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Comments Algorithm 352 is a package of
double-precision FORTRAN routines which
consists of the following primary routines:
MFCVAL—referred to as Algorithm 352
(Part A)

MATH-—referred to as Algorithm 352

(Part B)

BESSEL—referred to as Algorithm 352
(Part C)

MFCVAL computes characteristic values of
Mathieu’s differential equation. MATH
computes the associated solutions of this
equation, using BESSEL as an auxiliary
routine to evaluate Bessel functions. This
latter routine may be used independently.

There are other, secondary routines in-
cluded in the package, and the numbering
system (e.g. Algorithm 352 (Part A.l)) indi-
cates somewhat the mutual relation between
them, as well as their relation to the primary
routines. The functioning of the routines
and the linkages between them are explained
in the comments prefacing each one. All
literature citations refer to the following
list.
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Algorithm 352 (Part A)
MFCVAL (Characteristic Values)

Comments Thesubrountine MFCV AL com-
putes the first N characteristic values, a, to-
gether with upper and lower bounds, of
Mathieu’s differential equation for nonnega-
tive values of the real parameter, ¢. The
equation can be written in the form

y” + (@ — 2q cos 2z)y = 0, (1)

where a = a, (a = b,) indicates a character-
istic value associated with the even (odd)
periodic solutions.

The method consists of three steps: (1)
calculate a rough approximation based on
coefficients obtained from curve-fitting of
available tabulations, (2) determine crude
upper and lower bounds, and (3) iterate,
using a variation of Newton’s method. For
a justification of this method, see [3].

Explanation of the arguments:

N the given number of characteristic
values desired

R given as N—1 or N according as the
characteristic values are to be asso-
ciated with the even or odd solu-
tions, respectively

QQ the given nonnegative parameter ¢

CV  the computed 6 by N array of charac-
teristic values and bounds

J the number of characteristic values
successfully computed. J = N indi-
cates that J values were computed

ALES B ot B
J. G. HERRIOT, Editor
with an error oceurring on the J + 1
value. A printed message will ac-
company such an error condition.
The output array, CV, must be appro-
priately dimensioned in the calling program
and upon return will contain the following
data:
For the Kth characteristic value, K = 1,
2, ,J,

CV (1, K) the characteristic value a

CV (2, K) the function D(a) = —Tw(a)/
Tm'(a)

CV (38, K) ar, alower bound of a

CV (4, K) the function D(ar)

CV (5, K) ay, an upper bound of a

CV (6, K) the function D (ay).

Reference is again made to [3], where the
function Tm(a) is defined and it is proved
that T»(a) = 0 if and only if a is a charac-
teristic value. From this, it can be said that
the function D is an indication of the ac-
curacy of its argument, since a + D(a)
would be the value of the next iteration.

The first executable statement in
MFCVAL sets a tolerance of 10713, This may
be changed by the user, but the following
comments should be heeded if it is at-
tempted.

If it is desired to reduce the tolerance in
order to achieve the greatest possible ac-
curacy, care should be taken that the toler-
ance is not less than 10~(*~? when executing
the routines on a machine which uses n-digit
arithmetic. In other words, if the user’s
computer employs 24-digit arithmetic, this
tolerance should be no less than 10722, A too
small tolerance will impose an unattainable
accuracy requirement and overflow may
oceur.!

On the other hand, some time-saving may
be achieved, at the expense of accuracy, by
making the tolerance less stringent. A toler-
ance of 107¢ will produce results good to at
least d digits. This is a conservative esti-
mate, since one additional iteration is per-
formed after the tolerance is met and, nor-
mally, the convergence of successive itera-
tions is quadratic.

Perhaps it should be noted again that the
accuracy of any characteristic value, a, can
be determined from the size of it relative to
the function D (a). See the description of the

1 The constant in statement numbers 425 and 445 is intro-
duced to avoid the possibility of a zero tolerance. This
should not be altered unless the routines are being run on
a machine which uses arithmetic of more than 16 digits,
and then it must not be less than 10~(*"1), with n defined
as above.

