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t l .  ~l,.:,; 't ' i i  (k~,(.~l. '2!I . \ t ~ r .  l ! ) t i t l )  

[ , s l i l m  t ' i i r  .N(, '< (' ~ t )hys i l (  m~(l l { ( ' : dd ; (~ r l , ( . ( .h~ i ] ; ,  

p r o c e d m + c  ('.q!/iL b'.  / p , . ,  ('(t ~',~, tp.,~, ~t, b, c s , f z ,  exi t)  ; 
~.'it I I11" ?t, ('t't ~ ('(', t*/Y>~ ; i I i  I e~eit.  7<t ; r ( ~ a | ( : ( l ~ d f ¢ ~ ¢ p , ~ ; ( l ~ l ~ e ~ s ]  

l a b e l  r.~'//; a r r a y  J', !1, p ,  .f,G 

('C, I I I l i I ( ' I I I  I [  l h o  r ] l o l h u ( [  o f  Ic~t~l s(lli{Jl.(!s iS i l sed t o  d e [ e r m i E o  

I lK '  |)~tl ' l l [ l l(, l(~l.S i t ,  t>, ¢ e l  ;1 f t l r V l ! j ' ( f )  = (1 P- b~-"*  which :Opr'oxi- 
l i i : l l ( 'S /t (l:~i:~ l )o i~ , ls  f.~., . 7/~) w i t h  : t s s o c i l l l e d  w e i g h t s  p; , t h e n  

• ~ l . ,  t,, (.) = £ p (/t "f(~:,,)~ (I) 
, i 

~ l s l  l . ,  :, s l l i l i l m l l m .  , \  i / (~uessary ~',omli l i~m fo r  this is I l l : I t  

;7~ D,~" ;)s 
= . . . .  = 

(~,t " ;~t~ & 0. ([[)  

{ ' s l m l l y  / s ~ , ( , [ / ] ) i l  i s : , l l n n i p I < ! d  to s o l v e  t h i s  s y s t c m  o f  l i n e a r  
Y f l l I 3 I i I i i I S  [ )y  : I l l  i l l  ' a l i v e  lf l(~I}/(Jd w h i c h  iS  b~t.s(id u p o n  t i l e  

l i n ( ' : t r i zM  ir)ll e l  f i l l  t l )  : in( i  the  ('()llVPl'gel/('(~ e l  w h M l  d e p e n d s  
(>11 l i t ( '  Vl 'V(m ,~[:ti ' / i~lg v l i l l l ( 'S  ] 'or  ( l ,  D ,  (J. 

.\ s i m p l ( . r  ~t~(l m<,r'e (~t'I'(,<'/iv(~ w: O- wh i t ' h  e:~ a l w a y s  bc ( :hosen 
ir t he re  i,* o l f l y  . l ~  . - I J l i l . , : i r  tJ~mtrneter  i l l  f is t he  f o l l o w i n g :  
It i s : i lw:o ' sp , s~i / )  ' l(,(,limh~tite<~ = ~(c) a n d b  = b(c) f r o m t b e  
('(tu:~li~ms <'Js/'ik~ =. 0 an(l ;~,,/iJt~ = 0 trod to [)tit these, expressions 
illl,, ,').~,&' = 0. T h i s  g i v e s ( ) i i l y ( ) n o e ( l u : d i u n  i l i  one  v a r i a b l e  

1"~('; :- ((~(c3, b( ' r ) , r )  :-: (.). & ,  

It" ~ v:~lli(, ~" i:-~ ( ' :d( ' / l l :~ l (q  w i l h  [ " (c ' )  = 0 i he l l  the  e { ) r r e s p o n d h i g  
vtthl(,S e l  fl ~tll(l 7) il l '( ' vbt : t i i~( ' ( t  f r o m  u / = cx(c') and  b'  = b (e ' ) .  

