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Comments Algor i thm 352 is a package of 
double-precision FORTRAN rout ines  which 
consists  of the  following p r imary  rout ines  : 

MFCVAL-- re fe r red  to as Algor i thm 352 
(Par t  A) 
MATH-- r e f e r r ed  to as Algor i thm 352 
(Par t  B) 
BESSEL-- re fe r red  to as Algor i thm 352 
(Par t  C) 

MFCVAL computes  charac ter i s t ic  values of 
Math ieu ' s  differential  equat ion.  M A T H  
computes  the  associated solut ions of th is  
equat ion,  using BESSEL as an auxil iary 
rout ine  to evalua te  Bessel funct ions .  This  
l a t t e r  rout ine  may  be used independent ly .  

There  are other ,  secondary rout ines in- 
cluded in the package,  and the  number ing  
sys tem (e.g. Algor i thm 352 (Par t  A.1)) indi- 
cates somewhat  the  mu tua l  re la t ion between 
them, as well as thei r  re la t ion to the p r imary  
routines.  The  funct ioning  of the  rout ines  
and the  l inkages between them are explained 
in the  comments  prefacing each one. All 
l i t e ra ture  c i ta t ions  refer to the  following 
list. 
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Algor i thm 352 (Par t  A) 
MFCVAL (Character is t ic  Values)  

Comments T h e s u b r o u n t i n e M F C V A L  com- 
putes  the  first N character is t ic  values,  a, to- 
ge ther  wi th  upper  and lower bounds,  of 
Ma th i eu ' s  differential  equat ion  for nonnega-  
r ive values of the  real pa ramete r ,  q. The  
equa t ion  can be wr i t ten  in the  form 

y" -4- (a -- 2q cos 2x)y = O, (1) 

where a = a, (a = bT) indicates  a charac te r -  
istic value  associated wi th  the  even (odd) 
periodic solutions.  

The  method  consists of three  s teps:  (1) 
calculate  a rough approximat ion  based on 
coefficients ob ta ined  from curve-f i t t ing of 
avai lable  tabula t ions ,  (2) de termine  crude 
upper  and lower bounds,  and (3) i tera te ,  
using a va r ia t ion  of Newton ' s  method.  For  
a just i f icat ion of this  method,  see [3]. 

Exp lana t ion  of the  a rguments :  
N the  given n u m b e r  of charac ter i s t ic  

values desired 
R given as N - 1  or N according as the  

character is t ic  values are to be asso- 
ciated wi th  the  even or odd solu- 
t ions,  respect ively 

QQ the given nonnega t ive  pa rame te r  q 
CV the  computed  6 by N ar ray  of charac-  

ter is t ic  values and bounds  
J the n u m b e r  of charac te r i s t ic  values 

successfully computed.  J ~ N indi- 
cates t h a t  J values were computed  

J. G. HERRIOT,  Kdi¢or 

wi th  an e r ro r  occurr ing on the J + 1 
value.  A p r in ted  message w i l l  ac- 
company such an error condi t ion.  

The  ou tpu t  array,  CV, mus t  be appro- 
pr ia te ly  dimensioned in the  calling program 
and upon re tu rn  will conta in  the  following 
da t a :  

For  the  K t h  character is t ic  value,  K = 1, 
2, ' ' "  , J ,  

CV (1, K)  
CV (2, K) 

CV (3, K) 
CV (4, K) 
CV (5, K) 
CV (6, K) 

the  character is t ic  va lue  a 
the  func t ion  D (a) = -- T,, (a) / 

Tm'(a) 
aL , a lower bound  of a 
the  funct ion  D (aL) 
a v ,  an upper  bound  of a 
the  funct ion  D (av). 

Reference is again made  to [3], where the  
funct ion  T~(a) is defined and it  is proved 
t h a t  Tm (a) = 0 if and only if a is a charac-  
ter is t ic  value.  F rom this ,  i t  can be said t h a t  
the  funct ion  D is an indicat ion of the  ac- 
curacy of its a rgument ,  since a + D(a) 
would be the  va lue  of the  next  i te ra t ion .  

The  first executable  s t a t e m e n t  in 
MFCVAL sets a tolerance of 10 -1~. This  may 
be changed by  the  user, bu t  the  following 
comments  should be heeded if i t  is a t -  
tempted .  

If it is desired to reduce the  tolerance in 
order to achieve the  grea tes t  possible ac- 
curacy,  care should be taken  t h a t  the  toler-  
ance is no t  less than  10 -(~-~) when executing 
the  rout ines  on a machine  which uses n-digi t  
a r i thmet ic .  In o ther  words, if the  user ' s  
computer  employs 24-digit a r i thmet ic ,  this  
tolerance should be no less t han  10 -2~. A too 
small  to lerance will impose an u n a t t a i n a b l e  
accuracy requi rement  and overflow may 
occur. 1 

On the other  hand,  some t ime-saving may 
be achieved, a t  the  expense of accuracy,  by  
making  the  tolerance less s t r ingent .  A toler-  
ance of 10 -d will produce results  good to at  
least  d digits. This is a conservat ive  esti- 
mate ,  since one addi t ional  i te ra t ion  is per- 
formed af ter  the  tolerance is met  and, nor- 
mally,  the  convergence of successive i tera- 
t ions is quadra t ic .  

Perhaps  i t  should be noted  again t h a t  the 
accuracy of any character is t ic  value,  a, can 
be de termined from the  size of it re lat ive to 
the funct ion D (a). See the descript ion of the  

i The constant in s tatement numbers 425 and 445 is intro- 
duced to avoid the possibility of a zero tolerance. This 
should not be altered un|es~ the routinee are being run on 
a machine which uses ari thmetic of more than 16 digits, 
and then i t  must  not he less than 10-(n-2), with n defined 
as above. 
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contents  of the ou tpu t  array CV. MFCVAL • 

calls on the  subrout ines :  

BOUNDS-- re fe r red  to as Algor i thm 352 
(Par t  A.1) 
M F I T R 8 - - r e f e r r e d  to as Algor i thm 352 
(Par t  A.2) 
TMOFA-- re fe r red  to as Algor i thm 352 
(Par t  A.3) 

SUBROUTINE MFCVAL (N,R,QQ,CV,JI 

INTEGER 
* J,K,KK~L,M,N,R~TYPE 

DOUBLE PRECISION 
* A,CV,DL,DR,DTM,Q,QO, 
* T,TM,TOL,TOLA 

DIMENSION 
* CV(6,N) 

EQUI VALENCE 
* (DL,DR,T) 

COMMON /MF i /  
* Q,TOL,TYPE,DUMMY(4) 

TOL = 1.D-13 

IF (N-R) 10,10,20 

10 L = 1 
GO TO 30 

20 L = 2  
30 Q = QQ 

DO 500 K : i,N 
J = K 

IF (O) 960,6-90,4.0 

40 KK = MINO(K,k) 
TYPE = 2~MOD ( L, 2) +MOD (K-L+1,2) 

C FIRST APPROXIMATION 
GO TO (100 ,200 ,~00 ,400) ,  KK 

lOO IF (Q-i.DO) 110,140,. la0 

110 GO TO (120,130) ,  L 
120 A = 1°DO-Q-. 125DO*Q*Q 

GO TO 420 
130 A = O~Q 

A = A* (- • 5DO+. 05~6875DO*A ) 

GO TO 420 

140 IF (Q-2.DO) 150,180,180 

150 GO TO (160,1701, L 
160 A = 1.033D0- i .  OT46DO*Q- 

* .068800*0*0 
GO TO 420 

170 A = .23DO-,495DO*Q- 
* .I91DO*Q*Q 

GO TO 420 
180 A = -. 25D0-2 .DO*Q+ 

* 2.DO*DSQRT(Q) 
GO TO 420  

200 DL = L 

I F  ( Q * D L - G . D O )  2 1 0 , 3 5 0 , 3 5 0  

210 GO TO ( 2 2 0 , 2 3 0 } ,  L 
220 A = 4.01521DO-Q* 

* ( . 0 4 6 D O + . O 6 6 7 8 5 7 D O * Q  } 
GO TO 420 

230 A = i. DO+i.O5OOTDO*Q- 
* • 180 i 4 3 D 0 * Q * Q  

GO TO 420 

300 IF (Q-8,DO) 510,350,350 

310 GO TO (320,330), L 
320 A = 8°93867DO+. 178156DO*Q- 

* . 0 2 5 2 1 3 2 D 0 * Q * Q  
GO TO 420 

330 A = 3 .  7 0 0 1 7 D O + . 9 5 3 4 8 5 D O * Q -  
* ,0475065D0"C *Q 

GO TO a20 
350 DR = K - 1  

A = CV( 1 , K - 1 ) - D R +  

* 4.DO*DSQRT(Q) 
GO TO 420 

600 A : C V I I , K - i ) - C V ( i , K - 2 )  
A = 3.DO*A+CV(I,K-3) 

620 IF (Q.GE.i.DO) GO TO 4~0 

IF (K .NE. I )  GO TO 430 

a25 TOLA : DMAXi(DMINi(TOL,DABS(A)) 
* ,i,D-14) 

GO TO 450 
430 TOLA = TOL*DABS(A }  

GO TO 450 
440 TOLA : TOL*DMAXI(Q,DABS(A)I 
445 TOLA : DMAXI(DMINI(TOLA,DABS(A) 

* , . 4 D O * D S Q R T ( O ) )  
* ,i,D-14) 

CRUDE UPPER AND LOWER BOUNDS 
450 CALL BOUNDS (K,A,TOLA,CV,N,M) 

IF ( M . N E . O )  
* I F  (M-l) 470,910~900 

ITERATE 
CALL MFITR8 ( T O L A , C V ( i ~ K ) ,  

* CV(2,K),M} 

IF (MoGT.O)  GO TO 920 

F I N A L  BOUNDS AND FUNCTIONS,  D 
470 T = CV(I,K)-TOLA 

CALL TMOFA (T,TM,DTM,M) 