399

Communications of the ACM



contents of the output array CV. MFCVAL -
calls on the subroutines:

BOUNDS—referred to as Algorithm 352
(Part A.1)

MFITR8—referred to as Algorithm 352
(Part A.2)
TMOFA—referred
(Part A.3)

to as Algorithm 352

SUBROUTINE MFCVAL
o LI 2 2 R S R T Y

(NsR»QUICV L)

INTEGER
* JeKsKKsL sMyNsR s TYPE

DOUBLE PRECISION

* AsCVeDLIDRsDTMsQsQQy
* TsTMyTOLSTOLA
DIMENSION

* CV(6sN)

EQUIVALENCE
* {DLsDR»T)

COMMON /MF1/

* 4o DO*¥DSQART(Q)
GO TO 420
400 A = CVI1sK-11-CV(1sK=2)
A = 34DO*A+CV(14K=~3)
420 IF (QeGEeleDO) GO TO 440
IF (KeNEel) GO TO 430
425 TOLA = DMAX1(DMIN1{TOLsDABS(A})
* sleD-14)
GO TO 450
430 TCLA = TOL*DABS(A)
GO TO 450
440 TOLA = TOL®*DMAX1(Q,DABS(A))
445 TCLA = DMAX1(DMIN1(TOLAWDABS(A)
* s+ 4DO*DSQRT(Q})
* s1leD-14)

C CRUDE UPPER AND LOWER BOUNDS
450 CALL BOUNDS (KsAsTOLASCVsNsM)

IF (MeNEWO}
* IF (M-1) 470,910,900
C ITERATE
CALL MFITRB {TOLASCV{1sK)>»
* CVI25K) WM}
IF

(MeGTe0} GO TO 920

* Qe TOLSTYPE,DUMMY ( 4) [ FINAL BOUNDS AND FUNCTIONS, D
470 T = CV{1sK}-TOLA
TOL = 1.0-13 CALL TMOFA (TsTMyDTMsM)
IF (N-R} 10+10,20 IF (MeGTe0) GO TO 940
10 L =1 CVI3,K) = T
GO TO 30 CV{4sK) = ~TM/DTM
20 L = 2 480 T = CVI(1,K)+TOLA
30 Q = QQ CALL TMOFA (T»TMsDTHMsM)
DO 500 K = 14N
J = K IF (MeGTe0) GO TO 950
IF (Q) 9601490540 CVI5,K) = T
CVI69K) = ~TM/DTM
40 KK = MINO(K»4) GO TO 500
TYPE = 2%MOD(Ls2)+MOD(K~L+1,42)
C Q@ EQUALS ZERO
C  FIRST APPROXIMATION 490 CVI13K) = (K=L+1)%%2
GO TO (100+2005,2004400)s KK CV(2»K) = 0.D0O
CV(3,K) = CVI(1sK)
100 IF (Q-14D0) 11051405140 CVI(44K) = 0.D0
CVI(5,K} = CV(1sK)
110 GO TO (1205130), L CVI6sK) = 0.D0
120 A = 14D0~Q-+125D0%Q*Q 500 CONTINUE
GO TO 420 550 RETURN
130 A = Q*Q
A = A% (~.5D0+.0546875D0%A) C PRINT ERROR MESSAGES
GO TO 420 900 WRITE (6+901) K
901 FORMAT(20HOCRUDE BOUNDS CANNOT,
140 IF (Q=24D0) 1505180,180 * 22H BE LOCATED, NO OUTPUT,
* TH FOR K=12)
150 GO TO (160+1703s L GO TO 930
160 A = 14033D0-1+0746D0*Q~ 910 WRITE (6+911) K
* «0688D0%Q*Q 911 FORMAT(2CHOERROR IN SUBPROGRAM»
GO TO 420 * 22H TMOFAs VIA SUBPROGRAM,
170 A = +23D0-,495D0*Q— * 18H BOUNDSs NO OUTPUTSs
* «191D0*Q*Q * TH FOR K=12)
GO TO 420 GO TO 930
180 A = —e2500-2.00%0+ 920 WRITE (6+921) K
* 2.D0*DSQRT(Q) 921 FORMAT(20HOERROR IN SUBPROGRAMs
GO TO 420 # 22H TMOFAs VIA SUBPROGRAM,
* 18H MFITR8s NO OUTPUT»
200 DL =L * 7H FOR K=12)
930 J = J-1
IF (Q*DL-~6.D0) 21053501350 GO TO 550
940 WRITE (65941) K
210 GO TO (220+230), L 941 FORMAT(20HOERROR IN SUBPROGRAM»
220 A = 4,01521D00-Q% * 22H TMOFA, NO LOWER BOUND,
* (.046D0+40667857D0*Q) * 7H FOR K=12)
GO TO 420 CVI(34K) = 04D0
230 A = 1.D0+1.,05007D0*G— CV{4,sK) = 04D0
* «180143D0*Q*Q GO TO 480
GO TO 420 950 WRITE (6+951) K
951 FORMAT(20HOERROR IN SUBPROGRAM,
300 I7 (Q-84D0) 31043505350 * 22H TMOFA,s NO UPPER BOUND,
* 7H FOR K=12)
310 GO TO {320,330), L CVI(55K) = 0.D0
320 A = 8493867D0+.178156D0%Q~ CVY{6sK) = 0eDO
* «0252132D0%Q*Q GO TO 500
GO TO 420 960 WRITE (6+961)
330 A = 3,70017D0+.953485D0%Q— 961 FORMAT(20HOQ GIVEN NEGATIVELYs»
* «0675065D0*%( #Q * 20H USED ABSOLUTE VALUE)
GO TO 420 Q = -Q
350 DR = K-1 GO TO 40
A = CV(1sK-1)-DR+ END
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Algorithm 352 (Part B)
MATH (Mathieu Funections)

