
accuracy. The real  procedure  gauss computes the area under 
the lef t-hand port ion of the normal curve. Algori thm 209 [3] 
may be used for this purpose. If f < 0 or if dr1 < 1 or if dr2 < 1 
then exit to the label error occurs. 

National  Bureau of Standards formulas 26.6.4, 26.6.5, and 
26.6.8 are used for computat ion of the stat is t ic ,  and 26.6.15 is 
used for the approximation [2]. 

Thanks to Mary E. Raf ter  for extensive testing of this proce- 
dure and to the referee for a number of suggestions. 
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b e g i n  
i f  dfl < 1 V dr2 < 1 V f  < 0.0 t h e n  go to  error; 
i f  f = 0.0 t h e n  prob := 1.0 
e lse  
b e g i n  

real  f l ,  f2, x, f t ,  vp; 
f l  := dfl; f2 := dr2; f l  := 0.0; 
x := f 2 / ( f 2 + f l X f ) ;  vp := f l  + f 2  - 2.0; 
i f  2 X (dfl+2)  = dfl A dfl ~ maxn t h e n  
b e g i n  

r e a l x x ;  xx : =  1 . 0 - -  x; 
for f l  := f l  -- 2.0 s t e p  -- 2.0 u n t i l  1.0 do 
b e g i n  

vp := vp -- 2.0; 
f t  := xx X vp/ f l  X (1.0+fl) 

end;  
f t  := x 1" (0.5X f2) X (1.O+fl) 

e n d  
e lse  i f  2 X (dr2 + 2) = dr2/S df2 =< maxn t h e n  
b e g i n  

for f2 := f2 -- 2.0 s t ep  -- 2.0 u n t i l  1.0 do 
b e g i n  

vp := vp -- 2.0; 
f t  := x X vp/]2 X (1.O+ft) 

end  ; 
f t  := 1.0 -- (1.O--x)1" (0.5X f l )  X (1.O+ft) 

e n d  
e lse  i f  dr1 "4- dr2 <= maxn t h e n  
b e g i n  

real  theta, sth, eth, sis, ets, a, b, xi, gamma; 
theta := arctan(sqrt(fl X f  /f2) ) ; 
sth := sin(theta); cth := eos(theta); 
sts := sthl"2; cts: = cthl'2; 
a := b := 0.0; 
i f  dr2 > 1 t h e n  
b e g i n  

for f2 := ./'2 -- 2.0 s t e p  -- 2.0 u n t i l  2.0 do 
a := cts X (f2-1 .0) / f2  X (1.0+a); 

a := sth X cth × (1.0+a) 
end  ; 
a := thela + a; 
i f  d f l  > 1 t h e n  
b e g i n  

for f l  := f l  -- 2.0 s t e p  -- 2.0 u n t i l  2.0 do 
b e g i n  

vp := vp -- 2.0; 
b := sts X vp/ f l  X (1.0+b) 

end;  
gamma :=  1.0; f2 := 0.5 ~ d f 2 ;  

for xi := 1.0 s t e p  1.0 u n t i l  f2 do 
gamma := x/ X gamma/(xi--0.5); 

b := gamma X sth X cthTdf2 X (1.0+b) 
end;  
f l  := 1.0 -4- 0.636619772368 X (b--a); 
c o m m e n t  0.6366197723675813430755351 . . . .  2.0let; 

e n d  
e lse  
b e g i n  

real  cbrf ; 
f l  := 2 .0 /0 .0  X f l ) ;  f2 := 2.0/(9.0×f2); 
cbrf : = f T 0.333333333333; 
f t  := g a u s s ( - ( ( 1 . O - f 2 ) X e b r f + f l - l . O ) /  

sqrt(f2X ebrf 1̀  2-4-fl)) 
e n d ;  
prob := i f  f t  < 0.0 t h e n  0.0 e lse  ft  

end  
e n d  Ftest 
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CR CATEGORIES:  5.31 

procedure  SORT(A ,  i, j ) ;  
value  i, j ;  i n t e g e r  i, j ;  
array A ; 

c o m m e n t  This procedure sorts the elements of array A into 
ascending order, so tha t  

A[k] < A[k+l] ,  k = i, i + 1, . . . ,  j -- 1. 

