
i~mdcqu;~cy of the t,t~rc, e-poird; fit [eq. (14)] depends on 
the t'um:l, ion. With (sec :~ ,~cA') an error of 10 -~ in the posi- 
tio~ of the pole wou[(l be needed to make the total error 
al, lhe point n<,t~'cst; tt~e pole (X = 0.46, i.e., 84 °) signifi- 
cgmtly greater' lha, n time show,~ in Figures 1 and 2; at 
AY = 0,40 (i.e., 72 °) an error of as much as 10 -a could be 
toIerated. In both cases the errors would be y ew  small 
compared with the errors given by  the Simpson formula. 

I t  thlls apl)('ars that there should generally be no 
difficulty in knowing the position of the pole accurately 
enough, ~Ithough such ~m error cotfld lhnit the closeness of 
approa, ch to the pole, 

5 .  C o n c l u s i o n  

A method has been described for numerically integrat- 
ing functiot~s that  have poles outside the range of integra- 
tion, and explicit formulas have been given. These expres- 
sions have bee:rt given in well-conditioned form and are 
easy to use on a~ automatic (:omputer. The accuracy of the 
method has beer~ discussed for a pole of second order. 

The "pole" method and the "half-Simpson" (which is 
*,he comparable polynomial formula) were tested on the 
integration of (see 2 reX), 0 < X < 0.5, considering the 
pole at X = 0.5 only. The "pole" method was superior for 
X > 0.1 and far superior for X > 0.2, that is, within 54 ° 
of the pole. The new method could be used throughout the 
range, and was still very accurate (:lose to the pole, where 
the Simpson formula is useless. 

While we have dealt explicitly only with functions hav- 
ing a single pole, |he  method described in Section 2 could 
be used to derive formulas for a function having any finite 
number of poles whose positions and orders are known. 
The  success ()f the fornmlas in the integration of (see 2 reX), 
which has polca in pro'titular at X = :::t= t2, suggests that  the 
formulas derived for a single pole can be useful even for 
functions having more than one pole, as long as the nearest 
pole is use(1 in eqs. (2), (3), (8), etc. 

I t  has t:een shown that the method described and the 
formulas giwm will allow straightforward numerical 
integration of functions with the most commonly occurring 
kinds of singularities, without detailed analysis of the 
fmmtions. 

Acknowledgments. l would like to thank Miss Rochelle 
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CHI-SQUARED I N T E G R A L  [S15] 
I. 1). Hn, L AND M. C. PH~E (Recd. 9 Sept. 1965 and 3 

Oct .  1966) 
Medical Research Council, Statistical Research Unit, 

11,5 Gower St., London W.C.I.,  England 

r ea l  p r o c e d u r e  chiprob (x, f ,  bigx, normal, wrong) ; 
va lue  x, f, bigx; rea l  x; i n t e g e r  f ;  Boo l ean  bigx; 
rea l  p r o e e d u r e  normal; label  wrong; 

c o m m e n t  Finds the probabili ty that  x 2, on f degrees of freedom 
exceeds x, i.e., 

1 f ~  2~/F(½fi z~S-i e-~ dz (x _~ O, f ~ 1) 

The algorithm is based upon the recurrence formula 

(,~x>: -1 e -~  
P ( x ?  > x )  = P ( x ~ - ~ > z ) +  

F(½f) 

[Handbook of Mathematical Functions, National Bureau of Stand- 
ards, Appl. Math .  Series 55 (1964), formula 26.4.8] by means of 
which troy x~-integral can be reduced to the sum of 

6) a series of terms that  can be directly evaluated,  and 
(ii) a x t i n t eg ra l  on 2 degrees of freedom (if f is even), or on 

i degree of freedom (it' f is odd). 
To ewduate  (ii) we have either 

or 

P ( x ?  > x )  = e - ~  

P (xl ~ > x) = ( 2 / ~ 2 ~ )  e-~ ~' dz. 
W; 

The ewfluation of the lat ter  expression is performed by the 
formal rea l  p r o c e d u r e  normal which must evaluate  the lower 
tail area of the standardized normal curve (real  p r o c e d u r e  
Gauss [D. Ibbetson,  Alg. 209, Comm. ACM 6 (Oct. 1963), 616] 
may be used as the actual parameter).  