T h e  t 'o l lowi l~,  d pr(>(.( .duru is h: ls(M t ip( in  t h i s  idea  w h i c h  is f u l l y  
t r(,ttl(,(t h i  [7 I, l i  : l l l . w s  1.  t i i l ( l  ~ i r i p l 0  ((z, b, +;) w h i c h  solves ( [ l )  
if" .V()ll Ill:lit. l" :~vz~il:d)h. :/ l l l it lt()(.u.l [ ) l ' oc ( , (h l re  /2be/f inder w h i c h  is 
:thh, l() ~(,I it zf,l'~> (. (J[ ~t t u l l ( , l i lm  F(( ' )  h/ t i le  i n t c r v . d  lea, ccj w i t h  
l i /~ r(>l:d iv( .  ~w('~lr:wyrp,<, i1' ,4m~ (/"((>+t)) ~-e s/{/~ (t"(+~f.,)) o t h e r w i s e  
]( '~!ving lu  l h e  gh )h :d  t;~l~(,/ <.r~/..'~.~ the  al~ov( '  /;(+~) is d i s c o n t i n u -  
( i l ls  i l l  <' ::: O, [ (/, C~'I n t l l ~ l  l l (}( ( 'ol l  l t t i n  (L [The  speed a i /d  e l ] t i t le | i cy  
(,t' i l l(, : l l v . r i l  l i ra d e l j o l l d  o i l  l l iu H,>i<'e o f  t i le  p r o c e d u r e  [ i£oof 
i im / r r  /,; ~,' I 

XI(,sl (if i tl(' ~.vl l lh.t ,~ ~u'(' ~ ( ' / t ' - ex l )h l l l a l ( i r y .  T h e  :i, r l ' : t y f x  f i I l : l l l y  
I 'Ol i l~/ i l lD t h e  \ / ; / l i l ( ,~t~ I /w ' r< ;  

b e | i n  i l i l e ~ l l . r  / ;  r e a l  t, ~<, r ,  ~' f r  h0. Dl D2, D:g,t~.t, D5, t~(LD, T; 
I l r o l ' l ' d u r e  f f cnH '  I f ' ,  J '?);  l a h l e  ¢; r e a l  (', ] 'C; 
e O l i i l i l e l l t  ( 'H l i l l ) l l l e~  flJr a giv~'i~ <' (hc vaht( ,  l 'c = F(c )  a~]d 

(~ = ( f ( c ) ,  /J = / , I r ~ ;  

h v ~ i u  Dii :-:: DI :.'~ D2 :::::: D:; ::,: II-I : =  D5 :=  Dd := D7 : =  O; 
f o r  / ::: I s t e p  I u n l i l  ~'t dO 
I . ' t . , i  n 

/ : ~:.~'{~]; , : "  , q -  ~'X/~; ~' " t~[/!; ~' :='//[/];  
/,() . :  D() i <' DI : ~- DI [ ~ X /'; I d  :== h2 t- , X , X " ;  
D;'; : - /l:t ~ l' X w;  D-I : :  //.1 i ~ X ~' X w;  

D5 ::,-D5 f t X ~ X ~'; 
Dtl : -  Dt; I / X ~ X X ~'; D7 :::, t j  ..... . X is X ~' X t 

c u d  t ;  

t : =  1.0/(hOXh2-hlXhl);  a := t X (h2Xh3-h iXh4) ;  
b := t X (hOXh4-hlXh3);  fe := h7 +. (h5Xa+h6Xb) 

e n d  irene ; 
12ooYinder (irene, ca, ce, eps, c, exit); t := 0; 
tb r  i := 1 s t ep  1 u n t i l  n do 
beg |  n 

v :=fx[ i ]  : = a  + b X  exp( -cXx[ i l ) ;  v := v - y [ i J ;  
t : =  t + p l i j X  v X v  

e n d  i; 
S : =  [ 

e n d  expJit 
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G E N E R A L I Z E D  L E A S T  S Q U A R E S  F I T  B Y  

O t ~ , T H O G O N A L  P O L Y N O i \ . I I A I , S  [E2] 

G.  J .  MAK[NSON (Recd .  30 Sep t .  1965 a n d  29 Aug .  1966) 
U n i v e r s i t y  of L i v e r p o o l ,  L i v e r p o o l  3, E n g l a n d  

p r o c e d u r e  L S F I T U W  (f, x, w, m, k, si, p, l, al, be, s); va lue  ',z, k; 
i n t e g e r  m ,  k;  a r r a y  f ,  w ,  s i ,  p ,  x ,  al, be, s ;  B o o l e a n  l; 

c o m m e n t  L S f ' I T U W  accepts m observat ions  x[i], f[i], i = 1, 2, 
• • . ,  m each wi th  i ts associated weight ~c[i]. The weights sMuld  
be provided inversely proportional to the s tandard  error of ihe 
obserw~tions. 

x[1] should be algebraically the smallest  abscissa and x[,tl the 
largest. 