IF (M.GT.O) GO TO 940 

C V I 3 , K )  = T 
C V ( 4 , K )  = - T M / D T M  

480 T = C V ( 1 , K ) + T O L A  
CALL TMOFA ( T , T M , D T M , M )  

I F  (M,GToO)  GO TO 950 

C V ( 5 , K )  : T 

CV(6,K) = -TM/DTM 
GO TO 500 

Q EQUALS ZERO 
490 CV(1,K = (K-L+1)**2 

CV(2,K : O.DO 
CV(3,K = CV( i ,K)  
CV(4,K : O.DO 
CV(5,K = CV(1,K) 
CV(6,K = O°DO 

500 CONTINUE 
550 

PRINT ERROR MESSAGES 
900 WRITE (6,901) K 

RETURN 

901 FORMAT(2OHOCRUDE BOUNDS CANNOT, 
22H BE LOCATED, NO OUTPUT, 

* 7H FOR K=I2) 
GO TO 930 

910 WRITE (6,911) K 
911 FORMAT(2OHOERROR IN SUBPROGRAM, 

* 22H TMOFA, VIA SUBPROGRAM, 
* 18H BOUNDS, NO OUTPUT, 
* 7H FOR K = I 2 )  

GO TO 930 
920 WRITE ( 6 , 9 2 1 )  K 
921 FORMAT(2OHOERROR IN SUBPROGRAM~ 

* 22H TMOFA, VIA SUBPROGRAM, 
18H MFITR8, NO OUTPUT, 

7H FOR K=I2) 
930 J = J-I 

GO TO 550 
9~0 WRITE (6,9~1) K 
9Ai FORMAT(2OHOERROR IN SUBPROGRAM, 

* 22H TMOFA, NO LOWER BOUND, 
* TH FOR K=I2) 
CV(3,K) = O.DO 
CV(4,K) = O.DO 

GO TO 480 
950 WRITE (6,951) K 
951 FORMAT(2OHOERROR IN SUBPROGRAM, 

* 22H TMOFA, NO UPPER BOUND, 
* 7H FOR K : I 2 )  
CV(5,K) : O.DO 
CV(6,K) : O.O0 

GO TO 500 
960 WRITE (6,961) 
961 FORMATI2OHOQ GIVEN NEGATIVELY,, 

* 20H USED ABSOLUTE VALUE) 
Q = - Q  

GO TO 40 
END 

Algor i thm 352 (Par t  B) 
M A T H  (Mathieu  Func t ions )  

Comments The subrout ine  M A T H  com- 
putes  var ious solutions (and the i r  der iva-  
t ives) ,  of e i ther  Ma th i eu ' s  differential  equa-  
t ion  or Math ieu ' s  modified equat ion,  which 
are associated wi th  the  charac te r i s t ic  
v a l u e s .  

The even periodic solut ion of equa t ion  
(1) is 

ee r (x ,q )  = ~ A2k+p cos  (2k+p)x,  (2) 
k=0 

associated wi th  a~(q), and the  odd periodic 
solut ion is 

ser(x,q) = ~ B2k+p sin (2k+p)x,  (3) 
k=0 

associated wi th  b~(q). The order,  r, is of the  
form 2n + p. The  n is a nonnega t ive  in teger  
while p = 0 or 1 indicates  the  solut ion is of 
period ~r or 27r. Calcula t ion  of the  periodic 
solut ions allows the  following three  opt ions 
of normal iza t ion  : 

(a) Neut ra l .  We define neutral coeffi- 
cients such t h a t  A2k+v = A2~+v/A:~+v, 
where s is chosen so t h a t  A2~+p is the  numer i -  
cal ly largest  one of the  set.  The  B~k+p are 
s imilar ly  defined. This  has  the  computa-  
t iona l ly  conven ien t  effect of making  the  
largest  coefficient equal  to u n i t y ,  hence all 
calculat ions  are carr ied out  wi th  them.  If  a 
normal iza t ion  o ther  t han  neutral is selected,  
i t  is effected on the  o u t p u t  a r r ay  F only, the  
coefficients themselves  remain ing  un-  
changed.  

(b) Ince. The  normal iza t ion  adopted in 
[6] is defined so t h a t  if y(x,q) represents  
e i ther  funct ion  (2) or (3) then  

~ 5#(x, q)dx = ~r. 

(C) S t ra t ton .  As defined in [8], and in 
the  no ta t ion  of [7], th is  normal iza t ion  is 
effected so t h a t  

I 1 8 e / q ,  o) = ~ S o / q ,  x) = 1, 
x=O 

where Se is the even solut ion and So the  odd. 
If  we replace x by  ix in (1), we get 

y "  - -  (a -2q  cosh 2x) y = O, (4) 

known as M a t h i e u ' s  modified equat ion .  The  
solut ions of (4) have  been te rmed  radial in 
[8] and,  for charac te r i s t i c  values,  can be pu t  
in the  following form, using the no ta t ion  of 
[41 and [5]: 

Mc~ i) (x,q) = 

(--1) ~+k A2k+~ [Fk +Gkl/A2~+pE~+p, 
(5) 

k=0 

associated wi th  at(q), and 

M g  i) (z,q) = 

(--1)~+kB2k+v [Fk--Gk]/B.~÷v , (6) 
k=0 
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associated wi th  b,(q). The order r equals 
2n + p, as in (2) and (3), and e,~ = 1 if C 
m # 0, bu t  e0 = 2. The choice of s is a r b i t r a r y  
here,  bu t  for numerica l  purposes we choose 
i t  in the  manne r  described previously for 
neutral normal iza t ion.  The  coefficients are 
the same as defined in (2) and (3), while F ,  
and G~ involve the  Bessel funct ions  as fol- 
lows : 

F~ Jk-,(UO Z (n " " (7) 

a~ = J~+.+, (U0 Z ~ ,  (u2), (S) 

u~ = qie-=,  u~ = ~,e =, 

z~) (u)  = ] . , (u ) ,  Z~)(u) = Y. ,(u).  

The solutions (5)-(6) are said to be of the  
first or second kind depending ou whe the r  
j = 1 or 2 in (5 ) - (8 ) .  

Explana t ion  of the  a rguments :  
X X  the given independent  var iab le  x 
QQ the given posi t ive  pa rame te r  q 
R the given order r 
CV the  given charac te r i s t ic  value,  

a,(q) or by(q) 

SOL given as 1, 2, or 3 according as the  
desired solut ion is (1) radia l  of 
the  first" kind,  (2) radia l  of the  
secmld kind,  or (3) periodic 

F N C  given as 1, 2, 3, or 4 according as 
the  desired solut ion is (1) asso- 
ciated wi th  b , ,  (2) associated 
wi th  a , ,  (3) the  der iva t ive  of 
solution (1), or (4) the  der iva-  
t ive  of solut ion (2) 

N O R M  given as 1, 2, or 3 according as the  
desired normal iza t ion  is (1) de- 
fined as neutral, (2) defined by  
Ince, or (3) defined by  S t ra t ton .  c 
(This a rgument  is decoded only 
if SOL = 3.) 

C 
F the  computed  three-e lement  ar ray ,  

conta in ing:  (1) the  solut ion 
value,  (2) the  series t e rm of 
largest  magni tude ,  and (3) the  
las t  t e rm included in the summa-  
t ion  

K the  computed  two-element  ar ray ,  
conta in ing:  (1) the  index, k, of 
the  t e rm in F(2) ,  and (2) the  
index of the  t e rm in F(3)  

M the  error  indica tor  cell: M = 0 
indicates  successful execut ion of 
subprogram,  M = 1 signifies an 
error  condi t ion explained by  an c 
accompanying pr in ted  message. 

The accuracy of results  (within l imits)  
and the  speed of convergence may be al tered 
by  th  9 user. See SUM (Algori thm 352 (Par t  
B.2)) for details .  

M A T H  calls on the subrout ines :  
COEF- - re fe r r ed  to as Algor i thm 352 (Pa r t  

B.1) 
SUM--re fe r red  to as Algor i thm 352 (Par t  

B.2) 
BESSEL-- re fe r red  to as Algor i thm 352 c 

(Part C) 

50 CALL 
GO TO 300 

60 CALL SUM (DC) 
GO TO 300 

70 CALL SUM (DDS) 
GO TO 3 0 0  

BO CALL SUM (DDC) 
GO TO 3 0 0  

150 CALL SUM (PS) 
GO TO 200 

160 CALL SUM (PC) 
GO TO 2OO 

170 CALL SUM (DPS) 
GO TO 200 

180 CALL.SUM (DPC) 

200 IF (NORM-2} 300,210,250 

INC E NORMALIZATION 
210 T = AB(1)**2 

IF (TYPE.EO.O) T = T+T 

DO 220 I = 1,L 
T = T+AB( I+ i ) * *2  

220 CONTINUE 
T = D S Q R T ( T )  
I = MO/2 

IF (AB(1).LT.O.DO) T = -T 

CUBROUTINE MATH (XX,OO,,G',CVPSOLe 
* FNC.NORM,F i,K.M) 

INTEGER 
* FNC, I ,K( Z ) ,KLASI , K M A X ,  L ,  
* LL , M , M F  ,ML ,MM ,~O ,MI ,M25 • 
* N,NORMpP,R,S, SOL, TYPE 

D O U B L E  PRECISION 
A,AC, CV,DLAST, DMAX t F (3) , G. 
J,~,r~G, T,TOL,UI ,U2.X,XX.Y 

EXTERNAL 
D C ,  D D C ,  b U S ,  b S ,  D P C ,  b P S ,  
P C , P S  

C OM~40N 
* J(250 ) ,Y1250) *UI,U2,N,P,S, 
* L,X,T, I , LL,G, DMAX,ULAST, 
* KMAX, KLAST,DUMi ( 5 7 ~ , )  ,A, 
* D U N 2 ( 6 )  , M M , M L p A B  ( 2 0 0 )  

COMMON / M F 1 /  
"~- Q ~, T O L ,  T Y PE • M i ~,MO ~ M2 S',,MF 

M = 0 

IF ( S O L , L T , i  , O R ,  
* S O L , G T , 3  , O R ,  
* FNC.LT.i .OR. 
* FNC.GT.4) GO TO 4 0 0  

A = CV 
O : OO 
T O L  = 1 ° D - 1 3  
TYPE = 2"~MOD(FttC,2)+blOD(R,2) 
C A L L  COEF ( M }  

IF (M) 410,10,420 

I 0  N = R / 2  
P = M O D ( R t 2 )  
S = M M / 2  
L = ML/2 
X = XX 
T = i,DO 

IF (SOL.EO.31 
* GO TO (150,160,1T0,180), FNC 

U i  = DSORT (Q)*DEXP(-X) 
U 2 = O / U I  
L L = L+S+P 

COMPUTE B E S S E L  FUNCTIO~'~S 
CALL BESSEL (I,U1,J,LL} 
CALL BESSEL ISOL,U2,Y,LL) 

EVALUATE SELECTED FUNCTION 
GO TO (50,60,70~S0), FNC 

SUM (DS) 

GO TO 3 0 0  

STRATTON NORMALIZATION 

250 IF (TYPE.GT*i) GO TO 270 

T = AS(I )  
DO 260 I : i , L  

T : T+ABI I+ I )  
260 CONTINUE 

GO TO 300 
270 T = DBLE(FLOAT(P))*AB(1). 

