
A i~tm(mic:tl l ( ' ( ' t~i(t~/ ' ( ) l '  {]ll(]]ll<< all i,~(,l:~l(~(} r()oi {Z un 
()(ltittli()ll h~/s })(x,l/ K]\(!I / .  ]"()tll' t)u~lili(,s of algol' i l  l iras w/ficJh 
USO Ill(? ix~('t~lli(l~l( ' l~'<l\'(~ I)(!(!r/ (l(~scrib(!(t-- rest)(~(qiv(,,]y , 
tile se'cli~milxg ~/lg~)t'lltl~l~s, lil~-~ s(x,<'ml: a.lgori ih~l:~ l t io 
8c :al~t-iallgOi~Is :/lg~Jliiltnls~ '<tlld ih(> I)~WM)ola aigorit[ l I l~s. 
In ca(q/ it.oral if)if ()1' ()/~(' ()]: t]/(? i)rf)(,(xltlros, several  al)l)roxJ- 
tnali()i~s 1() l i/c r()()l {tiT. (:()t'rq)ul:(~d, (~:c(',[~ of whi( : t l  cai/ be 
conq)uto( |  it/dCl)Cl~dol~tly ()[: {/I/y o the r .  I l l! l ice,  in '1. n iu l i i -  
1)i'occssiiig ('liVil'()ltll l(ff/[, I lK '  sP, v(w~l.l a/) l) i 'oximal; io/ ls can 

be (~on~t)tllo([ ]i/ ai)iwo×im<'tt:clv+ the s 'mm lim(~ as t he  sina]o<,, 
approximal ioJ~ oblai~iod lit ol~o ii,('rati()n of a st~mclard 
procod/ l re .  

5Ieasuron:oi i t ,  s of t t ic  n u m b e r s  of i i e ra t i ons  requ i red  by  
the pi'o(:edttl'OS {o ~tohiov(? I)roseribed ~l.C(Jtlrtt(ly ]l~/.vo })OC[l 

given Mong with :mcasur0met~t;s of the err<)r aRer a fixed 
j0tllllb(w Of ii;oi'atiOi~S. These iil(,asurolnollts indicate that 
in ~ niuli;il)r()ccssitig (!i~vir()mn(ml; r i te  g iven  fami l i es  of 

a lgo r i thms  ( ) t l tpor form ( ' ()niparabto s t a n d a r d  a l g o r i t h m s  

when tho  liW, a~tll'O Of 1)(!r formanco iS t he  t i m e  r e q u i r e d  

for the comt)utatioli. Estimates of the amount of con> 
putation required by the algorithms indicate thaL hi this 
respect they are comlmrable to s tandard algorithms. 

Aclc'nowledgme~[. The  slit, tier expresses his gratitude 
to I)1'. A. l:. l losenberg and Dr. J, 1~. Ereolano for their 
suggestions and stimulating criticisms. 

APPENDIX 

Computation oj :c,,~1 :-- L ( z ,  ~, a:,,_,, a:,~, L,--~, L,-1, .<,) 

Let h.,, = a:,, --- :c,,__1 and % = h.,~/h,~-,. Further  let 

:1, , ,  = q , &  - q,,(:t + q,,),t;; ~ + q,,%,_~ 

sL = (~q,, + lbf,, - (1 + mD%-~ + q,,%-~, 

c,~ = (1 + q , , ) d , ,  • 

.~'OW C()Ilii)tl lO, 

-2(5' .  

= - {D;?  :-; 

Then :t;,,}l .... :t',~ -i t- h,,,q, where q is. that  vMue of q,, which 
has the lal'g;(,,r absolute vMue in the denoininator of the 
righi-h'md tel'lit O[ lhe e('l/lalion w h M l  d('finos q,+l. 

t:{ECE~Vr:I) J~ r~v, 1966; m,:v~sl,:n FEBUUA~', 1967 
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AI]IY t :UNCTION [8201 
(.;I~,L~aX BOXD axr) M. L. V. ]'rrTEWAY 

(tReed. 7 Apr. 1966 attd 19 Oct.. 1966) 
Ccipps Computing Centre, University of Nott ingham, 

EnglarM 

p r o c e d u r e  A {rS' ( a i ,  Bi,  Aid, Bid, x, x/a, control); 
v a l u e  x, xia, control; rea l  Ai,  Aid, Bi,  Bid, x, xia; 
i n t e g e r  control; 

c o m m e n t  This procedure evaluates the real Airy functions and 
their  deriw~tives by solution of the differential equation y" = xy. 
The  solutions Ai  and Bi satisfy the Wronskian relation A i  Bi'  - -  

B i  Ai  ~ = 1~re. A i  decreases exponentially for large posit ive 
values of x .  For large negative values of x, A i  and Bi  have simi- 
lar  amplitudes but  differ by rr/2 in phase. 