The codticients of the best fitting polynomial of degree k or 
less, where /c < ,n - 1, are obtained in p[O:k], with  p[0] the 
independent  term. silO:k] contains the measures of the goodness 
of ill: of each polynomial tested. The si[t] are exami~ed suc- 
cessively and the best polynomial is chosen of degree h if h is 
the first wdue of t found such t ha t  si[h] < si[h+l] provided 
tha t  si[j] > 0.6 X si[h] for k _>- j > h + 1. If h is the fil~st value 
of t fotmd such t ha t  si[h] < si[h+l] but then a j is found tha t  
satisfies sill] =< 0.6 X si[h] fo r j  > h + 1 the procedure will choose 
the polynomial of degree j as best  fit. 

If an h such t h a t  si[h] < si[h+l] is not found then the poly- 
nomial is chosen of degree k. L S F [ T U W  uses the procedure 
POL Y X  (a, b, c, d, n) [Algorithm 29, Co~nm. ACM 3 (Nov. 1960), 
604] to transform its results from the interval  ( - 2 , 2 )  to the 
interval  (x[1], x[m]). 

Normally l should be f a k e  but  if the choice made is to be 
overruled after consideration of the si and the bes t  fitt ing 
po lynomM is required to be str ictIy of degree k, then 1 should be 
t r u e .  

The progranunix~g is as outlined by G. E. Forsy the ,  [J. Soc. 
In&st .  Appl. Math. 5 (1957), 74-88] and originally p rogrammed 
by J. (;. Mackinney |Alger | thin  28/29, Comm. ACM 3 (Nov. 
1960), 604]. LSFIT'UW incorporates remarks made by l). B. 
MacMillan [Comm. ACM 4 (Dee. 1961), 544]. 

The variables in the paper of Forsy the  have been abbrev ia ted  
:~s folh)ws. 

al[il is alpha|it, be[iJ is beta|it, si[ij is (sigma|it) T 2, s[i] is 
the same, o. t  is on, ella, hv is w[i, /], tw is w[i+l ,  /+1] ,  
ctp[jt is the eoefticient of :r 1" j in This  (the cllrrmlt) 
orthogo~tal polynomial,  clp[j] is the coefficient of x T J in 
the Last  (previous) orthogozlal polyi~omial, cp[j] is the eo- 
eflicienl of x '1" J in the most  recetltly calculated p o l y n o m M  
of best ill, tp[ij is the vahle at x[i] of the present  orihogol~al 
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p o l y n o m i M ,  tpii] is t i le  v a l u e  ~tt :l:[i] o f  t h e  last ;  or th( )go. .  

a a l  p o l y ~ l o m i a l ,  strain is ~he l e a s t  v a l u e  of  (si:gr~a[i]) ~ 2 
fou led  so f a r ,  swx b e c o m e s  f a l s e  a s  s o o n  :l,s (sigm, a[i-~-l]) 
2 ~: (sigma[i]) "~ 2 (me t i m e ,  co'rap b e c o m e s  t r u e  if s'wz 

is  f a l s e  a.nd s e i n e  (sigma[i]) *" 2 < 0 .6  X simi'rt; 
e : g i n  i n t e g e r  i ,  j ;  r e a l  dzt, delsq, o~n, lw, he, si*nit~, a, b; 
a f r a y  clp, cpsal'e, cp[0 :k] ,  clp[ -I :/el, lp, t p [ t  :m 1; 

B o o l e a n  ,~'wx, cornp ; 
c o m n ~ e n  t i M t i a l i z a t i o t ~ ;  

f o r /  : =  ( ) s t e p l u n l i l / c d ° c p [ i l  : =  0;  ;sirnin : =  0 ;  