DO 280 I : i , L  
'T = T+AB( I+ I ) *  

DBLE(FLOAT(2*I+P}) 
280 CONTINUE 

300 F(1) : G/T 
F(2} = DMAX/T 
F{3) = DLAST/T 
K(1) = KMAX 
K(2) = KLAST 

350 RETURN 

PRINT ERROR MESSAGES 
400 WRITE (6,401) 
401 FORMAT(18HOSOL OR FNC OUT OF, 

* 1 7 H  R A N G E ,  NO O U T P U T )  
GO TO 450 

410 WRITE (6,4ii} 
411FORMATIi5HOMORE THAN 200 P 

* 22HCOEEFICIENTS REQUIRED,, 
* 20H OQ AND R TOO LARGEr, 
* i O H  NO OUTPUT) 

GO TO a50 

420 WRITE (6,421) 
421FORMAT(2OHOERROR IN SUBPROGRAM, 

* 22H TMOFA, VIA SUBPROGRAM. 
* 13H COld, VERIFY, 
* 2 1 H  A R G U M E N T S ,  NO O U T P U T )  

450 M : i 
F(l} = O,DO 

F(2) = O.DO 
F(3) : O.DO 
K(1) = 0 
K(2) = 0 

GO TO 3 5 0  

END 

Algor i thm 352 (Par t  A.1) 
B O U N D S  (Crude Bounds)  

(Called by  MFCVAL)  

Comments The subrout ine  B O U N D S  deter-  
mines crude upper  and lower bounds  for the 
K t h  charac te r i s t ic  value,  K ~ N. 

Exp lana t ion  of the o ther  a rgumeuts :  
A P P R O X  the  first approximat ion  
TOLA the to lerance de termined  by  

subrou t ine  MFCVAL 
CV the 6 by  N ar ray  described in 

subrou t ine  MFCVAL 
N var iab le  dimension of the  CV 

ar ray  
M M  an indicator  cell used to com- 

munica te  unusua l  and error 
condi t ions to subrout ine  
MFCVAL 

The  ou tpu t ,  a0 < a < a~, is pu t  into the  
common block labeled MF2. 

B O U N D S  calls on the  subrou t ine :  
TMOFA-- re f e r r ed  to as Algor i thm 352 

(Part A.3) 

SUBROUTINE BOUNDS (K,APPROX. 
* TOLA,CV,N,MM) 

INTEGER 
K , K A t M , M M t N  

DOUBLE PRECISION 
* A,APPROX,AO,AI,CV,OTM, 
* DO,Di,O~TM,TOLA 

D I M E N S I O N  
* CV(6,N) 

COMMON /MF1/ 
Q,DUMMY(T) 
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COMMON /MF2/ 
* A0,A,AI  

KA : 0 

IF (K*EQ.1) GO TO 20 

IF (APPRox-cv( I ,K-1) )  10.10,20 

10 AO = CV(1 ,K- i )÷ I .DO 
GO TO 30  

20 AO = APPROX 
30 C A L L  TMOFA ( A O , T M , D T M , M )  

I F  ( M . G T . O )  GO TO 2 5 0  

DO = - T M / D T M  

I F  ( D O )  1 0 0 , 3 0 0 , 5 0  

AO I S  LOWER B O U N D ,  
SEARCH FOR UPPER BOUND 

50 A1 = A 0 + D O + , i D O  
C A L L  TMOFA ( A 1 , T M , D T M , H )  

I F  ( M , G T . 0 )  GO TO 2 5 0  

D1 = - T M / D T M  

IF (DiD 200,350,60 

60 A0 = Ai 
DO = Di 
KA = KA+I 

IF (KA-4) 50,400,~00 

A1 IS UPPER BOUND, 
SEARCH FOR LOWER BOUND 

100 A1 = AO 
DI = DO 
AO : DMAXi(AI+DI-.iDO~-2.D0~Q) 

IF (K.EQ.1) GO TO i10 

IF ( A 0 - C V ( I , K - I ) )  150,150,110 

110 CALL TMOFA (AO,TM,DTH,M) 

IF (M.GT.0) GO TO 250 

DO = -TM/DTH 

IF (DO) 120,300.200 

120 KA = KA+I 

IF (KA-~) 100,~00,400 

150 KA = KA+i 

IF (KA-6) 160,400,~00 

160 A0 = AI+DMAXi(TOLA,DABS(DI)) 
GO TO 30  

200 A : .SD0*IAO+D0+Ai+DI) 

IF (A.LE.A0 .OR. 
* A.GE.AI) A = .SD0~(AO+Ai) 

250 MM = M 
RETURN 

300 C V ( I , K )  : AO 
310 CV(2,K) = 0.DO 

M = - I  
GO TO 250 

3 5 0  C V(i,K} = Ai 

GO TO 3 1 0  
400 M : 2 

GO TO 250 
END 

Algor i thm 352 (Par t  A.2) 
M F I T R 8  (Improves  Charac te r i s t i c  Value) 

(Called by MFCVAL)  

Comments Givena0  < a < a ~ , w h e r e a 0 i s a  
lower and a~ an upper  bound,  the  subrou-  
t i . e  M F I T R 8  i tera tes  to the  charac ter i s t ic  
value,  replacing one of the  bounds wi th  a 
be t t e r  approximat ion  at  each step.  The  

process t e rmina tes  af ter  40 i tera t ions  unless 
one of the  following condi t ions  occurs first:  
(1) a -- a0 _-< TOLA, (2) al -- a _-< TOLA, or 
(3) ID(a) J < TOLA. See Appendix  3, 

me thod  2, of [3] for a deta i led descr ipt ion of 
this  process. 

Exp lana t ion  of ou tpu t :  
CV the  charac te r i s t i c  value,  a 
D CV  the  func t ion  D(a) 
M M  an ind ica tor  cell used to communi-  

cate an error condi t ion  to subrou-  
t ine  MFCVAL.  

M F I T R 8  calls on the  subrou t ine :  
T M O F A - - r e f e r r e d  to as Algor i thm 352 (Pa r t  

A.3) 

SUBROUTINE M F I T R 8  (TOLA,CV,DCV,MM) 

INTEGER 
* M , M N , N  

DOUBLE PRECISION 
* A.AO,Ai,A2.CV,D.DCV,DTMP 
* TM,TOLA 

LOGICAL 
* LAST 

COMMON / M F 2 /  
* AO,A,Ai 

N = 0 
LAST = .FALSE. 

50 N = N+i 
CALL TMOFA [A,TM,DTM.H) 

IF (M.GT.O) GO TO z+00 

D = -TM/DTM 

C IS TOLERANCE MET 
IF (N .EQ. 40 .OR. 

* A-A0 .LE. TOLA .OR. 
* AI-A .LE.TOLA .OR. 
* DABS(D).LT.TOLA) LAST = .TRUE. 

IF (D| 110,100,120 

I00 CV = A 
DCV = O . D O  

C REPLACE UPPER BOUND BY A 
i i 0  Ai = A 

GO TO 3 2 0  

GO TO 200 

C REPLACE LOWER BOUND BY A 
120 AO = A 
200 A2 = A+D 

IF (LAST) GO TO 300 
IF (A2.GT.AO.AND.A2.LT.Ai) 

GO TO 250 

A : .SD0*(AO+AI) 
GO TO 50 

2 5 0  A = A2 

GO TO 50 

300 IF (A2*LE.AOQOR.A2.GE.Ai) 
* GO TO 3 5 0  

CALL TMOFA (A2,TM,DTM,M) 

IF (M.GT.0) GO TO 400 

O = -TM/DTM 
C V = A2 

3 1 0  DCV : D 
3 2 0  HM = M 

RETURN 
3 5 0  C V : A 

GO TO 3 1 0  
400 C V = O.D0 

DCV : 0.D0 
GO TO 3 2 0  

END 

Algor i thm 352 (Pa r t  A.3) 
T M O F A  (Accuracy Ind ica to r )  

(Called by MFCVAL,  BOUNDS,  M F I T R 8  
and  COEF)  

Comments The  subrout ine  T M O F A  evalu- 
ates the  func t ion  Tin(a) and i ts  de r iva t ive  
dTm(a)/da. See [3] for  the  definit ions,  theo-  
rems, and numer ica l  methods  re la t ing  to the  
computa t ion  of these  quant i t i es .  

Exp l ana t i on  of the  a rgumen t s :  
ALFA the  given a rgument ,  a 
T M  T,~ (a) 
D T M  dTm(a)/da 
N D  in te rna l  e r ror  ind ica to r  cell 

T M O F A  calls no o t h e r  subprograms.  