The solution is tabulated in the intervM - 6 . 6  < x < 6.6 by 
Tay lo r  integration of the differential equation in the stable 
directions (towards negative z for A i  and away from the origin 
for Bi) with step size 0.1. Alternate values are stored using 268 
locations so that  any point is within Taylor  range for subse- 
quent, interpolation in the table. Asymptotic series are used 
outside this range. The  solutimls are accurate to eight decimal 
£gures. 

For extensive use, computation times can be reduced by ex- 
tending the tabular range to --10 < x < 10 and changing the 
s(,ep size to 0.05, using 804 locations. The eeetticients A[7J to 
At10] may then be dropped from the asymptotic series, and 
tot [9j and for [10] from the Taylor  series (J. C. P. Miller, The 
Airy Integral,  British Association Mathematical Tables, part- 
volume B, Cambridge, 1946). 

The operation of the procedure is controlled by the i n t e g e r  
code. A negative value should be assigned to code to set, up the 
Airy function tables oa the first call for the procedure, or when- 
ever  the tables have been disturbed. A subsequent en t ry  with 
code greater than 0 will form: 

A i  = c:cp(a:ia) X Ai(x)  Aid = exp(xia) X A i '(x) 

B i  = cxp(--zia) X Bi(x) Bid = exp(--xia) X Bi '(x) 

If the derivatives are not required, code should be set to zero. 
This  will avoid asymptotic series calculations, but Aid and Bid 
are set~ if [:c] < 6.6 even if code = 0; 

b e g i n  
r e a l  rtmdx, :ri, factor, p, q, scale, s, c, xlab, h, pi; 
i n t e g e r  n, r, j; 
a r r a y  At0:10}; 
o w n  real  a r r a y  Ailab, Bitab, Aidtab, BMtab[-33:33]; 
p r o c e d u r e  Taylor(yl, deriw1, a:, h, 71, derivy); 

va lue  z, h, y, derivw; real  yl, dcriv~]l, as, h, y, derivg; 
eou l l l l en t  Calculates y(a:-t-h) from ,G(x) by series exl)ansioll of 

dwf/d,c ~ = :ry ; 
begi  n 

rea l  square; 
a r r a y  /or[0:10]; 
i n l e g e r  n; 
i f  h = 0 t h e n  
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b e g i i l 

Y]- :-- W; 
deHcgt :=  deri+,?/; 
g o  t o  zerostcp 

e n d  shoNcttt 
e l s e  
b e g i n  

lot[0] :=  y ;  
~or[1] : =  h X deHcg; 
squarc : =  h X h; 
tot[2] :=  0.5 X square X :~ X tot'[()]; 
y l  :=  to~'[0] @ &)r[[]  @ tot[2];  
deriv!]l := to t [ l ]  + 2 X tot[2];  
f o r  n :=  3 s t e p  1 n n t i l  10 ,(1o 
b e g i n  

tot[n] := sq~ore X (.cXlor[n-2J t -hXtor [n-3J l ,  
((n-1)Xn);  

711 :=  y l  + tor[n]; 
derby//1 :=  deriq/1 + *~ X tinIn] 

e n d ;  
deHvyl :=  dcri~,!il/h 

e n d  c a l c u l a t i o n  of coe f f i c i en t s  in  s e r i e s  e x p a n s i o n  

zero.step : 

e n d  5I~tylor; 
pi  : =  3.14159 20530; 
i f  control < 0 t h e n  
b e g i n  

Bitab[O] :=  0.61492 66274; 
Bidlab[O] :=  0.44828 83574; 
Aitab[33] :=  2.15659 99525 :o -  0; 
Aidtab[33] := --5,61931 9 4 4 2 : o -  6; 
xtab : =  0; 
f o r  n :=  0 s t e p  1 u n t i l  32 do 
b e g i n  

7Y~y~or(Bi, Bid, x~ab , 0.1, f3Rab[n], Bidtab[n ]) ; 
Ta,th, r(Bilab[n + l ], Bidtab[n + l ], xtab +O.1, 0.1,  B i ,  Bid); 
TayM~'(Bi, Bid, -re&b, - 0 . 1 ,  Bilab[-n], Bidlab[-n]); 
!l 'aiflor(Bitab[-n- 1}, B f d l a b [ - n -  1], -z~ab-O.1, - 0 . 1 ,  B i ,  

B i d )  ; 

:dab :=  xiob + 0.2 
e n d  se t t ing  up Bi t a b l e s ;  
for n := 33 s t e p  - 1  u n t i l  - 3 2  do  
b e g i n  