The method used is similar to QUICKERSORT by R. S. Scowen 
[5], which in turn is similar to an algorithm given by Hibbard 
[2, 31 and to Hoare 's  QUICKSORT [41. QUICKERSORT is used 
as a standard,  as it was shown in a recent comparison to be the 
fastest  among four ACM algorithms tested [1]. On the Bur- 
roughs B5500 computer, the present  algorithm is about 25 
percent faster than QUICKERSORT when tested on ran- 
dom uniform numbers (see Table I) and about 40 percent  
faster  on numbers in natural order (1, 2 , . . .  , n),  in reverse 
order (n. n - l ,  . . - ,  1), and sorted by halves 
(2, 4, . . .  , n, 1, 3, - .. , n - l ) .  QUICKERSORT is slow in sorting 
data  with numerous " t i ed"  observations, a problem tha t  can be 
corrected by changing the code to exchange elements a[k] > t 
in the lower segment with elements a[q] < t in the upper seg- 
ment.  This change gives a bet ter  spli t  of the original segment,  
which more than compensates for the additional interchanges. 

In the earlier algorithms, an element with value t was selected 
from the array. Then the array was split  into a lower segment  
with all values less than or equal to t and an upper segment with 
all values greater than or equal to t, separated by a third seg- 
ment  of length one and value t. The method was then applied 

V o l u m e  12 / N u m b e r  3 / M a r c h ,  1969 C o m m u n i c a t i o n s  of  t h e  ACbi 185 



T A B L E  I .  SORTING TIMES IN SECONDS FOR SORT AND 

QUICKERSORT,  ON THE BURROUGHS B5500 
COMPUTER--AVERAGE OF FIVE TRIALS 

Algorithm 
Original order and number of items SORT QUICKERSORT 

Random uniform: 
500 0.48 0.63 

1000 1.02 1.40 
Na tu r a l  order:  

500 0.29 0.48 
1000 0.62 1.00 

Reverse order:  
500 0.30 0.51 

1000 0.63 1.08 
Sor ted  by  halves:  

500 0.73 1.15 
1000 1.72 2.89 

Cons t an t  va lue :  
500 0.43 10.60 

1000 0.97 41.65 

recursively to the  lower and upper  segments ,  cont inuing unt i l  
all segments  were of l eng th  one and the  da t a  were sorted.  The  
present  method differs s l i gh t ly - - the  middle segment  is usually 
miss ing--s ince  the  comparison e lement  wi th  value  t is not  re- 
moved from the  array while spl i t t ing.  A more impor t an t  differ- 
ence is t h a t  the  median of the  values of A[i], A[(i+j)÷2], and 
A[j] is used for t, yielding a be t t e r  es t imate  of the  median  value 
for the  segment  t han  the  single element  used in the  earlier 
algori thms.  Then  while searching for a pair  of elements  to 
exchange, the  previously sor ted da ta  (initially, A[i]_<t_<A[j]) 
are used to bound  the  search, and the  index values arc compared 
only when an exchange is about  to be made. This  leads to a small  
amount  of overshoot  in the  search, adding to the  fixed cost of 
sp l i t t ing  a segment  bu t  lowering the  var iable  cost. The  longest  
segment  remaining af ter  sp l i t t ing  a .segment o" n has  l eng th  
less t han  or equal to n -- 2, r a the r  t han  n -- 1 as in 
QUICKERSORT. 

For  efficiency, the  upper  and lower segments  af ter  sp l i t t ing  
should be of near ly  equal length.  Thus  t should be close to the  
median of the  da t a  in the  segment  to be split .  For  good s ta t i s -  
t ical propert ies ,  the  median es t imate  should be based on an odd 
number  of observat ions.  Three  gives an improvement  over one 
and the  extra  effort involved in using five or more observat ions  
may  be worthwhile  on long segments ,  par t icu lar ly  in the  early 
s tages  of a sort .  