SUBROUTINE TMOFA (ALFAtTMoDTMwND) 

INTEGER 
K,KK~KTtLgMF~MOoMioM2S~ 

* N D , T Y P E  

DOUBLE PRECISION 
* A~AAgALFAtBtDG,DTM,DTYRE~ 

F , F L o G , H I 2 O O ) t H P p Q , Q I N V ,  
* OI,Q2,TtTMtTOLoTTmV 

COMMON 
* G(2OO,2),DG(2OOP2)oAA, 
* A(3)~B(3)tDTYPE,QINV,Qi~ 

Q2~ToTT,K,LjKKiKT 

COMMON /MF i /  
Q,TOL,TYPE,M1,M0gM2S,MF 

EQUIVALENCE 
* ( H ( 1 ) t G ( I , I ) I , ( Q i o H P } ,  
* ( Q 2 , F )  

D A T A  FL / i . D + 3 0 /  

C STATEMENT F U N C T I O N  
V(K) : (AA-DBLE(FLOAT(K))**2}/Q 

ND = 0 
KT = 0 
AA = ALFA 
DTYPE = TYPE 
QINV = I.DOIQ 
DO i0 L = 1,2 

DO 5 K = 1,200 
G(K,L) - O.D0 
DG{K,L) = O.D0 

5 CONTINUE 
10 CONTINUE 

IF (MOD(TYPE,2)) 20.30,20 

20 NO = 3 
GO TO ~ 0  

30 M0 = TYPE+2 
40 K = .SDO*DSQRT(DMAXi( 

* 3 , D O * Q + A A , O , D 0 ) )  
M2S = MINO(2*K+MO+4, 

* 398+MOD(MO,2)) 

C EVALUATION OF THE TAIL OF A 
C CONTINUED FRACTION 

A(1) = I.DO 
A(2) = V(M2S+2) 
B(1) : V(M2S) 
B(2) = A ( 2 ) * B ( 1 ) - i . D 0  
QI = A (2 ) /B (2 )  
DO 50 K = 1,200 

MF = M2S+2+2*K 
T = V(MF) 
A(3) = T*A(2) -A(1)  
B(3) : T*~(2) -B(1)  
Q2 = A(3 ) /B (3 )  

IF (DABS(QI-Q2).LT.TOL) 
* GO TO TO 

O l  = Q 2  

A ( 1 )  = A ( 2 }  
A ( 2 )  = A ( 3 )  
B(1) = B(2) 
S(2) = B(3) 
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50 CONTINUE 
KT : I 

70 T : 1.DO/T 
TT = -T*TmQINV 
L = MF-M2S 
DO 80 K = 2 , L , 2  

T : i ° D O / ( V ( M F - K ) - T I  
TT = T*T*(TT-QINV)  

80 CONTINUE 
KK = M2S/2+1 

IF (KT°EQ°I }  Q2 = T 

G(KK,2) = .SDO*(Q2+T) 
DG(KK,2)= TT 

STAGE 1 
G(2~ i )  : I .D0  
DO 140 K = MO,M2S,2 

KK = K / 2 + i  

IF (K .LT .S )  
* IF (K-3) 100 ,110 ,120  

G(KK~i)  = V ( K - 2 ) - I . D O / G ( K K - i ~ i )  
DG(KK, i )=  Q INV+DG(KK- I~ i ) /  

* G ( K K - i ~ i ) * * 2  
GO TO 130 

I00 G(2,1) = V(0) 
DG(2~I) = QINV 

GO TO 130 
110 G{2 ,1 )  = V(1)+DTYPE-2.DO 

DG(2~I) : QINV 
GO TO 130 

120 G(3,1) : V(2)+(DTYPE-2.DO)/ 
* G ( 2 ~ i |  

DG(3,1) : QINV+(2.DO-DTYPEI* 
* D G ( Z , 1 ) / G ( 2 ~ l ) * * 2  

I F  ( T Y P E ° E Q . 2 )  G ( 2 ~ 1 |  = O . D 0  

130 IF ( D A B S ( G ( K K , i I ) . L T ° I , D 0 )  
* GO TO 200 

i ~ 0  C O N T I N U E  

BACKTRACK 
TM = G(KK,2 ) -G(KK~ i )  
DTM = DG(KK,2) -DG(KK, I )  
M1 = M2S 
KT = M2S-MO 
DO 180 L = 2~KT~2 

K = M2S-L 
KK = K / 2 + i  
G(KK,21 = 1 . D 0 / ( V ( K ; - G { K K + i , 2 } )  

DG(KK~2)= - G ( K K , 2 ) * * 2 *  
* (QINV-DG(KK+i~2))  

IF (K-2)  150 ,150 ,160  

150 G ( 2 ~ 2 )  = 2.DO*G(2,2)  
D G ( 2 , 2 )  = 2 . D 0 * D G ( 2 ~ 2 )  

1 6 0  T = G ( K K , 2 ) - G ( K K , i )  

IF (DABS(TI-DABS(TM|} 
* 170,180~180 

170 TM = T 
DTM = DG(KK,2)-DG(KK~I)  
Mi = K 

180 CONTINUE 
GO TO 3 2 0  

C STAGE 2 
200 M1 : K 

K M2S 
KK = K/2+1 

210 IF (K.EQ.M1) 
* IF (K-2 )  300~300,310 

K = K-2 
KK = KK-1 
T = V ( K ) - G ( K K + i , 2 )  

IF (DABS(T) - I .DO)  250~220~220 

220 G(KK~2| = 1.D0/T 
DG(KK,2)= ( D G ( K K + i , 2 ) - Q I N V ) / T * * 2  

GO TO 210 

C STAGE 3 
250 IF ( K . E O . M i |  IF (T) 220 ,290 ,220  

HP = DG(KK+I~2)-QINV 
260 G(KK,2) = FL 

H(KK| = T 

K : K-2 
KK : KK- i  
F : V ( K I * T - I ° D 0  

IF (K°EQ°MI} IF (F) 280 ,290 ,280  

IF (DABS(F)-DABS{T|}  270 ,280 ,280  

2 7 0  HP = H P / T * * 2 - Q I ' N V  
T = F / T  

GO TO 260 
280 G(KK,2) = T/F 

DG(KK,2)= (HP-QINV*T*T ) /F * *2  
GO TO 210 

290 ND = 1 
GO TO 320 

CHAINING M EQUALS 2 
3 0 0  G [ 2 , 2 )  = 2°D0*G(2p2) 

DG(2,2)  : 2.D0*DG(2~2) 
310 TM = G ( K K , 2 I - G ( K K ~ i )  

DTM = DG(KK~2)-DG(KK, i |  
320 RETURN 

END 

Algor i thm 352 (Par t  B.1) 
COEF (Coefficients) 

(Called by  M A T H )  

Comments The subrout ine  C O E F  com- 
putes  the  neutral coefficients, as defined in 
the  Comments of Algor i thm 352 (Par t  B) ,  
and r e tu rns  them via  common ar ray  AB. 
Argument  M is an in te rna l  error  ind ica tor  
cell. For  detai ls  of the  method  used, see Ap- 
pendix 6 of [3]. COEF calls on the subrout ine :  
T MO FA -- r e f e r r ed  to as Algor i thm 352 

(Par t  A.3) 

FUBROUTINE COEF (M| 

I N T E G E R  
* K,KA,KB,KK,M,MF,ML,MM, 
* MO,Mi,M2S,TYPE 

DOUBLE PRECISION 
* A , A B i F L , G ~ H ( 2 0 0 ) , Q , T ,  

TOL,V~V2 

COMMON 

* G ( 2 O O t 2 I , D U M I ( 8 O O I g A , T , K t  
* KA~KBpKKpMM,MLpAB(200) 

COMMON /MF1/ 
* Q~TOL,TYPE,MltM09M2S,MF 

EQUIVALENCE 
* ( H ( I I , G ( l t l } |  

D A T A  F L , V 2 / i ° D + 3 0 t 1 . D - 1 5 /  

C STATEMENT FUNCTION 
V(K} = (A-DBLE(FLOAT(K) ) * *2 ) /Q 

CALL TMOFA ( A , T , T , M )  

IF (M°NE.0} GO TO 300 

DO 60  K = 1 , 2 0 0  
AS(K) = OeDO 

60 C O N T I N U E  
KA = M1-M0+2 
DO 90 K = 2 ,KA,2  

KK = (MI-K|/2+I 

IF (K-2)  7 0 , 7 0 , 8 0  

70 AB(KK) = 1°DO 
GO TO 90 

80 AB(KK| = A B ( K K + I I / G ( K K + I , I )  
90 CONTINUE 

KA = 0 

DO 130 K = M1,M2S,2 
KK = K / 2 + i  
ML = K 

IF (G(KK,2 ) .EQ.FL )  GO TO IO0 

AB(KK) = AB(KK-1 I *G(KKt2 )  
GO TO 110 

100 T = AB(KK-2) 

IF (K,EO.4°AND°Mi .EQ°2)  T = T+T 

AB{KK) = T / ( V ( K - 2 ) * H ( K K ) - I ° D 0 )  

110 IF (DABS(AB(KKI ; .GE=1°D-17}  
KA = Q 

IF (KA.EQ°5) GO TO 260 

KA = KA+I 
130 CONTINUE 

T = D L O G ( D A B S { A B { K K ) } / V 2 ) /  
DLOG(I°D0/DABS(G(KKi2) I )  

KA = 2 * ID INT(T )  
ML = KA+2+M2S 

IF (ML,GT°399} GO TO g00 

KB = KA+2+MF 
T = 1.D0/V(KB}  
KK = MF-M2S 
DO 150 K = 2 ,KKt2  

T = i ° D O / ( V ( K B - K I - T I  
150 CONTINUE 

KK = ML/2+ i  
G(KK*2I  = T 
DO 200 K = 2~KA~2 

KK = [ M L - K ] / 2 + I  
G(KK~2) = l o D O / ( V ( M L - K ] -  

G i K K + i , 2 } }  
200 CONTINUE 

KA = M2S+2 . 
DO 250 K = KAPML,2 

KK = K / 2 + i  
AB(KK) = A B ( K K - i ) * G ( K K , 2 )  

25O CONTINUE 

NEUTRAL NORMALIZATION 
2 6 0  T = AB{1) 

MM = MOD{TYRE,2) 
K A  = MM+2 

DO 280 K = KA,ML,2 
KK = K/2+1 

IF (DABS(TI-DABS(AB(KK}))  
* 2 7 0 , 2 8 0 t 2 8 0  

270 T = AB(KK) 
MM = K 

280 CONTINUE 
DO 290 K = I , K K  

AB(K) = AB{K) /T  
290 CONTINUE 
300 RETURN 
400 M = - I  

GO TO 3 0 0  
END 

Algor i thm 352 (Par t  B.2) 
SUM (Series Eva lua t ion )  

(Called by  M A T H )  

Commenls The subrout ine  SUM performs 
the  summat ion ,  t r unca t ing  the  series when 
the  magni tude  of two successive terms,  rela- 
t ive  to the  magn i tude  of the  largest  term, is 
less than  or equal  to 10 -~3. 