The parameter  bigx should be set to t r u e  if the value of x is 
too big for exp ( -0 .5Xx)  to be accurately represented by the 
machine, or f a l se  otherwise. 

For oven degrees of freedom the method is exact,  and the 
algorithm is essentially accurate to the accuracy of the machine. 
For  odd degrees of frcedom the accuracy will be dictated by the 
accuracy of the r ea l  p r o c e d u r e  normal. 

For large degrees of freedom, if speed is more impor tant  than 
great aecuraey, i t  may be found preferable to use an approxima- 
tion, e.g., the Witson-Hilferty cubic formula [Wilson, E. B., and 
t l i l fer ty,  M. M., Proc. Nat. Acad. Sci. 17 (1931), 684] which may 
be expressed as 

&iprob := norma[ (-sqrt (4.SXf)X ((x/f) ¢ (1/3)+2/(9Xf)-1)). 

This  is accurate to 3 decimal places for f > 40. 
The authors thrmk the referee and the editor for helpful 

criticisms and suggestions; 

. . . . . . . . . . . . . . . . .  c~ r ~ .  . . . . . .  ; o . t l a n ~  o f  t h e  A ( : M  2 4 3  



beg in  
i f x  < O V f  < 1 t h e n  go to  wrong e l s e  
b e g i n  

r e a l  a, y, s; 
B o o l e a n  even; 
a := 0.5 X x; even := 2 X ( f+2)  = f ;  
i f  even V f > 2/X ~bigx t h e n  y := exp(-.a); 
s := i f  even t h e n  y e l se  2.0 X normal (--sqrt (x)); 
i f  f > 2 t h e n  
b e g i n  

r e a l  e, c, z; 
x := 0.5 X ( f - - l . 0 ) ;  z := i f  even t h e n  1.0 e l se  0.5; 
i f  bigx t h e n  
b e g i n  

e := i f  even t h e n  0 v i se  0.572364942925; e := In (a); 
c o m m e n t  0.572364942925 = In (sqrt(@); 
for  z := z s t e p  1.0 u n t i l  x do  
b e g i n  

e := In (z) 4 e; 
s := exp(cXz--a--e) .4- s 

e n d ;  
chiprob := s 

e n d  e l se  
b e g i n  

e := i f  even t h e n  1.0 e l s e  O.564189583548/sqrt(a); c := O; 
c o m m e n t  0.564189583548 = l/sqrt(~r); 
fo r  z := z s t e p  1.O u n t i l  x do  
b e g i n  

e := e X a/z; 
(/ : =  c ~ - e  

end  ; 
chiprob := c X y + s 

e n d  
e n d  e l se  chiprob := s 

e n d  
end  chiprob 
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COULOMB WAVE FUNCTIONS [$221 
J. H. GUNN (Recd. 19 Feb. 1965) 
Nordisk Institut for Teoretisk Atomfysik 

Blegdamsvej 15, Copenhagen, Denmark 

p r o c e d u r e  Coulomb (F, Fd, G, Gd, sig, rho, eta, Imax, ex/t) ; 
v a l u e  rho, eta, lmax; 
rea l  rho, eta; i n t e g e r  lmax; a r r a y  F,  Fd, G, Gd, sig; l a b e l  

exit; 
c o m m e n t  T h e  Coulomb wave  func t ions  FL and  GL are defined 

as the  two i n d e p e n d e n t  so lu t ions  of  t h e  different ia l  equa t i on  

4)_2 
do ~ -4- (1 -2a l /o - -L (L+I ) /o~ )y  = 0 

hav ing  the  a s y m p t o t i c  behav io r  for la rge  o 

o,. oo. (._. 
where  aL = a r g  r ( / n + L + I ) .  T h e  p rocedure  ca lcula tes  for  a 