,~wx : =  t r u e ;  be[O] :=  clp[O] : =  c t p [ - l ]  : =  degsq : =  om : =  0; 

ctp[OI : =  1; tw : =  0;  c o m p  :=  f a l s e ;  

f o r  i : =  1 s t e p  l u n t i l  rn d o  

b e g i n  
delsq : =  delsq -~ w[il X f[i] ~ 2; tp[i] : =  l ;  

lp[i] : = 0 ;  om : = 0 m ÷ w [ i j X f [ i ] ;  tw : =  t w + w [ i J  

e n d  ; 
.s[0] : =  cp[0]  : =  om/tw; ddsq : =  delsq--  s[01 X ore.; 

silO] : = ddsq / (m -- 1) ; 
c o m m e n t  t r m i s f o r m ~ t i o r ~  o f  a b s c i s s a ;  

a : =  4 / ( x i ' n4 - - x [ l J ) ;  b := - -  2 - -  a X x[:[ ] ;  
f o r  i : =  1 s t e p  1 u n t i l  m d o  x[i] : =  a X x[i] @ b; 
e o , n m e n t  IIlttin c o m p u t a t i o n  l o o p ;  

f o r  i : =  0 s t e p  ] u n t i l  k - 1 d o  

b e g i r t  

du : =  0 ;  
f o r j  : =  1 s t e p  1 u n t i l  m d o  du : =  du + will X :c[jj X tp[j} "~ 2; 

at[i + l] : = d u / t w ;  lw : =  t~v; tw : =  om : = 0 ;  

t o t  j : =  1 s t e p  1 u n t i l  m d o  

b e g i n  

d u  : =  be[il X IpL~l; 
tp[jl : =  t p [ j l ;  
tpIj] := (x[j]--al[i+ll) X tpij] - d u ;  
tw : =  ~w + v;[j]  X tp[j] ~ 2;  

sin : =  om + will X f i l l  X tp[j] 
e n d  ; 
be[i+l] : =  tw/ lw;  , s i t + l ]  : =  om/ tw;  
delsq : =  delsq - s [ i + l ]  X ore ;  si[ i+l]  : =  d e l s q / ( m - i - - 2 ) ;  
i f  l t h e n  g o  t o  L1;  

i f  m co,tip t h e n  

b e g i n  
i f  swx t h e n  

b e g i n  
i f  si['i@l]~ st[i] t h e n  

b e g i n  
c o m m e n t  h i g h e r  p o w e r  a . p p e a r s  no~ to  i m p r o v e  f i t ;  

swz : =  f a l s e ;  

strain : =  si[i]; 
f o r  j : =  0 s t e p  1 u n t i l  k d o  

cpsave[j] : =  cp[j] 
e n d ;  

g o  t o  L1 

e n d ;  
i f s i [ i + l ]  < 0 .6  X strain t h e n  comp : =  t r u e ;  

c o m m e n t  t . e r m i n a t i o t t  o f  m M n  l o o p  a t  s u p e r i o r  f i t  to  f i r s t  

o n e  f o u n d  ; 
c o m m e n t  r e e u r s i o n  t o  o b t a i n  t h e  c o e [ l i e i e n t s  cp of t h e  

p o l y t i o m i a l  of  b e s t  f i t  o f  d e g r e e  i + 1;  

L1 : f o r  j : =  0 s t e p  1 u n t i l i  d o  

b e g i n  

du : =  cl'p[j] X be[iJ; 
clp[j] : =  ctp[j]; 
ctp[jl : =  c lp[ j -1]  -- a l [ i+l l  X ctp[j] - du; 
cp[j] : =  spill +..Y[i÷-ll X ctp[j] 

e n d ;  
cp[i+l]  : =  s [ i + l ] ;  ctp[ i+l]  : =  1;  c lp[ i+l l  : = 0 ;  

i f  -n (com'p V ,swx) t h e n  

i f i  = k ~- I t h e ~  

f o r j  : =  0 s t e p  l ~ n t i l  /~ d o  

e~td  

oi l  d 

e n d  e n d  of  m:~i[~ 0()[~L[)ttl:t~iOll loop. "Fr~tlsforiYla{[o~l of p o l y -  

~ o m i M  f o l l o w s  ; 

POL Y X  (a, b, cp, "p, k) 
e n d  L S E [ T U W  

A l g o r i t h m s  P o l i c y  • R e v i s e d  A u g u s t ,  I 966  

( I n c l u d e s  F o r  t r a r 0  

A contribution to the Algorithms Department  should be in Lite form of an i 
algorithm, a certi~.c ation, or a remark. Contrlbutions should be seat in dupli- 
cate to -the editor, typewrit ten double spaced. Authors should carefully 
follow the style of this department  with espeeial attention to indentation 
and completeness of references. 