If  the  user is willing to accept  reduced ac- 
curacy,  he may  save some comput ing  t ime 
by  making  this  tolerance larger.  On the 
o ther  hand ,  however,  a smaller  tolerance 
will no t  necessari ly increase the  accuracy,  
since on a machine  using 16-digit a r i thmet ic  
the  sum will be, a t  best ,  good to 16 digits. 

The  par t i cu la r  series being evaluated  is 
de te rmined  by the a rguments  SOL and FNC 
wi th in  subrou t ine  M A T H  and communi-  
cated to this  subrou t ine  v ia  a rgument  DU%I. 

O u t p u t  is r e tu rned  v ia  common:  var ia-  
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bles F, D M A X ,  ])LAST, KMAX,  and 
KLAST. 

SUM calls on one of the functions of 
Algorithm 352 (Part B.2.1). 

SUBROUTINE SUN (DUM) 

INTEGER 
* K,, KLAST, KMAX, L ,,S 

DOUBLE PRECISION 
* DLAST, DMAX, DUM, F, T 

C O M M O N  

* DUMi ( i 0 0 6 )  ,S t  L,DUM2(6) .F~ 
* DMAX, DLAS T, KMAX, KLA ST, T 

K = O 
F : DUM(O } 
DMAX = F 
T = DABS(F) 
KMAX = O 
DO 30 KLAST = 1 ,L  

DLAST = DUMIKLAST) 
F = F+DLAST 

IF  (T-DABS(DLAST)) 1 0 , 1 0 , 2 0  

10 DMAX : DLAST 
T : DABS(DMAX) 
KMAX = KLAST 

20 IF  KLAST°LE°S) GO TO 30 

IF  DABS(DLAST) /T .GT ° i . D - 1 3 )  
* K : 0 

K = K + i  

IF  KoEO.3) GO TO AO 

30 CONTINUE 
KLAST : L 

4O 
END 

RETURN 

Algorithm 352 (Part  C) 
BESSEL (Bessel Funct ions)  2 

(Called by MATH) 

Comments The subroutine BESSEL eval- 
uates Bessel functions of the first or second 
kind, according as the argument  SOL = i or 
2, of orders 0, 1, • • • , n and argument  u, both  
of which must  be nonnegat ive.  Functions of 
order zero and one are always evaluated,  re- 
gardless of the value of n. Results  are re- 
turned via array JY, with element  JY(K)  
containing the funct ion of order K-1. 

I t  should be noted tha t  for SOL = 2 and 
u = 0, a large negative cons tan t  (-1037) is 
re turned as the funct ion value for all orders 
and no warning is given. 

Different methods of computa t ion  are 
used for Jo(u) ,  J l ( u ) ,  Yo(u) ,  and Y l ( u ) ,  
depending upon whether  u < 8, or not.  (See 
subrout ines JOJ1, YOY1, and L U K E  for 
details .)  The J ~ ( u ) ,  n = 2, 3, . . .  , m,  are 
computed by means of a continued fract ion 
(see subrout ine  JNS) ,  whereas the Y , ( u )  
for corresponding orders are calculated di- 

: This  subrout ine (together wi th  its subsidiary routines) 
may be removed in toto, wi th  no changes, and used inde- 
pendent ly  as a Bessel function algori thm. The  results are 
good to 14 significant digits  or decimal places, whiclmver 
is least accurate,  wi th  an error of no more than  one un i t  in 
the  last digit  or place. 

rectly from the recurrence relation: 

Y,+i(u) = 2__n Y~(u) - Y ,_I(u)  
U 

BESSEL calls on the subrout ines:  
JOJl--referred to as Algori thm 352 (Par t  

C.1) 
YOYl--referred to as Algorithm 352 (Part  

C.2) 
LUKE-- r e f e r r ed  to as Algori thm 352 (Part  

C.3) 
JNS-- re fe r red  to as Algorithm 352 (Par t  

C.4) 

SUBROUTINE BESSEL I S O L t U , J Y , N )  

INTEGER 
* N,NN,SOL 

DOUBLE PRECISION 
* J Y ( 2 5 0 } , U  

NN = MINO(N,249)  

IF  (U.EO.O.OO.AND*SOL.EO°2) 
* GO TO 80 

IF  (U.GE.B.DOI  GO TO 30 

GO TO ( 1 0 , 2 0 ) ~  SOL 
i 0  CALL JOJ l  (U , JY )  

20 CALL YOY1 ( U , J Y )  

30 CALL LUKE (U ,SOL.JY)  

40 IF  ( N * L T . 2 |  GO TO 100 

GO TO ( 5 0 , 6 0 ) ,  SOL 
50 CALL JNS (JY ,U ,NN)  

GO TO 40 

GO TO 40 

GO TO 100 

RECURRENCE FORMULA 
60 DO 70 K = 2,NN 

J Y ( K + i )  = 2.DO* 
* D B L E ( F L O A T ( K - i ) ) *  
* J Y I K ) / U - J Y ( K - i )  

70 CONTINUE 
GO TO 100 

80 NN = NN+i 
DO 90 K = I~NN 

JY(K)  : - I . D + 3 7  
90 CONTINUE 

100 RETURN 
END 

Algori thm 352 (Part  C.1) 
JOJ1 (First  Kind)  

(Called by BESSEL) 

Comwents  The subroutine JOJ1 computes 
the Bessel functions of the first kind, J0 (x) 
and J~ (x), for x < 8. This is done by evalu- 
ating formula 9.1.10 of [1]. The results are 
re turned via array J. 

JOJ1 calls no other  subprograms. 

SUBROUTINE JOJ l  ( X , J )  

DOUBLE PRECISION 
* J ( 2 ) , T I S I ~ X  

COMMON 
* D U M ( i O i 4 } , T  

T ( 1 )  = X/2.DO 
J ( 1 )  = I .DO 
J { 2 }  = T (1 }  
T ( 2 )  = - T ( 1 ) * ' 2  

T ( 3 )  = i .DO 
T ( 4 )  = I .DO 

I0  T (A)  = T ( 4 ) * T { 2 ) / T { 3 ) * * 2  
J ( l }  = J ( I } + T ( 4 )  
T ( 5 )  : T I A ) * T ( i } / ( T ( 3 ) + i . D O }  
J ( 2 )  = J ( 2 ) + T ( 5 )  

IF  ( D M A X I ( D A B S ( T I 4 | I , D A B S ( T ( 5 ) ) )  
* . L T . I . D - 1 5 )  RETURN 

T ( 3 )  : T ( 3 ) + i . D O  

END 
GO TO iO 

Algori thm 352 (Par t  C.2) 
YOY1 (Second Kind)  

(Called by BESSEL) 

Comments  The subrout ine  YOY1 computes 
the Bessel functions of the second kind, 
Yo(x)  and Yl(X), for x < 8. This is done by 
evaluat ing formulas 9.1.13 and 9.1.11 of [1]. 
The results are re turned via array Y. 

YOY1 calls no other  subprograms.  

SUBROUTINE YOYi ( X , Y I  

D O U B L E  P R E C I S I O N  

* T I i O ) , X , Y ( 2 I  

COMMON 

* D U M I i O 1 6 ) , T  

T ( l l  : X / 2 . D O  

T(21 = - T ( i } * * 2  
Y ( i )  : I .DO 
Y ( 2 )  = T ( 1 }  
T ( T ]  : OoDO 
T ( I O ) =  - T ( i )  
T I 3 )  : O.DO 
T ( 4 )  : O.DO 
T ( 5 )  : I .DO 

10 T 3) = T ( 3 } + i . O 0  
T A) = T ( q ) + l o D O / T ( 3 }  
T 5) = T ( 5 } * T ( 2 ) / T ( 3 ) * * 2  
Y i )  : Y ( 1 ) + T ( 5 |  
T 6) = - T ( 5 I * T ( 4 )  
T 7) = T ( 7 } + T ( & )  
T 8} = T ( 5 i * T ( 1 ) / ( T ( 3 ) + i ° D O I  
Y ( 2 )  = Y I 2 ) + T ( 8 )  
T ( 9 }  = - T ( 8 ) * I 2 . D O * T ( 4 ) +  

* i . D O I ( T ( 3 ) + I . D O ) }  
T ( I O } =  T ( i O ) + T ( 9 )  

IF  ( D M A X I ( D A B S I T ( 6 ) } , D A B S ( T ( 9 } }  
* . G E . i ° D - 1 5 )  GO TO i 0  

T ( 2 )  = o5772156649OlS]2~6DO+ 
* D L O G ( T ( I I )  

Y ( 1 )  : o 6 3 6 6 1 9 7 7 2 3 6 7 5 8 1 3 4 D 0 .  

( y ( 1 ) ~ T ( 2 } + T ( 7 ) )  
Y ( 2 )  : . 6 3 6 6 1 9 7 7 2 3 6 7 5 8 1 3 4 D 0 "  

* ( Y ( 2 ) * T ( 2 ) - i . D O / X ) + T ( I O )  
* 3,1415926535897932DO 

RETURN 
END 

Algori thm 352 (Part  C.3) 
L U K E  

(Called by BESSEL) 

Comments The subrout ine L U K E  evalu- 
ates Bessel functions of order zero and one, 
of the first or second kind, according as the 
argument  K I N D  = 1 or 2, for u _-> 8. The re- 
sults are re turned via the 2-element array 
J ¥ .  

The Bessel function of the third kind 
(Hankel funct ion) ,  H~n(u)  = J~(u)  H- 
i Y ~ ( u ) ,  can be expressed in terms of the 
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C h e b y s b e v  po lynomia l s ,  T J  (x), as follows : 

: ( z y  
\ ~ - u /  

(9) 

• ~ (o~)-I.- i ~ ) ) T ~ * ( R / u ) .  

We now define ~0) = A~+~ , ~0) = B~+~ , 

o~ l~ = C~+~, #~) = D~+~, x = R / u ,  and 
T~* (x) = ae+l (x) .  The  recur rence  re la t ions  
for  the G~(x) are as follows: 

G~(x) = 1, G..(x) = 2x -- 1, 

G~(x) = ( 4 x - 2 )  G~_,(x) - G~_e(x), 

k ~ 3 .  