Comments The subroutine MATH com-
putes various solutions (and their deriva-
tives), of either Mathieu’s differential equa-
tion or Mathieu’s modified equation, which
are associated with the characteristic
values.

The even periodic solution of equation
1) is

cer(2,9) = ,;;Azkw cos (2k+p)z, (2)

associated with a,(q), and the odd periodic
solution is

se-(z,q) = kZ_OBﬂH—P sin @k+p)z, (3)

associated with b,(g). The order, 7, is of the
form 2n + p. The n is a nonnegative integer
while p = 0 or 1 indicates the solution is of
period = or 2x. Caleulation of the periodic
solutions allows the following three options
of normalization:

(a) Neutral. We define neutral coeffi-
cients such that Asip = Asvin/Aoerp,
where s is chosen so that A, is the numeri-
cally largest one of the set. The Ba,, are
similarly defined. This has the computa-
tionally convenient effect of making the
largest coeflicient equal to unity, hence all
calculations are carried out with them. If a
normalization other than neutral is selected,
it is effected on the output array F only, the

coefficients themselves remaining un-
changed.
(b) Ince. The normalization adopted in

[6] is defined so that if y(z,q) represents
either funetion (2) or (3) then

.

f vz, @dx
0

(c) Stratton. As defined in (8], and in
the notation of [7], this normalization is
effected so that

d
Se-(g, 0) = | — So.(q, x) 1,
dz

=0
where Seis the even solution and So the odd.
If we replace z by ¢z in (1), we get

y” — (a—2q cosh 2z) y = 0, )

known as Mathieu’s modified equation. The
solutions of (4) have been termed radial in
[8] and, for characteristic values, can be put
in the following form, using the notation of

[4] and [5]:
M (z,9) =
D (=) Ay (Fi +Gil/Assipersin

k=0

(5)

associated with a.(q), and
MsP(z,q) =
> ()" Busy Py ~Gi)/Buwry, O
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associated with b,(¢). The order r equals
2n + p, as in (2) and (3), and en = 1 if
m # 0, but e = 2. The choice of sis arbitrary
here, but for numerical purposes we choose
it in the manner described previously for
neutral normalization. The coefficients are
the same as defined in (2) and (3), while F;
and G involve the Bessel functions as fol-
lows:

Fi = Jiema(ur) Zipsa(ua), )
Gr = Jiwpss() Zi2 (un), 8)
w = gez, uy = g€,

22 W) = Jnu), 22 W) = Yn(u).

The solutions (5)-(6) are said to be of the

first or second kind depending on whether

j=1lor2in (5)-(8).
Explanation of the arguments:

XX the given independent variable

QQ the given positive parameter ¢

R the given order r

Ccv the given characteristic value,
a.(g) or b:(q)

given as 1, 2, or 3 according as the
desired solution is (1) radial of
the first*kind, (2) radial of the
second kind, or (3) periodic

SOL

FNC given as 1, 2, 3, or 4 according as
the desired solution is (1) asso-
ciated with b,, (2) associated
with a., (3) the derivative of
solution (1), or (4) the deriva-
tive of solution (2)

NORM given as 1, 2, or 3 according as the
desired normalization is (1) de-
fined as neutral, (2) defined by
Ince, or (3) defined by Stratton.
(This argument is decoded only
if SOL = 3.)

F the computed three-element array,
containing: (1) the solution
value, (2) the series term of
largest magnitude, and (3) the
last term ineluded in the summa-
tion

the computed two-element array,
containing: (1) the index, k, of
the term in F(2), and (2) the
index of the term in F(3)

the error indicator cell: M = 0
indicates successful execution of
subprogram, M = 1 signifies an
error condition explained by an
accompanying printed message.

The accuracy of results (within limits)
and the speed of convergence may be altered
by the user. See SUM (Algorithm 352 (Part
B.2)) for details.
MATH calls on the subroutines:
COEF—referred to as Algorithm 352 (Part
B.1)
SUM—referred to as Algorithm 352 (Part
B.2)
BESSEL—referred to as Algorithm 352
(Part C)
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CUBRCGUTINE MATH

*

(XX2OleFksCY/eS0L s
FHC o NORMyF oK o M)

C IXZE XSS ST RE S

INTEG

- X

ER

FHNCs T oKUZ) o KLALT s KMAXIL Y
LLosMoMF oL oMMy MG o M1 911250
NoNOURMyP Ry Ly LOLs TYPE

ODOUBLE PRCCISION

*
*

EXTCR
»

*

AsABsCVDLAGTsUMAXsF (219G
JeGalilUsToTULSUL P UZ 9 XeXXs Y

NAL

DCHDLCsLLS YLy DPCsiPl
PC,4PS

C OMMON

* & Kk X

J(25019Y1250) 9UlsU2sNsP 5

LoXoTalollLeGoDMAXIDLALT Y
KMAX s KLAST sDUMLISTL ) 9hy
DUM2( &) s MMy ML AE (2CO)

COMMON /MF1/
Qo TOL»TYPE»MLpMQ 9 M259MF

*

M

IF

A

Q
TOL
TYPC
CALL

IF (M

10

—xMpoz

1F
* GO

U1
uz
LL

=0

v
QG

C

OEF

(50LeLTel
* SOLeGT &3
* FNCelTsl
* FNCeGT e 4)

«OR,
«OR
«URe
GO TO 40¢C

ls0-13
2*MOD(FNC,2)+MOD (R 2)
(M}

) 4105105420

XX

WonwoHononn

TO

oo

R/2
MOD (R 2)
MM/ 2
ML/ 2

100

(SOL.EQ.3)
{150916091705180)

FNC

DSQRT (G *DEXP.(-X)
Q/U1
L+5+P

C COMPUTE BESSEL FUNCTIONS

CALL BESSEL
CALL BESSEL

C EVALUAT
GO 70
50 CALL

60 CALL
70 CALL
80 CALL
150 CALL
160 CALL
170 CALL
180 CALL

200 IF

{1sUlsdsll)
(SOLsU2,YsLL)

E SELECTED FUNCTION

(50605705801

SUM

SUM

SuM

SUM

SUM

SuM

SUM

-SUM

FNC

(DS)

GO TO 200

(DQ)

GC TO 300

{DDS)

GO TO 300

(DDCH

GO TO 300

(PS)

GO TO 200

(PC)

GO TO 200

(OPS)

GO TO 200

(DPC)

({NORM=-2)