T a y l o r ( A / ,  A i d ,  zgab, - 0 . 1 ,  Aigab[n], Aid~ab[n]) ; 
Ta//!or( A itab [n -1],  A idfab [n -1],  :dab-0.1, - 0 . 1 ,  Ai ,  Aid) ; 
xtab : =  xfab - 0 2  

e n d  s e t t i n g  A i  t a b l e s  
e n d  ; 
i f  abs(J') ~ 6,() t h e n  
b e g i n  

j : = 5 X x ;  
:flat, :=  j/D; 
h : =  x -- xtab; 
,scale : =  e.cp(-:cia); 
Ta.9,lo~.(.Ii , +lid, xlab> h, ,1 i~ab [j], Aidtab[j]) ; 
77~//lor(Bi, Bid, x~ab, D, l¢ilab[j], Bidlab[j])j 
eli  :=  Ai/scale; 
Aid :=  Aid/ .~cale;  
Bi : =  Bi X scale; 
Bid  : =  Bid X scale; 
go to finish 

e n d  i n t : e r p o l a t i o n  irt p r e v i o u s l y  e s t a b l i s h e d  t ab l e ;  

rgmd+ : =  sfV'Z(abs(x));  
xi :=  rSndx ~ 3/1+5; 
fi+cgor : =  1 / ( 1 2 X x / ) ;  

A[O] : =  1/.~(trg(piXrUndx) ; 
r : =  0;  

f o r  n : =  0 s t e p  1 u n t i l  9 do  

~ 1 ~  ( : o m m i + n l e a l : i c t n m  o f  I ' l ' ,e A ( : M  

~-: .... c i 6 
e m l  c:dc:lh:thm M+ :t.%'t::p:~>tic :.:'ri(,s (x+cflh'im:ts; 

if,/+ <C 0 lh("~: go Io  re!l; 
7) :=  .t[01 l - , t t 2 i . b  .~[~i f .tl~+i I .t{Ln[ + / [ 1 0 ] ;  
<z:=  . t i t ]  + +t{;:l } . t !s]  i . t t : l  f , i l g i ;  
,<(>(l/~ : - :  c./'p(./'g .!>7'(~] ; 

.l/ :-- tp ( t )  (2Xsc+l/+'); 
B i  :=  (p{+l  ] N s+o/+; 
~.~0 1/) ('+I/p~P'UUC; 

,I (g : 
p : . . . . .  {[()1 .{[2 / {+ . I l l  I ..... ,t[tj] [ ,l[+";] ..... < / [ {0] ;  
q : =  . t { t j  ..... ,IL3] b ,1151 + . t [ : !  [ . . t { !+ ] ;  
.~ :=  .~e'n t.+:i ~"pi, '1): 
C : = (+~)+~ (.~:~r [ ] ) [ ' / ' 1 )  ; 

seal: : =  c.l:p( . r ia) ;  
+{i : =  (t>Xs.--qXe)isc(dc; 
l;i :=  ( p X c  HtXs) X sea.5 ; 

i f  con Is'02 = 0 t hetit go  I(Lfi*l/'S/~ 
e lse  i f  :~: < 0 t h e n  
b e g i  n 

p : . . . . .  (r!n~d,CM'i) X 
( - - s x  +t{21 + ~ x  .t [~ ] - - -~× .t [(:] i s ×  ,,t [ s ] - t o x  ,t {lo]); 

q :=  -(rl.l&'/:ci) × 
( . l [ 1 ] - 3 X A [ 3 ]  [ -SX+l[D]-- .TX J [ T ] + g X A [ 9 ] ) ;  

+1 id : =  -(~'l,+d.~:× Bi)/(,~udcX.<cah') - A i / ( , t X z )  
- -  (pXs--qXc)/scale; 

17/d :=  rbndz X A i  X ,wage X .~cale - B i / ( 4 X z )  
- (pXc-÷f~X+)  X scale; 

g o  tofini.d~ 
e n d  calc : : la t io t~ of ( le r iw~. t ives ;  
p :=  (rUnd.I;!"xi) X 

:2X ~t [2] + 4 × .  t[41 @0X .l [ ( ; ]+SX t [ S ] + 1 0 ×  d [10]); 

q := -(~'l,+d.c/zi) X 
( A [ 1 ] + 3 X . t [ 3 } + 5 X A [ 5 ] + T X  J { 7 ] + O X A { 9 1 ) ;  

Aid := (p--q)/(2Xsra2e) -- , l i  X (~'b?~d:c+t/(4Xac)); 
Bid := (p+q) X .wage + 1W X ( rh~zdx- -1 / ( - tX:v) ) ;  

f i r+ i s t !  : 
e n (1 A i~'y 
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.[ LAX ~1: (1~1:, VI!X~T()R S T O I I E I )  AI:(RAY [K ] 