If  we let , = 0 and make  o ther  a p p r o p r i a t e  
s u b s t i t u t i o n s  in (9), while  r e m e m b e r i n g  t h a t  
e ;~ = cos O + i sin O, we can sepa ra t e  the real  
and imag ina ry  p a r t s  and get the  fol lowing 
re la t ions  : 

.[cosO~A~G.(x) - sin0~B~G#(x); 
k : l  k : l  

: 

\TrUl 

k = l  k : l  

where  ~ = u -- =/4.  
Not ice  t ha t  if , = 1 in (9), then  0 is re- 

placed by  0 -- ~/2.  Also, cos (8 - -~ /2 )  = 
sin 0 and sin ( ~ - = / 2 )  = - -cos  0. There-  
fore, proceeding as before,  we get 

• s in  0 ~ C~ G~.(x) "It c o s  0 ~ D~ Ge(x) , 
k : l  k=l 

\~u/ 

• sin 0 ~ D~ ak(x) -- cos 0 ~ C~ G~(x . 
k:l k=l 

The coefficients A, B, C, and D have been 
compu ted  for R = 8 in eq. (9) and are guar-  
anteed to the n u m b e r  of digits  given.  

L U K E  calls no o ther  s u b p r o g r a m s .  

FUBROUTINE LUKE (U,KIND,JY) 
C *************** 

INTEGER 
* K , K I N D  

D O U B L E  P R E C I S I O N  
* A(19},B(19),CS,C(19), 
* D(19),Gi3),JY(2),R(2), 
* S(2},SN,T,U,× 

C ObIMON 
* DUbI(iOI4},R,S,G,X,T,SN,CS 

C WARNING - THE FOLLOWING DATA 
C S T A T E M E N T S  ARE NOT IN  ASA 
C S T A N D A R D  FORTRAN 

DATA A / 
* ,99959506476867287416D0, 
* - . 5 3 8 0 7 9 5 6 1 3 9 6 0 6 9 1 3 D - 3 ,  
* -.13179677123361570D-3, 
* . 5 1 4 2 2 4 9 7 0 4 8 6 ~ 4 D - 5 ,  
* 1 5 8 4 6 8 6 1 7 9 2 0 6 3 D - 6 J  
* -.856069553946D-8, 
* -o29572343355D-9. 
* .6573556254D-i0. 
* - . 2 2 3 7 4 9 7 0 3 D - i i ,  
* -.44821140D-12, 
* ,6954827D-13, 

* -,151340D-14, 
* -.92422D-15, 
* ,15558D-15, 
* -,476D-17, 

* -.274D-17, 
* .61D-18t 

* -.4D-19, 
* -.iD-19/ 

DATA B / 
* -.776935569420532136D-2, 
* -.774803230965647670D-2, 
* .2536541165430796D-4, 
* .394273598399711D-5, 
* -. 0723498299129D-6, 

* -.721389799328D-8, 
* .73764602893D-9, 
* °150687811D-Ii, 
* -.574589537D-Ii, 
* °45996574D-12, 
* .2270323D-13, 
* -.887890D-14, 
* .74497D-15, 
* .5847D-16, 
* -.2410D-16, 
* .!65D-17, 
* .13D-18, 

* -.iOD-18, 
* .2D-19/ 

DATA C / 
* 1.00067753586591346234D0, 

* .90100725195908183D-3, 
* °2217243491U5994540-3, 
* -°196575946319104D-5, 
* -.20889531143270D-6, 
* .I028144350894D-7, 
* .37597054789D-9, 
* -°7638891358D-I0, 
* .238734670D-Ii, 
* .51825489D-12, 
* -.7693969D-13, 
* .144008D-14, 
* .i03294D-14, 
* -.16821D-15, 
* .459D-17, 
* .302D-17, 
* -.65D-18, 

* .4D-19, 
.iD-19/ 

DATA D / 
* °2337682998628580328D-i, 
* .233468OiZ2354557533D-i. 
* -,3576010590901382D-4, 
* -.5608631~9492627D-5, 
* .1327389~084340D-6, 
* .916975865066D-8, 
* -.86838880371D-9, 
* -.378073005D-ii, 
* ,663145586D-ii, 
* -.50584390D-12, 
* -.2720782D-13, 
* .985381D-14, 
* -°79398D-15, 
* -.6757D-16. 
* °2625D-16, 
* -.280D-17, 
* -.15D-18, 
* .lOO-18, 
* - . 2 D - 1 9 /  

X 8.DO/U 
G(1)  1.DO 
G ( 2 )  2 . D O * X - I . D O  
R(1 )  A ( 1 } + A ( 2 ) * G ( 2 )  
S (1 )  B ( 1 ) + B ( 2 ) * G ( 2 )  
R (2 )  C ( i ) + C ( 2 ) ' G { 2 )  
S(2)  D ( 1 ) + D ( 2 i * G ( 2 )  
DO i0 = 3,19 

G(3 = (4.DO*X-2.DO)*GIZ)-G(i} 
R(I = R(1)+A(K)*G(3) 
S(i = S(1)+B{K)*G(3) 
R ( 2  = R ( 2 ) + C ( K } * G ( 3 )  
S ( 2  = 5 ( 2 ) + D ( K ) * G ( 3 )  
G ( 1  = G ( 2 )  

G ( 2 )  : G ( 3 )  
1 0  CONTINUE 

T = . 7 9 7 8 8 4 5 6 0 8 0 2 8 6 5 4 D O / D S Q R T ( U )  
SN : DS IN (U- .7853981633974483DO)  

C S  = DCOSIU- .7853981633974483DO) 

GO TO ( 2 0 , 3 0 ) ,  KIND 
20 J Y ( 1 )  = T * ( R ( 1 ) + C S - S ( 1 ) * S N )  

J Y ( 2 )  = T * ( R I 2 } * S N + S ( 2 ) * C S )  
GO TO 40 

30 JY(i) = T*(S(1)*CS+R(II*SN) 
JY(2) = T*(S(2)*SN-R(2)*CS) 

40 RETURN 
END 

Algor i t hm 352 (Par t  C.4) 
J N S  

(Called by  B E S S E L )  

Commenls The  s u b r o u t i n e  J N S  eva lua tes  
Bessel  func t ions  of the first  kind,  of orders  
n = 2, 3 , " "  , m, for  a r g u m e n t  u, given 
Jo(u) and J~(u). F r o m  the definit ion 
G, = J , ( u ) / J , _ l ( u )  and the  recurrence  rela- 
t ion,  

J,~+l(u) = (2n /u)  Jn (u )  -- J , - l ( u ) ,  

we can derive the  fol lowing equa t ion :  

1 
Vl, - -  

2n (10) 
- - -  G n + l  
U 

Since G,+~ is of the  same  fo rm as G~ , we can 
con t inue  the  process  and ob ta in  the  con- 
t inued  f rac t ion ,  

1 1 
Gn 

2n 2(n "4- 1) 

16 ?~ 

(it) 
1 

2(n + k) 
- -  G n + k + i  

Gm is eva lua ted  us ing  (11), then  the  o ther  
G, are computed  f rom (10) for n =  m - -  1, 
m - 2 ,  • • - , 2. F ina l ly ,  the  J~ are eva lua ted  in 
a fo rward  direct ion f rom J~ = G,J,_~ and 
r e tu r ne d  via  a r g u m e n t  a r ray  JJ .  See [2] for  
a more  detai led t r e a t m e n t  of this process.  

J N S  calls no o ther  s u b p r o g r a m s .  

SUBROUTINE JNS (JJ,U,M| 

INTEGER 
* K,KA,KK,M 

D O U B L E  P R E C I S I O N  
* A , B , D ( 2 ) , D M , G ( 2 4 9 } ,  
* J J ( 2 5 0 ) , P ( 3 ) , Q ( 3 ) , U  

E Q U I V A L E N C E  
* ( A , G ) , ( D , G ( 2 ) ) *  
* ( P . G ( 4 I ) , ( Q , G ( 7 ) } ,  
* ( D M , G ( i O ) ) . ( B t G ( 1 1 ) )  

COMMON 
* DUM(iOI4},G,M,K,KK,KA 

DM : 2 * M  
P ( 1 )  = O.DO 
0 ( I )  = l . O O  
P (2 )  = 1.DO 
Q(2)  = DM/U 
D ( 1 )  : P ( 2 ) / Q ( 2 )  
A = 2.D0 
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I 0  B : (DM+AI/U 
P(3)  : B * P I 2 I - P I i )  
QI3} = B * Q ( 2 I - Q ( 1 )  
D ( 2 )  = P I 3 ) / Q I 3 )  

IF ( O A B S I D ( i I - D ( 2 ) )  
* . L T o i . D - 1 5 I  GO TO 20 

P i l l  = P I 2 }  
PI2)  = P(3) 
Q I i )  = Of 21 
Q ( 2 )  : O l 3 }  
DI1 )  = D(2) 
A = A+2.D0 

GO TO 10 
20 GIN} = D(2) 

KA~ : M-2 
D O ~ 3 0  K : i , K A  

KK : M-K 
A = 2*KK 
G(KK) : U / I A - U * G ( K K + i ) )  

IF IG(KK).EQ.O.DOI 
* GIKK) : I.D-35 

3 0  CONTINUE 
00 ~ 0  K : 2,M 

J J ( K + I )  : G ( K I * J J I K I  
40 CONTINUE 

RETURN 
END 

Algorithm 352 (Part B.2.1) 
DS, DC, DDS,  DDC,  PS, PC, DPS,  DPC 

(Called by M A T H  via  SUM) 

Commerds The following colleetion of func- 
tion subprograms is utilized by SUM to eval- 
uate  the kth germ (~ = 0, 1, . . .  ) of one of 
the following: eq. (2), (3), (5), (6), or their 
derivatives.  

DS and DC call on funetion.~ F J  and FY. 
DDS and D D C  call on functions iF J, FY, 

DJ  and DY. 
PS, PC, DPS, and DPC call no other sub- 

programs. 

