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ALGORITHM 348 
MATRIX SCALING BY INTEGER PROGRAMMING 

[F1] 
R. R. KLIMPEL (Recd. 4 Mar. 1968, 13 June 1968, 16 Oct. 

1968 and 21 Nov. 1968) 
Computation Research Laboratory, The Dow Chemical 

Co., Midland, MI 48640 

K E Y  W O R D S  A N D  P H R A S E S :  in t ege r  p r o g r a m m i n g ,  l i nea r  
a lgeb ra ,  m a t h e m a t i c a l  p r o g r a m m i n g ,  m a t r i x  c o n d i t i o n ,  m a t r i x  
s ca l ing  

CR C A T E G O R I E S :  5.14, 5.41 

p r o c e d u r e  scale (a, m, n, g, u, v); 
v a l u e  m,  n ,  g; i n t e g e r  m, n; rea l  g; 
r e a l  a r r a y  a;  i n t e g e r  array  u,  v; 

c o m m e n t  T h e  use  of s ca l ing  to  p r e c o n d i t i o n  m a t r i c e s  so  as  to 
i m p r o v e  s u b s e q u e n t  c o m p u t a t i o n a l  c h a r a c t e r i s t i c s  is of con-  
s i d e r a b l e  i m p o r t a n c e .  T o  m e a s u r e  t h e  s ca l ing  c o n d i t i o n  of a 
m a t r i x ,  a l j  ( i = 1 ,  . . .  , m and  j = l ,  . . .  , n ) ,  F u l k e r s o n  and  Wol fe  
[1] s u g g e s t e d  t he  ra t io  of t h e  m a t r i x  e n t r y  of l a r g e s t  a b s o l u t e  
v a l u e  to t h a t  of t he  s m a l l e s t  nonze ro  a b s o l u t e  va lue .  T h i s  
p r o c e d u r e  i m p l e m e n t s  t h e  m e t h o d  of [1], i.e. f ind ing  m u l t i p l i -  
c a t i ve  row f ac to r s ,  r~, and  c o l u m n  fac to r s ,  sy, which ,  w h e n  ap-  
pl ied,  m i n i m i z e  t h e  above  c o n d i t i o n  n u m b e r .  T h e  m i n i m i z a t i o n  
p r o b l e m  can  be  exp re s sed  as an  e q u i v a l e n t  a d d i t i v e  d i sc re t e  
p r o b l e m  b y  t a k i n g  l o g a r i t h m s  and  def in ing :  

rl = g~;,  sj  = gVj, bij = loga (abs(aiJ)  

a n d  t a k i n g  c~j to be  t he  l e a s t  i n t ege r  g r e a t e r  t h a n  or equa l  to  
b i j .  T h u s  t he  f o r m u l a t i o n  b e c o m e s :  m i n i m i z e  an  i n t ege r  w 
s u b j e c t  to t he  c o n s t r a i n t s  0 < ul  + vj + c~ i _< w whe re  u~ and  
v i are  u n r e s t r i c t e d  and  in t eg ra l  in vMue .  T h e  effect  of d e c r e a s i n g  
t he  v a l u e  of t he  ba se  g wou ld  be to m o r e  a c c u r a t e l y  a p p r o x i m a t e  
t h e  c o n t i n u o u s  sca l ing  p r o b l e m  b y  t he  d i sc re t e  f o rm .  
1{ I,]FERENCE : 

1. FULKERSON, ]).  R. ,  AND WOLFE, P.  An  a l g o r i t h m  for  s ca l ing  
m a t r i c e s .  S I A M  Rev. 4 (1962), 142-146; 

b e g i n  
i n t e g e r  array c[1 :m, 1 :n], ri[1 :m], si[1 :n]; 
real  val  ; 
i n t e g e r  max, store, markr,  markc, num,  nopt,  i,  j ;  
nopt  := 0; 
e o m m e n t  C r e a t e  in i t ia l  i n t ege r  m a t r i x  c. D u e  to m a c h i n e  

round-o f f  e r rors ,  i t  m a y  be  de s i r ab l e  for  s o m e  p r o b l e m s  to 
i n se r t  a t o l e r ance  w h e n  check i ng  for  zero v a l u e s  of t h e  i n p u t  
m a t r i x  and  for  m a t r i x  e n t r i e s  w h i c h  are  e x a c t  in t eg ra l  powers  
of t he  b a s e  g; 