) f J. BOOrm~OYD (L0C]. 112 Sept .  i!)()G, 28 NOV. 1966, mid t 
6 Fob. 1967) I 

U. of [['asmu, l~itt, [[ot)~u't, T:t.<+, Austral ia t 

p r o c e d u r e  {raz+sp0,v# (a,  ?n, ~t) ; ~ a l t i e  In ,  / I ;  i t l t e g e r n g ~ f G  array 
a, ( r o m n t e n l  por[orIHs ult in-sit :: I rnnsposilhm of an m. X ha'ray ( 

A[II:nz l:~]stor(MByrowsia the voctora[l:~nX'nI.T heIueth°d 
is e s s e n l i a l l y  t ha t  M' ~Vill([foy [1], t u . d i f i e d  f<}r use  wi th  vect0rs l 

h3, v [ l lg  ttlii{ ]ow(~/' s td>sc r i i ) t  }Jo :m( ls .  
T h e  a l g o r i t h m  I>r+Jcesses oM:< u to lne t t t s  . l [ l ,  21 through 

A[,+,  z+--l] si:ic( +I[1, 1] a n d  A i m ,  ++] r e t a i n  [he i r  originalp0si- I 
t iol is ,  l : ; h m m n t s  A[q,  p]  of lh(~ t r a , s p ( > s e d  m a t r i x  are plaeedin I 
a[i], i+t +M! <n'dcr i = '2, 3, - . .  , , ~+ +-++ 2, b y  :m (:xchallgittg proc I 
ess .  A t  t he  h:st  st(q) two  ( d ( m m u t s  a r e  (,(+rrect/y pl+u:ed which 
a0c ,h t t t t t s  [,Jr i h e  v+llH(~ m q - '2 :t4 1[i(+ u p p e r  L i j t ind  (m i Valid 
Sltbs(Hri]){S Of" [+l(~ V(+CttOF (++I:tIIx/gj :It'(+ CIUHteH[S ltl the t-origin 0 
imh+x se t  [1, 2, . . ,  , mn.]. ( : , m p ~ l ~ i t i -  a l ly ,  h+~w(,vet', it is more 0 
c+)I+v+Ifi(m1 IL+ +aS++ +:It++Z~+ro <+Ii£i:+ /++t {0, I ++ , m e + - l ]  l)etmt s 
11:¢ t)y i<, (i:+= i +- l) +N++ +,rr++spo.I l i i+~ z p r o o r i g i i l  i ,dex of z, 

a[i!, 1o be+,emtpi++d b y  l i q ,  P l  v,+, h : ,v+ i ..... .+ q I) + ( p - l )  v 
rF}i(+ (}()F[J{PS[)OII+Ii]t~ Z(!FO,I>I'J~[ll ++t(t(>X ,]++ Of ill(} *'+ [7>+ q] d0me:lt 

wJv. in a l j ] ,  w h i c h  IIt!ISt I~  lrHtJsi+m'red l l l a [z ' ]  iS: it 
a 

,jO +++ , j  ..... i = n ( p - 1 )  ( ( / I )  +++ n X i> m . d C m n  I) 
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For each wl]u~ of i = 2, ;L " '"  , m n  --  2 (or /0 = 
1 2, , - -  , m n  :g) we ('<)inpule lhe iu(lex j of a[j] and exchange  
<~[i] :ll~d a[j] ] . vhh~ 17~: i (i.e.,j~, > it,). 'l?h(~ c~use.j < i indieat)es 
t:h~ll ih(~ dt¢,inell/ ocigill:dly ill (~1.]1 is now (~ls(~whc, re fo l lowing 
I)revi()~ts ex(dmn,ge:< [Is 1)¢'('.s(~t~l, l)osit,iort is g ive~  t).y the firsb 
jT ~ i{J ill { [[(~ S()['i(>S ~}f' Z('{)-~) 'igi~ h (t i(es:  

.%. ; ,~  = ,r~ × j~ r o o d ( r a n - I ) .  

The  lwo s(?([tt(!g]c(!s m()dtth)(mn 1) n.re gcne;rat,ed by  dii'feret~l~ 
methods. An a d d i i i v e  pro( 'ess  gencrages the  first,  using ]: to  
dupli('at('~ th(~ fun(  I;i<m of j ,  in case [his is a d j u s t e d  in t.he second  
]'(?CIH'F(!I/C(~-K,(!II(!t'~[ (~(I Se(lll(!l/(:e i [ j  ~ i .  

(hdil<e the s imi la r  p r o b l e m  [31, I r anspos i t i ou  does m)t apl)ear  
Ic) be (:Oml)R~lx~ly s()luble on whol ly  group-the()reI:ic l ines.  A 
geucra l  d i scuss ion  of lr :~nsposit ion mid a re fe rence  t.o i ts  for[rltl- 
l a i ion  its a p r o b l e m  h~ A b e  an (3roups is g iven  in  [21. 