given p = rho and ~ = eta, the functions FL and GL , their de~- 
r iva t ives  Ff f  arid Gr,', and ~L for all L f rom 0 up to bnax (>  0) and  
places  the  resul ts  in. the  a r rays  F, G, Fd, Gd, sig r e spec t ive ly ,  
wh ich  m u s t  have  bounds  0:lmax. rho must lie in the  range 5-30 
and  eta in the  range  0.1-30: values  outs ide  th i s  r ange  cause the  
p rocedure  to leave v ia  the label  exit. This  range  is one tha t  is 
o f t en  used in sea t t e r i~g  and reac t ion  p rob lems  ia phys ics .  De-  
tai ls  of t he  me t hods  used are  t.o be found  in:  C. E .  FrSberg ,  
" N u m e r i c a l  t r e a t m e n t  of Coulomb wave  f u n c t i o n s , "  Rev. Mod. 
Phys. 27 (1.955), 399-411, and in:  H. P .  Lu tz  and  M. D.  Karve l i s ,  
" N u m e r i c a l  ca lcula t ion  of Coulomb wave  func t ions  for  repu l s ive  
Coulomb f ie lds ,"  Nucl. Phys. 43 (1963), 31-44. The  a u t h o r  g ra te -  
ful ly  acknowledges  the ex tens ive  he lp  of Miss  M a r g a r e t  W i r t  
in t he  p r epa ra t i on  of  th is  p rocedure ;  

b e g i n  
i n t e g e r  n; rea l  rhom; 
c o m m e n t  j u m p  to label  exit if rho and eta lie ou t s ide  range of 

p rocedure ;  
i f r h 0  < 5 V r h o  > 3 0 V e t a  < 0 . 1 V e t a >  30 t h e n  

go  to  exit; 
b e g i n  rea l  slo; i n t e g e r  i ;  

c o m m e n t  phase  sh i f t s  aL are ca lcu la ted  using fo rmulae  
44--45 of Lutz  and  Karve l i s ;  

sto := 16 .4- eta T 2; 
sig[O] :=  - e ta  .4- eta/2 X ln(sto) .4- 3.5 X arctan(eta/4) - 

(arctan (eta) 4arctan (eta/2) 4arctan (eta/3)) - eta/(12X sto) X 
(1.4,1/30 X (eta ~ 2-48)/sto 1" 2 .4- 1/105 
X (eta ~ 4 - 1 6 0  Xeta ~ 241280)/sto ~ 4); 

f o r i  :=  1 s t e p  1 u n t i l l m a x d o  
sig[i] :=  sig[i-1] .4- arctan(eta/i) 

e n d ;  
i f  rho ~ (5Xeta-15)/3 V rho =< eta t h e n  
b e g i n  e m m n e n t  G[0] andGd[0] are  ca lcu la ted  using the  Ricca t i  

me t hod  (p<2~/) ref.  fo rmulae  9.1-9.4, F rSberg ;  
i n t e g e r  i;  rea l  q, psi, psid, f; a r r a y  g, gd[O:7], t, s[l :10];  
t i l l  :=  rho/(2Xeta); s[ll  :=  1 --  t i l l ;  q := sqrt(t[1]Xs[1]); 
for  i := 2 s t e p  1 u n t i l  l0  do 
b e g i n  t[i] := t[1] X t [ i - 1 ] ;  

s[i] :=  s i l l  X s [ i - l ]  
e n d ;  
g[0] :=  q .4- arctan(t[1]/q) -- 1.5707963; 
gi l l  :=  0.25 X ln(t[ll/s[ll); 
g[2] :=  - (8Nt[2]--12Nt[11+9)/(48XqXs[1]); 
g[31 := (SXt[ll-3)/(64Xt[llXs[3]); 
g[4] :=  (2048Nt[6]-  9216Xt[51416128Mt[4] --  13440Nt[3]-  12240 

Xt[2147560Nt[1]--1890)/(92160NqXt[1]Xs[4]);  
g[5] :=  3N(lO24Xt[3]-448Nt[2]4208Xt[1]-39)/(8192Nt[2]X 

s[61) ; 
g[6] = --  (262144Mt[lOl-lO66080Mt[9]+6389760Mt[81-11714560 

X t[7].4.13178880X t [6 ] -  9225216 X t[5]-4-13520640X t[4] - 
3588480Nt[3142487240X t[2]-873180Mt[1]+130977) /(10321920 
XqXt[2]Xs[7]) ;  

g[7] :=  (1105920Xt[5]-55296Xt[4]+314624Xt[3]--159552Xt[2] 
.4.4.45576Xt[1]--5697)/(393216Xt[3]Xs[9]); 

odiO] :=  qlt[l]; 
gd[ll := 0.25/(t[llXs[ll); 
gd[2] := -(SXt[ll-a)/(a2Xq×t[1]Xs[2]); 
gd[3] :=  3X (SXt [2 ] -  4Xt[1]+1) / (64Xt[2]  X s[4]) ; 
gd[4] :=  -- (1536Nt[3]--704Xt[214336Xt[1]--63)/(2048XqXt[2] 