for i :=  1 s t e p  1 u n t i l  m do 
for j :=  1 s t e p  1 u n t i l  n do  
b e g i n  

i f  (a[i, j ] = 0 )  t h e n  
b e g i n  

c[i, j] :=  0; 
go  to  i n t f  

end  ; 

val := ln(abs(a[i,  j ] ) ) / ln (g ) ;  
c[i, j] := entier(val) + 1; 
i f  ((c[i, j ] - - l ) = v a l )  t h e n  c[i, j] :=  c[i, j] -- 1; 

i n t f  : 
e n d  ; 
c o m m e n t  Se lec t  in i t ia l  v a l u e s  of ui  and  vj t h a t  s a t i s f y  co n -  

s t r a i n t s  of d i s c r e t e  f o r m u l a t i o n ;  
for i : =  1 s t e p  1 u n t i l  m do 
b e g i n  

u[i] := c[i, 1]; 
for j :=  2 s t e p  1 u n t i l  n do 

i f  (c[i, j ]<u[i])  t h e n  u[i] :=  c[i, j ] ;  
u[i] := --u[i] 

e n d ;  
f o r  j :=  1 s t e p  1 u n t i l  n do 
b e g i n  

v[j] :=  c[1, j] + u[1]; 
for i :=  2 s t e p  1 u n t i l  m do 
b e g i n  

store :=  c[i, j]  + u[i];  
i f  (store<v[j]) t h e n  v[j] :=  store; 

end;  
v[j] :=  --v[j] ;  

e n d  ; 
c o m m e n t  S tep  one.  I n i t i a l i z e  row a n d  c o l u m n  m a r k e r s  w i t h  

u n m a r k e d  rows  a n d  c o l u m n s  d e n o t e d  b y  a 1 in  ri[i] a n d  si[j], 
r e s p e c t i v e l y .  L o c a t e  a n d  m a r k  m a x i m u m  e n t r y  of c u r r e n t  
w o r k i n g  a r r a y ;  

remax: max := O; 
for i :=  1 s t e p  1 u n t i l  m do 
b e g i n  

ri[i] :=  1; 
for j :=  1 s t e p  1 u n t i l  n do 
b e g i n  

i f  (i = 1) t h e n  si[j] :=  1; 
i f  (nopt=O) t h e n  c[i, j] :=  u[i] + v[j] + c[i, j ] ;  
i f  (c[i, j]>_max) t h e n  
b e g i n  

markr  :=  i ;  
markc :=  j ;  
max := c[i, j] 

e n d  
e n d  

e n d ;  
nopt  :=  1; 
ri[markr] : = -- 1; 
c o m m e n t  R e p e a t  s t e p s  two a n d  t h r e e  in  s u c c e s s i o n  un t i l  

t h e r e  a re  e i t he r  no f r e s h l y  m a r k e d  rows  or no f r e s h l y  m a r k e d  
c o l u m n s .  A n y  row or c o l u m n  m a r k e d  in t h e  i m m e d i a t e l y  p re -  
ced ing  a p p l i c a t i o n  of s t e p  one ,  two,  or  t h r e e  is ca l led  f r e s h l y  
m a r k e d  and  d e n o t e d  b y  - 1  in t h e  a p p r o p r i a t e  i n d i c a t o r  
vec to r .  P r e v i o u s l y  m a r k e d  rows  a n d  c o l u m n s  t h a t  are  n o t  
f r e s h l y  m a r k e d  are  d e n o t e d  b y  zero v a l u e s ;  

c o m m e n t  S tep  two ;  
rmarks: n u m : =  O; 

for i :=  1 s t e p  1 u n t i l  m do 
b e g i n  

i f  ( r i [ i ]>- - l )  t h e n  go  to  rmarkf;  
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ri[i] := 0; 
n u m  := n u m +  1; 
for  j := 1 s t e p  1 u n t i l  n do 

i f  ( s i [ j ]=l )  A (eli, j ]=0)  t h e n  si[j] := --1; 
rmarkf  : 