I-Iibbard [3] suggests using an a l te rna t ive  method,  such as 
Shel l ' s  [6], to complete the  sor t  on shor t  sequences.  An experi- 
men ta l  inves t iga t ion  of th is  idea using the  spl i t t ing  a lgor i thm 
adopted  here showed no improvement  in going beyond the  final 
s tage of Shell 's  a lgori thm, i.e. the  famil iar  " s ink ing"  method  of 
sor t ing  by  in terchange  of ad jacent  pairs. The  min imum t ime 
was obta ined by  sort ing sequences of 11 or fewer i tems by  th is  
method.  Again the  number  of comparisons is reduced by  using 
the  da t a  themselves  to bound the  downward search. This  
requires  

A[i--1] _< A[kl, i < k < j. 

Thus  the init ial  segment  cannot  be sorted in this  way. The  
init ial  segment  is t r ea ted  as a special case and sor ted by  the  
sp l i t t ing  algori thm. Because of this  feature,  the  present  al- 
gor i thm lacks the  pure recursive s t ruc tu re  of the  earlier al- 
gori thms.  

For  n elements  to be sorted,  where 2 k < n < 2 k+~, a maximum 
of k elements  each are needed in arrays IL and IU. On the  B5500 
computer ,  s ingle-dimensional  arrays  have a max imum leng th  
of 1023. Thus  the  array bounds  [0:8] suffice. 

This  a lgor i thm was developed as a FORTRAN subrout ine ,  t hen  
t r ans la t ed  to ALGOL. The  original FORTRAN vers ion follows: 

SUBROUTINE SORT(A,II,JJ) 
SORTS ARRAY A INTO INCREASING ORDER, FROM A I I I )  TO AIJJI 
URDERING IS ~Y INTEGER SU@TRACTION, THUS FLOATING POINT 

NUMBERS MUST BE IN NORMALIZED FORM. 
ARRAYS IUIK) AND IL(K} PERMIT SORTING UP TO Z~¢ IK+ I | - I  ELEMENTS 

DIMENSION A ( 1 ) , I U I I 6 ) , I L ( 1 6 I  
INTEGER A,TvTT 
M=I 
I = I I  
J=Jd 

5 I F ( I  .GE. J) GG TU 70 
10 K=I 

I J = i J ÷ I } / 2  
T = A ( I J |  
I F ( A ( 1 )  . L E .  T)  GO TO 20  
A i I J I = A I I }  
A(I)=T 
T=A(IJ} 

20 L=J 
IF(A(J) .GE. T) GO TO 40 
A( IJ)=A[J)  
A(J)=T 
T=AIIJ) 
I F ( A I I )  .LE. T) GO TO 40 
A( I J )=A( I )  
A(1)=T 
T=AiIJ) 
GO TO 40 

?0 A(L)=AIK) 
A(K)=TT 

40 L=L-I 
IF(A(L) .GT. T) GO TO 4 0  
TT=A(L) 

50  K = K ÷ I  
IFIA(K) .LT. T) ~0 TO 50 
IF(K .LE. L) GO TO 30 
I F I L - I  .LE. J-K) GO TO 60 
ILIM)=I 
IUIM)=L 
I=K 
M=~+I 
~0 TO @O 