Xs[5]) ; 
gd[5] :-- 3X(2560Xt[4]-832Xt[3]+728Xt[2]-260Xt[1]+39)/ 

(4096xt[a]xs[7]) ;  
gd[6l := (-368640Xt[5]-30720xt[4]4114944Xt[3]-57792Xt[2] 

• 4.16632X t i l l -  2079)/(65536 X qX t[3lX s[8]); 
gd[7] :=  3X(860160Xt[614196608Xt[514308480Xt[4]-177280X 

t[3] +73432X t[2] --  17724X t[1141899)/(131072 X t[4] X s[10]) ; 
f :=  2 X  eta; psi :=  psid :=  0; q :ffi --I; 
for  i := 0 s t e p  1 u n t i l  7 do 

24~  C o m m u n i c a t i o n s  o f  ACM V o l u m e  10 / N u m b e r  4 / Apr i l ,  1967 



p:~.I : ..... ,,~id i q X f X  (/d[i]; 
] .f,/(2; ~/(/); ? : .... 7 

<'<q : ..... .*V, Cp~z); <Xi<)[ :::  (;l()l × p/~id/(2X eZa); rhon~ := 
I']~ t/ 

i f  r i . ,  " (:;()h(+[. t 75)/1:', /',, ?'h~ < 2 X oh, ~" 2 I;lten 

b e ~ : i . ~ o m m , ~ . l  ( ; lO landfh / lO larccn l ( :u la tedus ing l ,hosec(md 
l(i('ca(i mv /hnd  (2,7< p) r(fl, for/ntll~ce {).6 {J,N, :Fr(;i)crg; 
h~leger i; real A, 17, p.si, phi, .U, q; a r r a y  x, y, e[1:101; 
x[l[ : 2 X cla/rho; y[1] :=. ] --.a;[1]; q := .WrtOt[l]); el1] 

: :  2 X (2a; 
for  i :=: 2 s t e p  1 m l t i l  10 d o  
beg in  :c[/j :.-= "c[11 × x [ i - - ] ] ;  el i ]  :-- e l l ]  × e[ i -- : t ] ;  

y[i] := :!/[:il x 7/[i--7] 
e n d  ; 
p s i :  . . . . . . .  (Sxx[gI-3Xx[4])/(6~Xe[2]Xy[3]) -t-. 3 X x[5] X 

(1024: - -448Xx[1]-b208Xx[2]-S9Xx[3]) / (8192Xe[4]  Xy[6]) -- 

m[7l X (l10592()-55296Xx[1]+314624Xx[2]--159552Xz[3]+ 
45576Xx[ q -5697Xx[5] ) / (393216Xe[6 ]Xy[9 ] ) ;  

pal  := el1] X (q/x[i] + 0.5 X l n ( ( l - q ) / ( l + q ) ) )  + 0.7853982 
--(9Xx[2]-12Xx[1]-~-8)/(48Xe[l]XqXy[1]) 
- -  (2048- 9216Xx[1]-t- lO128Xx[2]-13440X x[3]-12240 
Xz[ l]+7560X~[5]-1890Xx[6])/(92160Xe[3]XqXy[4]) 
-- (130977Xx[lO]-873180Xx[9]+2487240Xx[8]--3588480 
Xa.[7]+13520()40Xx[6]-9225216Xx[5]+15178880 X x[41 
-- 11714560X x[3] + 6 3 8 9 7 6 0 X x [ 2 ] -  1966080X x[1] 
+262144)/(10321920X el5] X qXy[7]) ; 