[1] P. F.  Whtd ley ,  T r a n s p o s i n g  ma t r i e e s  in a d ig i la l  c o m p u t e r .  
Comp. J.  2 (1959), 47-48. [2] (L A. t l eue r ,  Con t ro l  L)ata 
Tec tmiea l  R e p o r t  T .R.53 ,  pp.  3-5. [3] F l e t c h e r ,  W., a~,d 
Silver,  II. A l g o r i l h m  284. Comm. A C e [  9 (May  1966), 326; 

lmgi  n i n t e g e r  i,  j ,  k, ile.s.s 1, mnles.~l, done, jn, modlessn; 
r e a l  t; 
mnless l :-- m X n -  1; modlessn :=  mnlcssl - n; 
done := mnlc.ssl-- 1; tc :=  0; ilessl :=  1; 
tk~r i :=  2 s t e p  1 u n t i l  done d o  
b e g i n  e o n , m e n  t e o m p u t e s  j = k = n X i0 rood (ran- 1) ; 

j := ,~ := if/ , '  ~ modles.m t h e n  k -/- n e l s e  k -- modlessn; 
gesg: i f j  < ilessl t h e n  

b e g i n  c o n , m e r i t  e o m p u t e s  j ~ t  = n X j~ rood (ran- 1) ; 
jn  :=  j X n;  
j :=  jn -- jn + mnlessl X mnlessl; 
g o  t o  le,G 

e n d ;  
e o m m e n t  avoid  u n n e c e s s a r y  exchanges  ; 
i f  j 7~ ile,s,sl, t h e n  
b e g i n  j :=  j-..~- 1; 

~:= c,[,,:]; a[i] := a[j]; a[j] := t 
e n d ; 

igesst :=  i 
e n d  

e n d  h'anspose 

REMARK ON ALGORITHi\[ 28 [E2] 
LEAST SQUARES FrT BY ORTHOGONAL 
I 01,5 NOM[AI,S [ , John  G. ?~[aekmney, Comm,. AC/I /3  

(Nov. 1960), 604] 
G, .L iX[,KtNSON (Recd. 30 Sept. 136o, 29 Aug. 1966 and 

7 Nov. 1966) 
Uaiversity of LiverpooI, Liverpool 3, England 

T h e r e  are  t h ree  errol 's  in  the  puMished  p rocedu re .  

I , i u c 3 2  i :=  r a f t - 2 ;  shou ld  r e a d i : =  m + 2 ;  

I,itae 56 del ,sq/(m-i--1);  shou ld  read  d e l s q / ( m - i - 2 ) ;  

Liue 69 ; is missil~g f rom end of s t a t e m e n t  cpoly[i+l] :=  s [ i + l ] ;  

T h r e e  impr(~vemet~ts can  be made  to the  p rocedure .  [n  the  case  
of eq u a l l y  s I) tce(l poi l l t s ,  [ t  is poss ib le  to c en t e r  t h e m  abou t  t h e  
or ig in ;  all a lphas  are lhen  zero. Th is  is :~ehieved by  replac ing the  
s~It[.onlellts Oll l iues 32, :7{3, aud 3.t by  delgax :=  4 / ( m - l ) ;  
zo~e := - 2 ;  All st:~i.(!m(!nls ittv()lvitlg a lphas  call t hen  be re-  
vised.  

Al~olher i m p r o v e m e n t  can  be made  by de l e t i ng  the  two s t a t e -  
m e n t s  ou line 37 :rod all of l ines 38, 39, and  40. T h e s e  s t a t e m e n t s  
are COml)letely r e d u n d a n t .  

T h e  t, h i rd  i m p r o v e m e n t  is to r ewr i t e  line 71 to r ead  

claslp[i+l] := 0; 9: e n d 0 f m a i n  

i n s t ead  of 

9: clastp[i+l] := 0 e n d  of main 

CI~[{i [t~ [CA ['f()N O17 ALGOIII [tf2\[ 30 [C2] 
N[ .\II,tdCAI, S ) L b i [ O N  OF THE POLYNOMIAL 

I,QUAI[ON [K. W, EIAA!;NBE1K}ER, Comm. ACM 
3 (Dec, 1960), 643] 

J(m× J. KOHFELD (Recd. 31 Aug. 1964, 18 Nov. 1964 and 
10 Nov. 196(;) 

r ~  0 Compttting Center, United Iechnology Center, Sunny- 
vale, Calif. 94088 

The  ROOTPOL procedure  was f m m d  to use the  iden t i f ie rs  p, q, 
w i t h o u t  dec la r ing  them.  T h e y  should  be dec la red  r e a l .  

