MATHo TABLES 
2"61(106};?'62(391]~ 

A=61( l f lO);9=66(685) 
3-62(166)pg=66(685) 
3-64( Ia3)s10-6g(SB6I~ 

9 -66 (684 ) ;9 -66 (685 )  
COMP,BULL,V9{I05) 
BIT 1965(290) 
A '61 (180 ) ;1 "66 (12 }  
4=66(272) 
11"66(793) 

ALL OTHERS 
MANY=ELECTMON ~AVEFUNCTIONS CACM 4-66(27B) 
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of algorithms; 2d column: number of the algorithm in CACM; 3d column: title of algorithm: 4th column: 
month, year and page (in parens) in CACM, or reference elsewhere. This index supplements the pre~ciously 
published indexes: Index by Subject to Algorithms: 1960-1963 [CACM 7 (Mar. 1964), 146-149]; 1964 [CACM 
7 (Dec. 1964), 703]; and 1965 [CACM 8 (Dee. 1965), 791]. 
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