end;  
i f  (hum=O) t h e n  go to  change; 
c o m m e n t  Step three; 
n u m  := 0; 
for j := 1 s t e p  1 u n t i l  n do 
b e g i n  

i f  ( s i [ j ] > - - l )  t h e n  go to  cmarkf;  
si[j] := O; 
n u m  := h u m  + 1; 
for i := 1 s t e p  1 u n t i l  m do 

i f  (r i[ i]=l)  A 
((c[i, j ] = m a x )  V(c[i, j ]=  ( m a x - l ) ) )  t h e n  
ri[i] := --1; 

emarkf:  
e n d  ; 
i f  (num#O)  t h e n  go to  rmarks; 
c o m m e n t  Step four. Modify integer scaling factors u and v 

and adjust  current working matrix (ciy+u~+v¢); 
change: i f  (si[markc]<l)  t h e n  go t o  f in i s ;  
for i := 1 s t e p  1 u n t i l  m do 
i f  (r i[ i]<l)  t h e n  
b e g i n  

u[i] := u[i] -- 1; 
fo r  j := 1 s t e p  1 u n t i l  n do 

c[i, j] := c[i, j] -- 1 
e n d  ; 
for j := 1 s t e p  1 u n t i l  n do 
i f  (s i [ j ]<l)  t h e n  
b e g i n  

v[j] := vii] + 1; 
f o r i  := 1 s t e p  1 u n t i l m d o  

c[i, j] := c[i, j] + 1 
e n d  ; 
go to  rcmax; 

f in i s :  
e n d  
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K E Y  WORDS AND PHRASES:  polygamma function, psi 
function, digamma function, t r igamma function, te t ragamma 
function, pentagamma function, special functions 

CR CATEGORIES:  5.12 

procedure  polygamma (n, z, nd, polygam, error); 
va lue  n, z, nd; r ea l  z, polygam; i n t e g e r  n, nd; l abe l  error; 

c o m m e n t  This procedure assigns to polygam the value of the 
polygamma function of order n for any real argument z. For  
n = 0, we have the psi or digamma function, for n = 1 the tri- 

gamma function, for n = 2 the te t ragamma function, and so on. 
For  arguments tha t  are poles of the function (nonpositive 
integer values), an exit is made through the label error. The 
parameter  nd gives the requested relative precision expressed 
in number of decimal digits. 

I t  computes the polygamma funct ion through the asymptot ic  
series 

¢(~)(z) (_1)~_ 11(n -- 1)! n! "~" B (2k + n ~  1)! 1 

except for n = 0, when the first term is - - ln  (z). 
If the simple empirical relat ionship 

2z > n W nd 

is true, as well as z > n, one enters directly into the asymptot ic  
series with the original argument.  Otherwise, the computat ion 
of small arguments is reduced to tha t  of sufficiently large argu- 
meats,  applying repeatedly the recurrence relation: 

¢~(,0(z+1) = ¢(,0(z) + (--1),,n!z -~-I 

To save computat ion time, the argument,  once larger than n, 
is increased jus t  to the point when the minimum term of the 
asymptotic  expansion is sufficiently small so as not to alter the 
value of the result  within the chosen precision. 

The order of the minimum term is es t imated by the first order 
approximation 

~-z --  n /2 ,  

and the corresponding absolute value by the approximation 
formula 

(2r) '* exp (-2~rz). 

Negative arguments are related to positive ones through the 
reflection formula : 

d ~ 
( -  1) ~ ¢(')(1 -- z) = ¢(')(z) + w ~ z  ~ cot ~-z 

The nth-order  der ivat ive of the cotangent  is computed by 
term by term differentiation of the tangent  or cotangent series 
after the convenient tr igonometric reductions of the argument ' s  
value. 