60 IL(M)=K 
IU(M)=J 
J=L 
M=~+I 
GO TO BO 

70 M=M-I 
IF{M .EQ. O) RETURN 
I=IL(M) 
J=IU(M) 

BO I F ( J - I  .GE. I I )  GO TO I0 
I F ( I  .EO. I I )  GO TO 5 
T=I-1 

qO I = l + l  

I F ( I  . E Q .  J )  GO TO 7 0  
T=A(I+I)  
IF (A ( I )  .LE. T) GO TO 90 
K=I 

I00 A(K÷I}=A(K) 
K=K-I 
IF(T .LT.  AIK)I  GO TO I00 
A|K+I)=T 
GO TO 9 0  
END 

This  FORTRAN subrout ine  was tes ted  on a CDC 6400 computer .  
For  r andom uniform numbers ,  sor t ing t imes divided by  n logs n 
were near ly  cons tan t  a t  20.2 X 10 -~ for 100 < n < 10,000, with 
a t ime of 0.202 seconds for 1000 items. This  subrou t ine  was also 
hand-compiled for the  same computer  to produce a more efficient 
machine code. In  th is  vers ion the  cons tan t  of p ropor t iona l i ty  
was 5.2 X 10 -6, wi th  a t ime of 0.052 seconds for 1000 items. In  
bo th  cases, integer comparisons were used to order normalized 
f loating-point  numbers .  
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b e g i n  
rea l  l, it; 
i n t e g e r  ii, ij, k, L, m; 
i n t e g e r  array  IL, IU[0:8];  
m := 0; ii  := i;  go  t o L 4 ;  

LI: i j  := ( iT j )  + 2; t := A[ij]; k :---- i; L :=  j ;  
i f  A[i] > t then'  

b e g i n  A[ij] := A[i]; A[i] := t; t := A[ij] end;  
i f  A [j] < t t h e n  
b e g i n  

A[ij] := A[j];  ALT' ] := t; t :-- A[ij]; 
i f  A[i] > t t h e n  

b e g i n  A[ij] :=  A[i]; A[i] := t; t := A[ij] e n d  
end;  

L2: L : f L - -  1; 
i f  A[L] > t t h e n  go t o  L2; 

It := A[L]; 
L3: k : = k + l ;  

i f  A[k] < t t h e n  go t o  L3; 
i f  k _~ L t h e n  

b e g i n  A[L] := A[k]; A[k] :-- tt; go t o  L2 e n d ;  
i f  L - -  i > j - -  k t h e n  

b e g i n  IL[m] := i ;  IU[m] := L; i :=  k e n d  
e l s e  

b e g i n  IL[m] := k; IU[m] := j;  j :=  L end;  
m := m q - 1 ;  

L4: i f j  - -  i > 10 t h e n  go t o L l i  
i f i  -- ii  t h e n  
b e g i n  i f  i < j t h e n  go  t o  L1 e n d ;  
for  i := i ~ 1 s t e p  1 u n t i l j  do  
b e g i n  
t := A[i]; k := i - -  1; 
i f  A[k] > t t h e n  
b e g i n  

L5: A [ k + l ]  := A[k]; k := k - -  1; 
i f  A[k] >' t  t h e n  go t o  LS; 
A [ k + I ]  :=  t 
e n d  

end;  
m := m -- 1; i f  m > 0 t h e n  

b e g i n  i := IL[m]; j := IU[m]; 
e n d  SORT 

go to / . ,4  e n d  • 

REMARK ON ALGORITHM 329 [G6] 
DISTRIBUTION OF INDISTINGUISHABLE OB- 
JECTS INTO DISTINGUISHABLE SLOTS [Robert 

R. Fenichel, Comm. A C M  11 (June 1968), 430] 
M. GRAY (Recd. 20 Sept. 1968) 
Computing Science Department, University of Adelaide, 

South Australia 
As the  procedure s tands  i t  is incorrect .  Preceding 

e n d  skip 99,189,198, etc. 
the  following s t a t emen t  should be inser ted:  

i f  q[k] ~ 0 t h e n  LcflmostZero := k ~ 1 
Thus  the  compound s t a t e m e n t  becomes:  

b e g i n  
LeflmostZero := LeflmostZero -- 1; 
q[k] := q[LeftmostZero]- 1; 
q[LeflmostZero] := 0; 
q[LeflmostZero-- 1] : = q[LeftmostZcro-- 1] -~ 1 ; 
i f  q[k] ~- 0 t h e n  LeftmostZero := k -~- 1 

e n d  skip 99, 189, 198, etc. 