A := q/x[2] -~- ( S X x [ 1 ] - 3 X x [ 2 ] ) / ( 3 2 X e [ 2 ] X q X y [ 2 ] )  
- x [ 3 ]  X (1536-704Xx[1]+336Xx[2]-63Xx[3])/ 
(2048Xe[4]X qXy[5]) + x[5] X (368640--30720Xx[11 
+ l149,t4Xx[2]-57792Xx[3]+16632Xx[4]- 2079Xx[5])/  
(65536X el0] X qXy[8]) ; 

B :=  ll(4×e[1]×y[ll) - 3 X x[2] X ( x [ 2 ] - - 4 X x [ 1 ] + 8 ) /  
(64Xet3]Xy[4])  + 3 X x[4] X (2560--832Xx[1]+728 
X x [ 2 ] - 2 6 0 X x [ 3 ] + 3 9 X x [ 4 ] ) / ( 4 0 9 6 X e [ 5 ] X y [ 7 ] )  -- 3 
X x[6] X (1899 Xx[6] - 17724Xx[5]+73432Xx[4] - -  177280 
X x [3 ]+  308480 X x [2] + 196608 X x [1 ] +860160)  / (131072 
Xe[7]Xy[10])  ; 

M := sqrt(1/q) X exp(p,si); 
G[0] :=  M × cos(phi); 
dd[0] := - x [ 2 ]  X (AXMXsin(phi)+BXG[O]); rhom :=rho 

e n d  e l s e  
i f  eta < 4 t h e n  

b e g i n  c o m m e n t  G[O] and  Gd[O] are  ca l cu l a t ed  us ing an a s y m p -  
tot ic  e x p a n s i o n ,  ref .  f o r m u l a e  12.3-12.7, F r S b e r g ;  
r e a l  ss, sly it, tl, SS, S1, TT, T1, an, in, Sn, Tn, An, Bn, &eta, 

cth, sth; i n t e g e r  i ;  
rhom :=  i f  rho ~ 2 X eta ~ 2 t h e n  rho e l s e  2 X eta 1̀  2; 
e o l n m e r l t  a su i t ab l e  va lue  of rhom is chosen  for  which  the  

e x p a n s i o n  is va l id ;  
~s := sn :=  1; tt :=  tn := O; 
SS := Sn : -  0; TT :=  Tn :=  1 -- eta/thorn; 
t l lr  i := 0 s t e p  1 u n t i l  10, 11, i + 1 w h i l e  (abs(sn)>~o-7 

X ~:&s (ss) Vabs (tn) > lo- .7X abs (tt) V~dm (S'n) > lo--7 
X abs (SS) Vabs (51'.r~) > , 0 - 7  X abs ( T T ) ) A ( a b s  (sn) 
< abs (sl)Aabs (in) < abs (tl)Acd~s (Sn) <Wbs (S1)A abs (Tn) 
< a b s ( T 1 ) )  d o  

begirt  An :=  ( 2 X i + l )  X eta/(2X (i+l)Xrhom); 
Bn := (eta ~ 2 - i X  ( i + l ) ) / ( 2 X  ( i+l)Xrhom); 
,st :=  sa ;  t l  :=  in;  $4 := S n ;  T1 := 51WU 
s'n :=  A'n X sl. --  Bn  X /1; 
tn := :in X tl l- Bn X s l ;  

Sn  := An X St  - B'n X 7'1 -- sn/rhom; 
Tn :=  A'n X 5l'1 -l- Bn X S1 -- tn/rhom; 
ss :=  s s +  sn;  tt :=  It + in; 

SS :=  SS f- Sn; T T : =  51'51'+ Tn 

e ~ d ;  

U~eta :=  - -eM X ln(2Xrhorn) + rhom + s/g[0]; 
c& := cos(theta); sth := sin(theta); 
G[0] := ss X cth - tt X sth; Gd[0] : = S S  X cth - T T  X £h 

e n d  e l se  

begin c o m m e n t  G[0] and Gd[0] :.~re c.'dcula~ed on the trm~sit ion 
line for rhom= 2 X eta, ref.  fo rmulae  t0.3-10.4, F rSbe rg ;  
G[0} : -  t.22340416 X eta ~" (1/6) X (l+O.0495957017/eta ~ (4/3) 

--0.9088888889/eta ~ 2 +0.O0245519918/eta 1̀  (10/3) 
--0.000910895806/eta ? 4+O.O00253468412/eta ? (16/3)) ; 