This  procedure is not recursive and uses no own variable; 
b e g i n  

r ea l  pi ,  p f ,  soma, zq, tl ,  fac,  prec, w, sab, pv; 
i n t e g e r  pr,  n l ,  kl, ml ;  
real  p r o c e d u r e  f a t  (n) ; 

va lue  n; i n t e g e r  n; 
b e g i n  

r e a i f ;  i n t e g e r  {; 
f : = l ;  
for i := n s t e p  --1 u n t i l  2 d o f  := f X i; 
fa t  : = f  

e n d  of fa t ;  
procedure  inc (s, x l ,  L); 

real  s, xl;  l abe l  L; 
b e g i n  

rea l  sant; 
sant  := s; s := s + xl;  
i f  abs (s - -sant)  _< abs (prec X s) t h e n  go to  L 

e n d  of inc;  
c o m m e n t  The procedure polygamma uses a table of coeffi- 

cients sb for its series with the value 

~ ( - -  1)k-'l/k21 

sb(i) = (2i) i ~r2~(2 ~- '  -- 1) - -  (2~-) 2---------~ ' 
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t h e  l a s t  be ing  an  a s y m p t o t i c  v a l u e  for l a rge  i.  T h e  c o m p u -  
t a t i o n  of t h e s e  coeff icients  need  n o t  to  be  r e p e a t e d  a t  e ach  
p rocedu re  call ;  so  i t  is c o n v e n i e n t  to t r a n s f e r  t h e  d e c l a r a t i o n  
and  b lock  be low to  t h e  m a i n  p r o g r a m  and  execu t e  i t  j u s t  once.  

One  s h o u l d  rep lace  f lund b y  t h e  s m a l l e s t  pos i t i ve  real  
n u m b e r  w i t h i n  t h e  m a c h i n e  r e p r e s e n t a t i o n ,  a n d  ms b y  t h e  
n u m b e r  of  dec ima l  d ig i t s  of t h e  m a n t i s s a ;  

a r r a y  sb [1 : entier (.272 X ln(2/flund))]; 
b e g i n  

r e a l  piq, sm, pipo, ptwo, dpi, sa; 
i n t e g e r  sg, in,  k2, imax; 
a r r a y  tr, q[2 :entier (10 T (ms/22))+l];  
imax  :=  entier (.272 X ln(2/flund)); 
piq := 9.86960440108935861883449099987615113531369940724079; 
pipo := piq 1" 11; ptwo := 2097152; dpi : =  4 X piq; 
sb [1] :=  1/12; 
sb [2] :=  1/720; 
sb [3] :=  1/30240; 
sb [4] : =  1/1209600; 
sb [5] :=  1/47900160; 
sb [6] :=  691/1307674368103; 
sb [7] :=  1/74724249600; 
sb [8] : =  3617/1067062284288104; 
sb [9] :=  43867/5109094217170944103; 
sb [I0] :=  174611/8028576626982912105; 
sm :=  1; sg :=  - -1 ;  
f o r  in  := 2, in  + 1 w h i l e  sm ~ sa d o  
b e g i n  

q[in] := 1~(in X in); 
tr[in] := sg X q[in] ~ 11; sa := sin; 
sm := s i n +  tr[in]; sg := --sg 

e n d ;  
sh i l l ]  :=  sm/(pipo X (plwo--1)); 
f o r  k2 :=  12 s t e p  1 u n t i l  imax d o  
b e g i n  

sm :=  1; in  : =  1; 
B: in := in + 1; tr[in] := tr[in] X q[in]; sa := sm; 

sm :=  sm + tr[in]; i f s a  ~ sm t h e n  go  t o  B;  
pipo :=  pipo X piq; ptwo : =  ptwo X 4; 
sb[k2] :=  sm/(pipo X (ptwo--1)); 
i f  inn = 2 t h e n  go  t o L  

e n d ;  
go  t o  A ;  

L:  f o r  k2 :=  k2 + 1 s t e p  1 u n t i l  imax d o  
sb[k2] :=  sb[k2--1]/dpi; 

A:  e n d  of sb coefl]cients c o m p u t a t i o n ;  
pi :=  3.14159265358979323846264338327950288419716939937510; 

prec :=  10 T (--nd); fac :=  fat  (n);  
p r  :=  i f n  ÷ 2 X 2 = n t h e n  1 e l s e  --  1; 

p f  := pr X fac; n l  :=  n - F 1 ;  
i f  z < 0 t h e n  

b e g i n  
i f  z = critter(z) t h e n  go  t o  error 
e l s e  
b e g i n  

r e a l x ,  y; i n t e g e r  d, l; B o o l e a n  C; 
kl  :=  pr; d :=  z; x :=  d - -  z; 
i f x  > O t h e n  I : =  1 
e l s e  
b e g i n x  :=  - -x ;  l : =  - -pr  e n d ;  
C :=  x > .25; y : =  pi X ( i f C t h e n  ( .5- -x)  e l s e x ) ;  