REMARK ON ALGORITH 339 [C6] 
AN ALGOL PROCEDURE FOR THE FAST FOURIER 
TRANSFORM WITH ARBITRARY FACTORS 

[Richard C. Singleton, Comm. A C M  11 (Nov. 1968), 
776] 

RICHARD C. SINGLETON (Recd. 27 Nov. 1968) 
Stanford Research Institute, Menlo Park, CA 94025 

K E Y  WORDS AND PHRASES:  fas t  Fourier  t ransform,  complex 
Fourier  t ransform,  mul t iva r i a t e  Four ier  t ransform,  Four ier  
series, harmonic  analysis,  spectral  analysis ,  or thogonal  poly- 
nomials,  or thogonal  t ransformat ion ,  v i r tua l  core memory,  
pe rmuta t ion  

CR CATEGORIES .  3.15, 3.83, 5.12, 5.14 

On page 778, column 2, the  7th and 6th  l ines f rom the  bo t tom 
should be corrected to read:  

L J: j j  :=  C [ i - 2 ]  ~ j j ;  i f j j  ~_ C [ i - 1 ]  t h e n  
b e g i n  i := i -- 1; j j  := j j  -- C[i]; go t o  L J  e n d ;  

On page 779, column 1, the  9th  and 8th  l ines f rom the  bo t tom 
should be corrected to read:  

LX: j j  := D [ k + l ]  + jj;  i f  j j  _> D[k] t h e n  
b e g i n j j  :-- j j - -  D[k]; k := k ~ ' l ;  go  t o L X e n d ;  

In  b o t h  eases j j  was originally used as the  controlled var iable  of 
a for clause and thus  was undefined af ter  exit;  the  corrections 
preserve the  value  of j j  for la te r  use. 

If  the  user prefers to compute  cons tan ts  wi th  l ib ra ry  funct ions,  
l ine 5 in column 2 on page 777 may  be  replaced by:  

tad := 8.0 X arctan(1.0); c30 :=  sqrt(0.75); 
Algori thms 338 [Comm. ACM 11 (Nov. 1968), 773] and 339 were 

punched from the  pr in ted  page and tes ted  on the  CDC 6400 
ALGOL compiler. After  changing a colon to a semicolon a t  the  end 
of l ine 37 in column 2 on page 775, the  t e s t  resul ts  agreed wi th  
those obta ined earlier wi th  th is  compiler. 

When comput ing a s ingle-var ia te  Fourier  t ransform of real 
da ta ,  procedure R E A L T R A N  may  be used wi th  procedure F F T  
(Algori thm 339) to  reduce comput ing time. Two versions of 
R E A L T R A N  have  been given (Algori thms 338 and  345 [Comm. 
ACM 1~ (Max. 1969), 179-184]); the  first version is the  fas ter  of 
the  two, bu t  the  second should be used if a r i thmet ic  resul ts  for 
real quan t i t i es  are t runca ted  r a the r  t h a n  rounded.  

In  describing the  evaluat ion  of a real Four ier  series, in  the  
middle of column 2 on page 776, the  necessary s teps of revers ing 
the  signs of the  B array values b o t h  before and af ter  calling FFT 
were omit ted.  The  correct  steps,  including scaling, are as follows: 

R E A L T R A N ( A  B, n, t r u e )  ; 
f o r j  :--- n -- 1 s t e p  --1 u n t i l  0 d o B U ]  :=  - B [ j ] ;  
FFT(A,  B, n, n, n) ;  
f o r j  :=  n -  1 s t e p  - 1  u n t i l  0 do  

b e g i n  A[j] := 0.5 X A[j]; B[j] :=  - 0 . 5  X B[j] e n d ;  

The policy concerning the  contribu$ions of a lgori thms to 
Communications of the ACM appears,  most  recently,  in the  
J a n u a r y  1969 issue, page 39. A cont r ibut ion  should be in the  
form of an  algori thm, a certification, or a remark.  An al- 
gor i thm must  normal ly  be wr i t t en  in the  ALGOL 60 Refer-  
ence Language or in USASI S tanda rd  F O R T R A N  or Basic 
FORTRAN.  
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