Gd[0] := --]07881773 X eta 1̀  ( - 1 / 6 )  X (1-0.172826037/ 
eta ? (2/3)+0.000317460317/eM 1" 2--O.O0358121485/eta ~ (8/3) 
+O.O(~)31.1782468/eta T 4-O.O00907396643/eta T (14/3));  

rhom := 2 X eta 
e n d ;  
it' rhom ~ rho t h e n  

b e g i n  c o m m e n t  I n t e g r a t e  the  so lu t ions  G[0] arid Gd[0] f rom 
the  value of rhom at which  t h e y  were e v a l u a t e d  to the  value 
of rho r equ i red  using ILunge-Kut t a  f o rmu l a ;  
i n t e g e r  nh, i; r e a l  kl ,  k2, k3, k4, kJp~ k2p, k3p, k4p, y, yp, 

z, h; 

nh : = entier (abs (rhom- rho ) X 10+ 1) ; 
h := (rho--rhom)/nh; 
x := thorn; y :=  G[0]; yp :=  Gd[O]; 
f~}r i := 1 s t e p  1 u n t i l  nh do 
b e g i n k l  : = h X y p ;  kip :=  - h X  (1-2Xeta/x) Xy;  

£2 := h X (yp+klp/2); k2p := - h  X (1-2Xeta /  (x+h/2)) 
x ( y + k l / 2 ) ;  
k3 := h X (yp+k2p/2); k3p :=  - h  X ( 1 - 2 X e t a /  (z+h/2)) 
X (y+/c2/2) ; 
k4 := h X (gp+k3p) ;  k4p := - h  X (1-2Xcta/(x+h)) X 
(y+k3); y := y + (k1+2Xk2+2Xk3+£4)/6; 
yp :=  yp + (klp+2Xk2p+2Xk3p+k4p)/6; 
x : = x + h  

e n d ;  
G[0] := y; Gd[0] := yp 

e n d ;  
n := i f  rho > Imax t h e n  entler(rho+lO) e l s e  Imax + 10; 

b e g i n  c o m m e n t  Use d o w n w a r d  recur rence  re la t ion  (Millers 
met hod )  and  no rma l ; s a t ; on  cond i t ion  to o b t a i n  so lu t ions  

F iLl ;  
a r r a y  f[O:n];  r e a l  fdO, alpha, sto; i n t e g e r  L; 

f in]  :=  O; 
f i n - l ]  := 1; 
f o r L  := n -  1 s t e p  --1 u n t i l l  do 

f [ L - 1 ]  :=  L/sqrt(eta 1"2+L 1" 2) X ( ( (2XL+l)Xeta /  
(LX (L+l ) )+(2XL+l ) / rho)X  f[L]-sqrt(eta 1" 2 
+ ( L + I )  T 2 ) / ( L + 1 ) X f [ L + I ] ) ;  

fdO := (eta+l/rho) X f[0] - -  sqrt(eta I" 2 + 1 )  X f i l l ;  
G[I] := ( - G d [ 0 ] +  (1/rho+eta)XG[O])/sqrt(l+eta T 2); 
alpha := 1/(sqrt(l+eta 1" 2)X (f[O]×G[1]-f[1]×G[O])); 
F[0] := alpha X f[0]; 
Fd[0] :=  alpha X fdO; 
c o m m e n t  U p w a r d  recur rence  re la t ions  fo r  r e m a i n i n g  

so lu t ions  ; 
for  L := 0 s t e p  1 u n t i l  I,max--1 do 
b e g i n  F [ L + I ]  :=  alpha X f [ L + l ] ;  

sto :=  sqrt(eta 1" 2 +  ( L + I )  T 2 ) / ( L + l )  ; 
Fd[L+ll :=  sto X F[L] -- (eta/(L+l)+(L+l)/rho)  X 
F [ L + I ] ;  G[L+I ]  :=  I /do X ( (e ta/ (L+l)+(L+l) /rho)  
XG[L]-Gd[L]); Gd[L+I] :=  sto X G[L] - (e ta / (L+l)+ 
~L+l)/rho) X G[L+I ]  

e n d  
end 

e n d  CouLomb 
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