The  first ALGOL s t a t e m e n t  in C ohen ' s  Cer t i f i ca t ion  [Comm. 
A C M  5 (Jan.  1962), 50] which  reads :  

i f  by ¢ 0 t h e n  s :=  In (abs(hi)) 

shou ld  read : 

i f  hi ¢ 0 t h e n  s :=  In (abs(hg)) + s. 

The  next  l ine could be s implif ied to read :  

e n d ;  s : =  e x p ( s / ( n + l ) ) ;  

The  above  correc t ions ,  as well as A lgo r i t hm 30 i tse l f ,  are  in 
publ iea t ior t  l anguage  ALGOL. Itl o rde r  to t r ans l a t e  t he  a l g o r i t h m  
to reference  language  ALGOL, which  is now used in C A C M ,  10 F 
would  need to be replaced by  10 T F ,  and hi would need  to be re-  
p l aced  by  h [j] .  

With  these  cor rec t ions  and  those  con ta ined  in A l e x a n d e r ' s  
Cer t i f i ca t ion  [Comm. A C M  4 (May 1961), 238], E l l enbe rge r ' s  Al-  
g o r i t h m  was a d a p t e d  to B-5000 ALGOL arid success fu l ly  execu ted  
on  the  Bur roughs  B-5000 c o m p u t e r  a t  Un i t ed  T e c h n o l o g y  Center .  
T h e  resul ts  f rom the  four  examples  used by  Alexande r  are g iven 
beh)w. 

Example 1 

( 1 . 0 0 9 8 ) 1 0 7 x  ~ - ( 9 . 8 9 1 3 ) 1 @ x  3 - ( 1 . 0990 )1 ( }~x  -~ + 10~x q -  1 = 0. 
T h e  roots  are :  

x = - 0 . 2 0 1 0 8 0 1 8 5 4 0 6  

x = 0 . 1 4 9 5 2 1 6 2 2 6 5 3  ± 0 . 1 6 3 9 8 9 6 0 9 2 8 3 i  

x = ( - 9 . 9 9 9 8 9 0 1 1 2 3 0 ) 1 0 %  

Ezample 2 

x 4 -  3:v ~ + 2 0 z  ~ + 4 4 x  + 5 4  = 0 

x = 2 . 4 7 0 6 3 8 9 7 0 0 1  ± 4 . 6 i 0 5 3 3 1 6 1 6 4 i  

:v = - 0 . 9 7 0 6 3 8 9 7 0 0 1 0  ± 1 . 0 0 5 8 0 7 5 8 9 0 3 i  

Kcampte 8 

x ~ -  2x ~ + 2 . e + x  3 + 6 : c  ~ - 6 x - t - 8 = 0  

x = - 0 . 9 9 9 9 9 9 9 9 9 9 9 0  ± 1 . 0 0 0 0 0 0 0 0 0 0 0 0 i  

:c = 1 . 5 0 0 0 0 0 0 0 0 0 0 0  ± 1 . 3 2 2 8 7 5 6 5 5 5 3 i  

:c = 0 . 5 0 0 0 0 0 0 0 0 0 0 0  ~ 0 . 8 6 6 0 2 5 4 0 3 7 8 0 i  

Exam,ple 4 

x ~ + : v  ~ -  8x ~ -  16x 2 +  7x + 15 = 0 
~: = 3 . 0 0 0 0 0 0 0 0 0 0 0  

:c = - - 2 . 0 0 0 0 0 0 0 0 0 0 0  ± 1 . 0 0 0 0 0 0 0 0 0 0 3 i  

~z = - 0 . 9 9 9 9 9 9 9 9 9 9 9 0  

:v = 1.0000000000/~) 
These  resul ts  agree s u b s t a n t i a l l y  wi th  those  g iven  ia  Alexa t idc r ' s  

Cer  t i t ieation.  

~ o l t m , e  10 / N u m b e r  5 / M a y ,  1967 C o m m u n i e a t i o n s  o f  t i l e  /kC3![ 2 9 3  



CEI IT  [ I : ICATION OF A L G O R I T H M  279 [D1] 
CIIEBYSHIi;V QUADRATUI]I~; iF. R. A. Hopgood and  

C. ],ithorl~tnd, Comm. AC211 9, 4 (Apt. 1966), 270] 
I(ENN:ET[17 HILLSTItO3.f (Heed. 16 Dec. 1.966 attd 30 &m. 

19(;7) 
Applied Mathemat ics  Divisioa, Argonne National  l ,aboi 'a- 

tory, Argonne, Illinois 

Work performed trader the auspices of the US Atomic Energy Commissioit 

The 40th line of the first eohumt on page 270 should read: 
ba&la := .5 X (b+a); 