DOUBLE PRECISION FUNCTION OSIKK) 

INTEGER 

• K,KK,N~NI ~,N2,P,S 

DOUBLE PRECISION 
* A B , F J , F Y  

C O M M O N  
* DUMi I I004}  ,N,P,S,DUM2 117) , 
* K, Ni ,N2 ,DUM31583 ) , AB { 200 ) 

C EVALUATES ONE TERM OF THE RADIAL 
C SOLUTION, ASSOCIATED WITH B(Q) 

K = KK 
NI = K - S  
N2 : K+S+P 
DS = AB(K+i)*(FJINiI*FY(N2) - 

* F J I N R I * F Y I N I I  ) 

IF (MOD(K+N,Z).NE.O) DS : -DS 

RETURN 
END 

D O U B L E  P R E C I S I O N  FUNCTION DC(KKI 
C * * * * * * * * * * * * * * * * * * * * * * * * *  

INTEGER 
* K,KK,N,Ni,N2,P,S 

D O U B L E  PRECISION 
* AB,FJ,FY 

COMMON 
* DLIMiIi004),N,P,S,DUM2(17I, 

* K , N 1 , N 2 , D U M 3 ( 5 8 3 ) ~ A B ( 2 0 0 )  

C E V A L U A T E S  ONE TERM OF THE R A D I . A L  
C SOLUTION, ASSOCIATED WITH A(Q) 

K = KK 

Ni : K-S 
NZ : K+S+P 
DC = A B I K + I I * ( F J I N i ) * F Y ( N 2 ) +  

* F J ( N Z I * F Y ( N I ) )  

IF (MOD(K+N,2).NE.O) DC : -DE 

IF (S+P.EO.0) DC : .5D0*DC 

RETURN 
END 

DOUBLE PRECISION FUNCTION DDS(KK) 

I N T E G E R  
* K,KK,N,Ni,N2,P,S 

DOUBLE PRECISION 
* A~,DJ,DY,FJ,FY,Ui,U2 

COMMON 
* D U H i I i O U O ) , U i , U 2 , N , P , S ,  
* DUM2Ii?),K,NI,N2, 

D U M 3 ( 5 8 3 ) , A B ( Z 0 0 }  

C EVALUATES ONE TERM OF THE DERIVATIVE 
C OF THE RADIAL SOLUTION, 
C ASSOCIATED WITH B ( Q )  

K = KK 
NI : K-S 
N2 = K+S+P 
DDS = A B I K + i ) * ( U Z * ( F J ( N I ) * O Y ( N 2 ) -  

* F J ( N 2 ) * D Y { N 1 ) I - U i * ( F Y ( N 2 ) *  
* D J ( N 1 ) - F Y ( N i ) ~ D J ( N 2 ) ) )  

I F  ( H O D ( K + N , 2 I . N E . 0 I  DOS = - O D S  

RETURN 
END 

D O U B L E  PRECISION FUNCTION DDC(KK} 

INTEGER 
* K,KK,N,NI,N2,P,S 

DOUBLE PRECISION 
* AB,DJ,DY,FJ,FY,UI,U2 

COMMON 
D U M i I I O O O I , U I , U 2 , N , P , S ,  

* DUM2IiTI,K,Ni,N2, 
* DUM3(583),ABI20G) 

C EVALUATES ONE TERM OF THE DERIVATIVE 
C OF THE RADIAL SOLUTION. 

C ASSOCIATED WITH A ( Q )  
K = KK 
Ni = K-S 
N2 = K+S+P 
DDC = A B ( K + i ) * ( U R * ( F J ( N i I * D Y ( N 2 ) +  

* F J ( N 2 I ~ D Y ( N i I I - U i * ( F Y ( N 2 I  ~ 
* D J ( N I ) + F Y ( N i ) * D J ( N 2 } I )  

IF (MOD(K+N,2).NE.0) DDC = -DDC 

IF (S+P.EO.O) DDC = .SDO*ODC 

RETURN 
END 

D O U B L E  PRECISION F U N C T I O N  PS(K) 

INTEGER 

* K,P 

DOUBLE PRECISION 
AB,X 

COMMON 
* DUMi(10OS),P,DUM2(2)~X~ 

DUM3IGOOI,ABI200) 

C EVALUATES ONE TLRM OF THE ODD 
C PERIODIC SOLUTION 

PS = AB(K+ i )~  
* D S I N ( D B L E ( F L O A T ( Z * K + P ) I * X )  

RETURN 
END 

DOUBLE PRECISION FUNCTION PC(K) 

INTEGER 

K,P 

DOUBLE PRECISION 

AB,X 

COMMON 
* DUMI I iO05 ) ,P ,DUM2(2 ) ,X ,  
* DUM3(600I,AB(200) 

C EVALUATES ONE TERM OF THE EVEN 
C PERIODIC SOLUTION 

PC = A B ( K + i ) *  
DCOS(DBLE(FLOAT(2*K+PI)*X) 

RETURN 
END 

D O U B L E  PRECISION FUNCTION DPS(K) 

INTEGER 
K,P 

D O U B L E  PRECISION 
A B ~ T ~ X  

COMMON 
DUMiI iOOSI~P,DUM2(2)~X, 

} DU~3( I~ } ,T ,DUM4(S8~) ,  
AB(200) 

C EVALUATES ONE TERN OF THE DERIVATIVE 
C OF THE ODD PERIODIC SOLUTION 

T = 2wK+P 
DPS : AB(K+i I *T*DCOSIT~X) 

RETURN 
END 

D O U B L E  P R E C I S I O N  F U N C T I O N  D P C ( K I  

INTEGER 
* K,P 

D O U B L E  P R E C I S I O N  
A B g T t X  

COMMON 
D U M i I i O O S ) t P , D U M 2 1 2 I , X ,  
D U M 3 1 1 4 I , T , D U M 4 ( S 8 4 ) *  
AB(2O0) 

C EVALUATE3 ONE IERM OF THE DERIVATIVE 
C OF THE CVEN Pi.RIOUlC SOLUTION 

T = 2=K+P 
DPC = -AB(K+iI*T*OSIN(TtX) 

RETURN 
END 

Algori thm 352 (Part  B.2.2) 
F J, FY, D J, DY (Bessel Functions and De- 

r ivat ives)  
(Called by DS, DC, DDS, DDC)  

Comments The following collection of func- 
t iousubprograms produces Bessel functions 
or their derivat ives for integer order n, tt 
being positive or negative. This is accom- 
plished by using the already computed func- 
tions of nommgative order (Algorithm 352 
(Part  C)) and subst i tut ing them in one of 
the following formulas: 

J_,(u) = (-1)"JR(u), 

Y_,(u) = (-1)"Y~(u), 

J,,'(u) = _n J . ( u )  - J .+ , (u ) ,  

Y,,'(u) = Y,_,(u) - n  Y,(u), 
U 
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whichever is appropriate.  
DJ  calls on function FJ.  
DY calls on function FY. 
FJ  and FY call no other  subprograms.  

DOUBLE PRECISION FUNCTION FJ(N} 

INTEGER 
* K,N 

DOUBLE PRECISION 

COMMON 
J{250),DUM(527),K 

PRODUCES BESSE~ FUNCTIONS 
OF THE FIRST KIND 

K = IABS(N) 

IF (K°GE.250} GO TO 20 

FJ = J {K+ i )  

IF (MODIN~2).LT.O) FJ : -FJ 

10 RETURN 

20 FJ = O.DO 
WRITE (6~99} N 

99 FORMAT(2HOJI3~TH NEEDED} 
GO TO i0  

END 

DOUBLE PRECISION FUNCTION FY(N) 

INTEGER 
KiN 

DOUBLE PRECISION 
y 

COMMON 
DUMII500)~YI250}~DUM2(27}~K 

PRODUCES BESSEk FUNCTIONS 
OF THE SECOND KIND 

K = IABS(N) 

IF (K.GE.250) GO TO 20 

FY = Y IK+ i )  

IF (MOD(N,2I.LT.O) FY = -FY 

10 RETURN 

20 FY = O,DO 
WRITE (6~99) N 

99 FORMAT(2HOYI3~TH NEEDED} 
GO TO i0 

END 

DOUBLE PRECISION FUNCTION DJ(N) 

INTEGER 
N 

DOUBLE PRECISION 
* FJ,FN*Ui 

COMMON 
DUMi|iOOO}~Ui*DUM2(26)~FN 

C. DERIVATIVES OF BESSEL FUNCTIONS 
C OF tHE FIRST KIND 

FN = N 

IF (N-249} i 0 , 2 0 , 4 0  

I0 DJ = FN*FJ(NI/U1-FJ(N+I) 
GO TO 30 

20 DJ = F J ( N - i I - F N * F J ( N } / U I  
30 RETURN 

40 DJ = O.DO 
WRITE (6~99} N 

99 FORMAT{3HOJ@I3,TH NEEDED} 
GO TO 30  

END 

DOUBLE PRECISION FUNCTION DY(NI 

INTEGER 
N 

DOUBLE PRECISION 
FNgFY~U2 

COMMON 
DUMi(iOO2},U2,DUM2(2~),FN 

DERIVATIVES OF BESSEL FUNCTIONS 
OF THE SECOND KIND 

IF (N.GE,250} GO TO 20 

FN = N 
DY = FY(N- i } -FN*FY{NI/U2 

10 RETURN 

20 DY = O,DO 
WRITE {6t99}  N 

99 FORMAT{3HOYeI3,TH NEEDED} 
GO TO i0  

END 

REMARK ON ALGORITHM 268 [R2]. 
ALGOL 60 REFERENCE LANGUAGE EDITOR 

[W. M. MeKeeman, Comm. A C M  8 (Nov. 1965), 667] 
G. SAVER (Recd. 23 Dec. 1968) 
Institut ffir Theoretische Physik der ffustus-Liebig-Uni- 

versit/~t, 63 Giessen, West Germany 

KEY WORDS AND PHRASES:  symbol manipulat ion 
CR CATEGORIES:  4.49 

In the p r o c e d u r e  send, replace the line 
1 u n t i l  1 do i f  buffer[u+l] = 

with the line 
1 u n t i l  tabstop do i f  buffer[u+l] = (1) 
The published version fails to clear the buffer when a line to be 

pr inted contains no blanks and tabstop > 0, causing an array 
bounds violation. Knowing buffer[tabstop+l] never to contain a 
blank character,  the searrch for blanks may be s topped at  u = 
tabslop + 1. 