An algorithm must normally be written in the ALGOL 60 Reference 
Language [Comm. ACM 6 (Jan. 1963), l- 17] or in ASA Standard F O R T R A N  
or Basic FORTR~AN [Comm. ACM 7 (Oct. 1964), 590-625]. Consideration 
will be given to algorithms written in other languages provided the language 
has been fully documented in the open literature and provided the author 
presents convincing arguments that  his algorithm is best described in the 
chosen language and  cannot be adequately described in either A L G O L  60 
or FORTRAN.  

An algorithm written in ALGOL 60 normally consists of a commented 
procedure declaration. I t  should be typewrit ten double spaced in capital  and 
lower-case letters. Material to appear in bo ld face  type should be under- 
lined in black. Blue underlining may be used to indicate italic type, b u t  this 
is usually best left to the Editor. An algorithm written in F O I I T R A N  nor- 
mally consists of a commented subprogram. It  simuld be typewrit ten double 
spaced in the form normally used for F O R T R A N  or it should be in the  form 
of ~ listing of a F O R T R A N  card deck together with a copy of the card  deck. 
Each algorithm must  be accompanied by a complete driver program in its 
language which generates test data ,  calls the procedure, and  produces test 
answers. Moreover, selected previously obtained tes'g answers should be  given 
in comments in either the driver program or the algorithm. The dr iver  pro- 
gram may be publishedwith the algorithm if i~ would be of maior assistance 
to a user, 

For ALGOL 60 programs, input  and output  should be achieved b y  pro- 
cedure statements,  using any of the following eleven procedures (whose body 
is not specified in ALGOL) [See "Repor t  on Input -Outpu t  Procedures for 
ALGOL g0," Comm. ACM 7 (Oct. 1964), 628-629]: 

insymbol i n r e a l  outarray ininlsgsr 
outsymbol outreal outboolean outinleger 
length inavray outstring 

If only one channel is used by the program for output,  it  should be  desig- 
nated by 1 and similarly a single input  channel should be designated by 2. 
Exsmples: 

outstring (I, ' x= ' ) ;  outreal (l,x); 
fo r  i := 1 s tep 1 u n t i l  n d o  sutreal (I ,A[i]);  
iuinteger {2, digit [17]): 

For FORTRAN programs, input and output  should be achieved as described 
in the ASA preliminary report on F O R T R A N  and Basic F O R T R A N .  

It is intended that  each published algorithm be well organized, clearly 
commented, syntactically correct, and a substantial  contr ibut ion to the 
literature of Algorithms. I t  is necessary but  not sufficient that  a p~tbllshed 
algorithm operate on some machine and give correct answers. I t  mus t  also 
communicate a method to the reader in a clear and unambiguous manner. 
All contributions will be refereed both by  human  beings and by  a n  appro- 
priate compiler. Authors should pay  considerable attention to the correctness 
of their programs, since referees cannot be expected to debug them. 

Certificatmns and remarks should add new information to t h a t  already 
published. Readers are especially encouraged to test and certify previously 
uncertified algorithms. Rewritten versions of previously published al- 
gorithms will be refereed as new contributions and should not be imbedded 
ia certifications or remarks. 

Galley proofs will be sent to authors; obviously rapid and  careful pros5 
reading is of paranmunt  importance. 

Although each algorithm has been tested by its author,  no liability is 
assumed by the contributor, the editor, or the Association for Computing 
Machinery in connection therewith, 

The reproduction of algorithms appearing in this depar tment  is explicitly 
permitted without any charge. When reproduction is for publication pur- 
poses, reference must be made to the algorithm author and  to the Communi- 
cations issue bearing the algoritbm.--J.G.Herriot  
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