So corrected, Chebyshev quadrature was coded in C])C 3600 
ALGOL. A modified versi(m of this quadrature scheme was coded 
i n  3600 C o m p a s s  l : m g t t a g e .  I n  t h i s  m o d i f i c a t i o n  t h e  c o s i n e  w d t t e s  

a r e  p r o g r a m  c o n s t a n t s ,  w i t h  3600 s i n g l e - p r e c i s i o n  a c c u r a c y ,  us 

o p p o s e d  to p r o g r a m  g e n e r a t e d  v a h t e s ,  w h i c h  t e s l s  s h o w  h a v e  

I Imximui~t  a b s o h t t e  e r r o r s  of 2 a'~, T h e s e  e r r o r s  a r e  c u r r i e d  i n t o  t h e  

i n t e g r a n d  lltrgtllne, l l t  e v a l u a t i o n ,  r e s u l t i n g  in  l a r g e  r e l a t i v e  e r r o r s  

in  t h e  i n t e g r a a d  e v a l u a t i o n ,  f o r  f u n c t i o n s  b o u n d e d  b y  u n i t y  o v e r  

t h e  i n t e r v a l  of  i n t e g r a t i o n ,  f o r  e x a m p l e ,  e ' .2 o v e r  (0, 4.3)  a n d  s i n ( x )  

over (0, 2~-), which in turn delays convergence. 
Since :t600 Compass does i,log permit dynamic allocation of 

storage, the dimension of the cosine array must be fixed. The 
choice of 129 = 27 q- 1 terms is based on the, recommendation in 
t h e  c o m m e n t s  of  A l g o r i t h m  279, " A  r e a s o n a b l e  v a l u e  f o r  n m a x  is 

p r o l ) a b l y  7 . "  

T h e  C h c b y s h e v  q u a d r a t u r e  3600 ALGOL p r o g r a m ,  t h e  m o d i f i e d  

3600 C o m p a s s  r o u t i n e ,  a n d  3600 F o a T n ~ N - c o d e d  tl, o m b e r g  a n d  

H a v i e  i n t e g r a t i o n  r o u t i n e s  w e r e  t e s t e d  w i t h  s ix  i n t e g r : m d s .  T h e  

TABLE I 

Routine 

Havie 
Romberg 
Chebyshev 
Chcbyshev tRey.) 

Havie 
Romberg 
Chebyshev 
Cbebys hey (Rev.) 

l:lavie 
Rcmberg 
Chebyshev 
Chebyshev tRey.) 

IIavie 
Romberg 
Chebyshev 
Chebyshev (Rev.) 

[hwic 
Romberg 
Chebyshev 
Chebyshev (Rcv.) 

Havie 
Romberg 
Chebyshev 
Chebyshev tRey.) 

VA 

0.886220924 
0.886220925 
0.886095576 
0.88~22(1926 

6.268233308 
6.268233309 
6.282993876 
6.283185309 

5.034254231 
5.034254231 
5.829597734 
5.701177427 

14.02585084 
1,t.02585085 
14.02585096 
14.02585097 

1.9797,t5104 
1.97974510,t 
1.99959946l 
1.997983436 

1.5822389,t6 
1.582238946 
1.582232967 
1.582232967 

Nto~t- 
] hew 

s,,,% 
tiot~ 

evalu- 
aliotts 

17 
65 

129 
47 

129 
129 
129 

5 

129 
129 
129 '126__ 

I 05 
I 05 

17 

129 
I 129 
!126 

17 
17 

dx 
~' The value f ~ l  - 1.5822329 is obtained from C. W. Clenshaw and (~-~ + + O.9) 
A. R. Curtis, "A method for numerical integration on an autematlc computer," 
2Vumer. Math. 2 (1960), 203. 

294 C o m m u n i c a t i o n s  o f  t h e  A C M  

[~ ,omberg  a n d  I l a v i e  r o u l i n o s  ~:~re b a s e d  upo~l A ] g o r i t . h m  60,  I { . o ~ _  

b e r g  [ a t e g r a t i o l l  [Comm.  A C M  4, ( , l m m  1 9 0 ] ) ,  225],  a n d  A l g o r i t h r r ~  

257, H a v i e  In  t eg r :~ l ion  ]Corn ,a . . / (7M7 8 ( J u n e  1965) ,  381 ]. 

T h e  r e s u l t s  of t ,hese t e s t s  a r e  t a b u l a t e d  ils qL, fl)le I .  I n  t h e  t a b t %  

k is t he  l o w e r  l imib  of  t h e  i / , t e r v a ]  of i n t e g r a t i o n ,  H is t h e  u p p e r  

l i m i t ,  E t ' N  t h e  c o n v e r g e a e e  c r i t e r i o n ,  V [  the  v a l u e  of  t h e  i n t e g r a l ,  

a n d  VA t h e  ve(hte of  t h e  a p p r o x i m a l i o n .  