0) The author is indebted to the referee for suggesting this brief 
form. 

The policy concerning the contributions of algorithms to 
Communications of the ACM appears, most recently, in the 
January 1969 issue, page 39, A contribution should be in the 
form of an algorithm, a certification, or a remark. An al- 
gorithm must normally be written in the ALGOL 60 Refer- 
ence Language or in USASI Standard F O R T R A N  or Basic 
FORTRAN.  

REMARK ON ALGORITHM 274 [F1] 
GENERATION OF HILBERT DERIVED TEST 
MATRIX [J. Boothroyd, Comm. A C M  9 (Jail. 1966), 11] 
J. BOOTHROYD (Recd. 7 Jan. 1969) 
University of Tasmania, Hobart, Tasmania, Australia 

KEY WORDS AND PHRASES:  test  matrix,  Hilbert  matrix 
CR CATEGORIES:  5.14 

An al ternat ive,  simpler, and more efficient procedure for gen- 
erating tes t  matrices having the same properties as those gen- 
erated by Algorithm 274 is given below. The method, like that of 
Algorithm 274, is due to T. J. Dekker and may be described as  
follows. 

The elements of the inverse of a segment  of a Hilbert  matr ix  
are given by 

(H -x) = (--1) i+j X f l  XYs / ( i  + j - -  1) 

where 

f i  = faclorial (n + i -- 1)~(factorial (i -- 1)) T 2/faclorial (n - i) .  

The f i  may be factored ms f i  = fil X f i z ,  in which 

f,1 = ( n  + i -- l )  n, 

Test  matrices T are constructed by T = D1HD2 where D1 = 
diag (fi~), D2 = diag (fie), and H is the Hilbert  matrix segment  
Hi, i  = 1 / ( i  + j -- 1). I t  may be seen tha t  this is equivalent  to 
defining the T nmtrices by: 

Ti, i  = ( f i ) ( f j ) / ( i  + j -- 1), 

f i =  ( n + i -  1 )  n, 
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wi th  f i ,  f j  g i v e n  by  t h e  r e c u r r e n c e  r e l a t i o n s :  

(fi)~ = n, (fi)i+~ = (fi)~ × (n + i ) / i ,  

(fj)~ = 1, (fj)i+i = ( f j ) j  × ( n -  j ) / j .  

T h a t  t h e  cond i t i on  K ( T )  of t h e s e  m a t r i c e s  is s eve r e  m a y  be 
seen  f r o m  an  o b s e r v a t i o n  of t h e  referee ,  who  n o t e s  t h a t  

K ( T )  = H TH X II T - t ] [ ,  

>_ ( m a x  tl.i)T 2 = (tn,(n+l) + 2)1"2 ~ (2T3n/13n)T2 , 

where  It "" H is t h e  L1 , L2 , L~ , or  t he  E u c l i d e a n  m a t r i x  n o r m .  
O t h e r  p r o p e r t i e s  of t he se  m a t r i c e s  s h a r e d  b y  t h o s e  of A l g o r i t h m  

274 are:  
(a) E a c h  m a t r i x  h a s  u n i t  d e t e r m i n a n t ;  
(b) T h e  e i g e n v a l u e s  f o r m  a se t  M , X2 , • • • , l /X: , 1/M , so  t h a t  

odd  order  m a t r i c e s  h a v e  one  e i g e n v a l u e  of u n i t y .  
T h e  p r o c e d u r e  testmxl below has  been  t e s t e d  on  an  E l l i o t t  

503 (pos i t ive  i n t ege r  w ord  l e n g t h  of 38 b i t s )  a n d  m a t r i c e s  of all 
o rde r s  up  to 13 were  g e n e r a t e d  before  i n t ege r  overf low occu r r ed  
w i t h  n = 14. 

p r o c e d u r e  testmxl (a, n) ;  v a l u e  n;  i n t e g e r  n; array  a;  
c o m m e n t  g e n e r a t e s  in a[1 : n,  1 : n] t e s t  m a t r i c e s  w i t h  i n t ege r  

e l e m e n t s  g i v e n  b y  

t~.i = ( n - d - i -  1 )  ( : - - ~ )  
i -- 1 X n X / ( i  + j - -  1) 

a n d  s u c h  t h a t  t h e  e l e m e n t s  of T i n v e r s e  a re  ( - -1)  i+] X ti.i . 
T o  d e t e r m i n e  for  a p a r t i c u l a r  c o m p u t e r  t h a t  l imi t  on n w h i c h  

p e r m i t s  t h e  exac t  m a c h i n e  r e p r e s e n t a t i o n  of all e l e m e n t s  of  
t h e s e  m a t r i c e s ,  t h e  fo l lowing m a x i m u m  v a l u e s  a re  l i s t ed :  

n ti,j (max)  

8 163800 
9 1178100 

10 8314020 
11 61108047 
12 440936496; 

b e g i n  
i n t e g e r  i, j ,  f i ,  f j ,  i lessl;  
f i  :=  n ;  i less l  :=  0; 
f o r  i :=  1 s t e p  1 u n t i l  n do  
b e g i n  

f j  :=  1; 
f o r  j :=  1 s t e p  1 u n t i l  n do  
b e g i n  

a[i, j] :=  ( f i X f j )  + ( i l e s s l+j ) ;  
f j  := ( ( n - - j ) X f j )  + j 

e n d ;  
f i  :=  ( ( n + i ) × f i )  + i; i lessl  : =  i 

e n d  
e n d  testmxl 

P r o o f s  t h a t  t h e  t e s t  m a t r i c e s  de sc r i bed  above  h a v e  i n t ege r  
e l e m e n t s  a n d  c h e c k e r b o a r d  i nve r se s  fol low t h e  l ines  of  s i m i l a r  
p roo f s  g i v e n  in [1]. 

Acknowledgments:  T h a n k s  are  due  to T .  J .  D e k k e r  for  com-  
m u n i c a t i n g  de t a i l s  of  t h i s  m e t h o d  a n d  to t h e  re fe ree  for  t h e  con-  
t r i b u t i o n  m e n t i o n e d .  
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K E Y  W O R D S  A N D  P H R A S E S :  l i nea r  p r o g r a m m i n g ,  d u a l  s i m -  
p lex  m e t h o d ,  p r ima l  p r o b l e m ,  dua l  p r o b l e m  

CR C A T E G O R I E S :  5.41 

T h e  p r o c e d u r e  h a s  been  t e s t e d  w i t h  M a r c o n i  M y r i a d  Algol ,  a n d  
i t  r a n  s u c c e s s f u l l y  w h e n  t h e  fo l lowing  c h a n g e s  h a d  been  m a d e  ( the  
f i rs t  is m e r e l y  a m i s p r i n t ) :  

1. T h e  f i rs t  s t a t e m e n t  in p r o c e d u r e  results was  c h a n g e d  
f r o m  z :=  e[1 : lcol]; 
to z :=  e[1, leol]; 
2. To  s a t i s f y  an  ALGOL 60 r e s t r i c t i o n  t h a t  a t y p e  p r o c e d u r e  

s h o u l d  c o n t a i n  a n  a s s i g n m e n t  to i t s  p r o c e d u r e  ident i f ie r ,  t h e  rea l  
on  t h e  f irst  l ine  of t h e  p r o c e d u r e  w a s  r e m o v e d .  

3. I t  is poss ib le  for  t h e  p u b l i s h e d  a l g o r i t h m  to g ive  i n c o r r e c t  
r e s u l t s  w h e n  i t  r e a c h e s  a s t a t e  in  phasel w h e r e  t h e r e  a re  no poss ib le  
p ivo t a l  e l e m e n t s  in  one  c o l u m n  of t h e  t a b l e a u .  (For  e x a m p l e ,  
m a x i m i z e  --  Xl - -  X 2  - -  X 3  , w i t h  2xl + x2 = 3 a n d  x3 = 1, r e a c h e s  
t h i s  s t a t e . )  T o  co r r ec t  t h i s  t h e  l ine  in p r o c e d u r e  phase1 

i f  gamma < groin t h e n  
was  c h a n g e d  to 

i f  gamma < groin h thmin [ind[k]] < 106 t h e n  
All t h e  a p p e a r a n c e s  of 106 in  t h i s  a l g o r i t h m  s h o u l d  be  w r i t t e n  as  
106. 

T h e  fo l lowing  i m p r o v e m e n t s  a re  also s u g g e s t e d :  
4. I t  is a s s u m e d  t h a t  lcol is a g loba l  i n t ege r  w i t h  t h e  co r r ec t  

va lue .  T h i s  was  m a d e  u n n e c e s s a r y  b y  a d d i n g  lcol to t h e  l i s t  of 
i n t e g e r s  dec l a red  on  t h e  l ine  i m m e d i a t e l y  fo l lowing  t h e  in i t i a l  c o m -  
m e n t ;  t h e  b o u n d s  of t he  a r r a y  ind, dec la red  on  t h e  n e x t  l ine ,  were  
c h a n g e d  

f r o m  [1 : lcol] 
to  [1 : m + n - - p + l ] ;  
a n d  lcol := m -t- n - p + 1; 

was  i n s e r t e d  as  t h e  f i rs t  e x e c u t a b l e  s t a t e m e n t  of t h e  p r o c e d u r e  
M [ N I T  (af ter  e n d  phasel;) .  

5. I t  is a s s u m e d  t h a t  e q u a l i t y  c o n s t r a i n t s  will be  g i v e n  w i th  
pos i t i ve  r i g h t - h a n d  s ides .  T h i s  r e s t r i c t i o n  w a s  o v e r c o m e  b y  i n s e r t -  
ing  in t h e  p r o c e d u r e  phase1 a f t e r  t h e  l ine  i n t e g e r  a r r a y  i m i n  
[1 : lcol]; t h e  fo l lowing : 

f o r  i :=  m --  p + 2 s t e p  1 u n t i l  m + 1 d o  
i f  eli, lcol] < 0 t h e n  
f o r  j :=  1 s t e p  1 u n t i l  Icol d o  eli, j] :=  --  eli, j]; 
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