i f  n = 0 t h e n  
soma :=  l X pi  X ( i f  C t h e n  sin(y)/cos(y) e l s e  cos(y)~ 

sin(y)) 
e l s e  
b e g i n  

i n t e g e r  m, np, j ,  i; i n t e g e r  a r r a y  f t  [1:4]; 

r e a l  y2, p,  f ,  t, s, v; 
m :=  n + 2; np :=  m X 2; 
ft[1] :=  n p +  1; ft[2] :=  npi  ft[3] : =  pr; 
ft[4] := O; y2 := y X y; j : = m + l ;  
f :=  fa t ( r ip+l ) ;  p : =  4 T ( m + l ) ;  
t :=  i f  pr = - 1  t h e n  1 e l s e  y;  
s :=  i f C t h e n 0 e l s e p f / y  T n l ;  

E :  v : =  i f C t h e n p  X ( l - - p )  e l s e p ;  
inc(s, -sb[j] X f X t X v, D ) ;  
f o r  i : =  1 s t e p  1 u n t i l  4 do  

yt[i] := ] t [ i ] +  2; 
f : =  f X ] t i l l  X ft[2] X y2/(ft[3] X ft[4]) ;  
p : = 4 X p ;  j : = j + l ;  
go to  E;  

D: soma := l X p~ T n l  X ( i f C t h e n s  X p r e l s e s )  
e n d  

en  d; 
z : =  l - - z ;  w : f z  T n; 
pv : =  i f n  = 0 t h e n  ln(z) e l s e f a e / ( n  X w);  
sab :=  abs(soma); 
i f  pv < sab t h e n  nd  :=  nd -- .434 X ln(sab/pv) 

e n d  
e l se  
b e g i n  soma :=  0; k l  :=  1; w :=  z ~' n e n d ;  
i f  nd .< 0 t h e n  go  t o  L ;  
i f 2  X z < n + n d  V z  < n t h e n  
b e g i n  

r e a l  term, cond; 
term :=  - - p f / ( z  X w);  
inc(soma, term, L) ; 
eond : =  (n × 1.8378-1n(abs(term)) + 2.3025 X nd)  X .1591; 
i f  cond < n t h e n  cond :=  n ;  
i f c o n d _ <  z t h e n z  :=  z + 1 
e l s e  
b e g i n  

i n t e g e r  ip,  k; 
ip := cond- -  z + 1; 
i f  ip  < 1 t h e n  go  t o  L ;  
f o r  k :=  1 s t e p  1 u n t i l  ip d o  

inc(soma, - - p f / ( z + k )  ~ n l ,  L) ; 
z : = z + i p + l  

e n d  
W : ~ Z  T n 

end;  
the(soma, i f  n=O t h e n  ln(z) e l s e  - - p f / ( n  X w), L) ;  
inc(soma, - - p f  X .5/(z X w), L) ;  
zq :=  z X z; t l  :=  p f X  n l / ( w  X zq); 
f o r  m l  : =  2 s t e p  2 u n t i l  6.283 X z + n do 
b e g i n  

inc(soma, - - i l  X sb[ml+2], L) ;  
t l  :=  - - t l  X ( n l + m l )  X ( n + m l ) / z q  

end; 
L: polygam :=  soma X k l  
e n d  of polygamma 

T h e  po l i cy  c o n c e r n i n g  t h e  c o n t r i b u t i o n s  of a l g o r i t h m s  to  
Communications of the A C M  a p p e a r s ,  m o s t  r e c e n t l y ,  in  t h e  
J a n u a r y  1969 i s sue ,  page  39. A c o n t r i b u t i o n  s h o u l d  be  in  t h e  
f o r m  of a n  a l g o r i t h m ,  a ce r t i f i ca t ion ,  or  a r e m a r k .  An  al-  
g o r i t h m  m u s t  n o r m a l l y  be  w r i t t e n  in  t h e  A L G O L  60 R e f e r -  
ence  L a n g u a g e  or  in  U S A S I  S t a n d a r d  F O R T R A N  or B a s i c  
F O R T R A N .  
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