D u e  to s t o r a g e  r e q u i r e m e n t s ,  C h e b y s h e v  q u a d r a l m r e  is  r e -  

s t r i c t e d  t() a m a x i m u m  of  129 f u n e t i ( m  e v a l u a t i o n s .  F o r  r ea so r~8  

of  c o m p a r i s o n ,  t h i s  l i m i t  is ~,~lso i m p o s e d  o n  R o m b e r g  a n d  H a v ] ~ .  

q u a d r a t u r e s .  T h u s ,  in s o m e  c a s e s  t h e  ace l J ra . ey  c a l l e d  f o r  w a s  n o  ?o 

o b t a i n e d .  

Algorithms P o l i c y  * Revised August, 1966 

A contribution to the Algorithms Department should be in the form of an 
algorithm, a certification, or a remark. Contributlons should be sent indnpl i-  
cats to the editor, typewritten double spaced. Authors should carefully 
follow the style of this department  with especial attention to indentation 
and completeness of references. 

An algorithm must  normally be written in the ALGOL 60 Reference 
Language [Comm. ACM 6 (Jan. 1963), i-I7] or in ASA Standard F O R T R A N  
or Basic FORTRAN [Comm. ACM 7 (Oct. 1964), 590-.-625]. Consideration 
will be given to algorithms written in other languages provided |he language 
has been fully documented in the open literature and  provided the author  
presents convincing arguments that his algorithm is best described in the 
chosen language and cannot be adequately described in either ALGOL 6(~ 
or FORTRAN.  

Au algorithm written in ALGOL 60 normally consists of a commented 
procedure declaration. I t  should be typewritten double spaced in capital and  
lower-case iettera. Material to appear in bo ldface  type should be under-  
lined in black. Blue underlining may be used to indicate italic type, but  this  
is usually best left to the Editor. An algorithm written in F O R T R A N  nor- 
many consia~ of a commented subprogram. It should be typewritten double 
spaced in the form normally used for FORTRA N or it should be in the form 
of a listing of a FORTRAN card deck together with a copy oI the card deck. 
Each algorithm must  be accompanied by  a complete driver program in its 
language which generates test data, calls tile procedure, and produces test  
answers. Moreover, selected previously obtained test answers should be given 
in comments in either the driver program or the algorithm. The driver pro- 
gram may be pnblishcdwith tile algorithm if it would be of major assistance 
tO a user, 

For ALGOL 60 programs, input and output  should be achieved by  pro- 
cedure statements, using any of the following eleven procedures (whose body 
is not specified in ALGOL) [See "Report  on Input -Output  Procedures for 
ALGOL 60/' Comm. ACM 7 (Oct. 1964), 628-629]: 

insymbol larval outarray inlnteger 
outsymbol outreal on, boolean outinteger 
length inarray oulstring 

If only one channel is used by the program for output,  it. should be desig- 
nated by I and similarly a single input channel should be designated b y  2. 
Examples: 

oulstring (1, ' x = ' ) ;  outreal (l,z); 
f o r  i : =  1 s t e p  1 u n t i l  n d o  outreM ( i , A [ i D ;  
ininteger (2, digit [17]): 

For FORTRAN programs, input  and output  should be achieved as d~er ibed 
in the ASA preliminary report on FORTRAN and Basic FOR.TRAN. 

It is intended that, each published algorithm be well organized, clearly 
commented, syntactically correct, and a substantial contribution to the 
literature of Algorithms. I t  is necessary but  not sufficient tha t  a published 
algorithm operate on some machine and give correct answers. I t  must  also 
communicate a method to the reader in a clear and unambiguous manner.  
All contributions will be refereed both by  human beings and  b y  an appro- 
priate compiler. Authors should pay considerable attention to the correctness 
of their programs, since referees cannot be expected to debug them. 

Certifications and remarks stiould add new information to tha t  already 
published. Readers are especially encouraged to teat and certify previously 
uncertified algorithms. Rewritten versions of previously published al- 
gorithms will be refereed as new contributions and should not be imbedded 
in certifications or remarks. 

Galley proofs will be sent to auttiora; obviously rapid and  careful proof. 
reading is of paramount importance. 

Although each algorithm has been tested by its author, no liability is 
assumed by the contributor, the editor, or the Association for Computin~ 
Machinery in connection therewith. 

The reproduction of algorithms appearing in this department  is explieitly 
permitted without any charge. When reproduction is for publication pur- 
poses, reference must be made to the algorithm author and to the Communi- 
cations issue bearing the algorithm.--J.G.Herriot 
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