300,210,250

C INCE NORMALIZATION
= AB(1)#%2

210 T

IF

DO 220 1
T

220 CONTI
T
1

IF

NUE

(TYPEeLQe0Q) T =

T+T

sl
T+AB(1+1)%%2

= DSQRT(T)

= M0/2

(AB(I)aLT«04D0)

T = -7

GO 7O 300

C STRATTON NORMALIZATION

250

IF (TYPE«GTal)

GO TO 270

T = AB{1)
DO 260 I = 1L
= T+AB(I+1)
260 CONTINUE
GO TO 300
270 T = DBLE(FLOAT(P) I *AB(1).
DO 280 I = 1sL
‘T = T+AB(I+1)%
* DBLE(FLOAT(2*I+P))
280 CONTINUE
300 F(1) = G/T
F(2}) = DMAX/T
F{3) = DLAST/T
K(1) = KMAX
K{2) = KLAST
350 RETURN
C PRINT ERROR MESSAGES
400 WRITE (654C1)
401 FORMAT(18H0SOL COR FNC OUT OF,
* 17H RANGE» NO OUTPUT)
GO TO 450
41C WRITE (69411}
411 FORMAT(15HGMORE THAN 200 »
* 22HCOEFFICIENTS REQUIRED s
* 20H QQ AND R TGO LARGEs»
* 10H NO OUTPUT}
GO TO 450
420 WRITE (69421)
421 FORMAT(20HOERROR IN SUBPROGRAM»
* 22H TMOFAs VIA SUBPROGRAM,
* 13H COGFs VERIFYs
* 21H ARGUMENTSs NO OUTPUT)
450 M =1
F(1l) = 0«DO
Ft2) = 0DC
F(3) = 0D0
Kt1l) = 0
K(2) = ¢C
GO TO 350
END

Algorithm 352 (Part A.1)
BOUNDS (Crude Bounds)
(Called by MFCVAL)

Comments Thesubroutine BOUNDS deter-
mines crude upper and lower bounds for the
Kth characteristic value, K = N.
Explanation of the other arguments:
APPROX the first approximation

TOLA the tolerance determined by
subroutine MFCVAL

Ccv the 6 by N array described in
subroutine MFCVAL

N variable dimension of the CV
array

MM an indicator cell used to com-

munieate unusual and error
conditions to  subroutine
MFCVAL
The output, @y < a < ai, is put into the
common block labeled MF2.
BOUNDS calls on the subroutine:
TMOFA—referred to as Algorithm 352
(Part A.3)

SUBROUTINE BOUNDS (KsAPPROX
* TOLASCVsNsMM)
C HENRRRRE LN AT ERREHR

INTEGER
* KsKAsMsMMsN

DOUBLE PRECISION
» As APPROXsAQ+AL»CVsDTMs
* DOsD19QsTM,TOLA
DIMENSION
* CVI6,sN)

COMMON /MF1/
* Qs DUMMY(T)

Communications of the ACM
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COMMON /MF2/
* AQsAyA]

If (KeEQel) GO TO 20

IF (APPROX-CV(13K=111 10+10520

10 AD = CVI1,K-1)+1+D0
GO TO 30
20 AO = APPROX
3C CALL TMOFA (AQ»TMsDTMyM)
IF (MsGT.0) GO TO 250
DO = -TM/DTM
IF (DO) 1005300550
C  AC IS LOWER BOUND,
€ SEARCH FOR UPPER BOUND
50 Al = AO+D0+.1D0
CALL TMOFA (AlsTM»DTMyM)
IF (MeGT40) GO TO 250
D1 = -TM/DTM
IF (D1) 200+350,60
60 AQ = Al
DO = DI
KA = KA+1
IF (KA=4) 5054005400
C Al IS UPPER BOUND,
C  SEARCH FOR LOWER BOUND
100 Al = A0
D1 = DO
AC = DMAX1(A1+D1-41005,=24D0%Q)
IF (KeEQ.1) GO TO 110
IF (AO=CV(1sK=1)) 1505150511C
110 CALL TMOFA (AQ»TMsDTMuM)
IF (MeGT40) GG TO 250
DO = -TM/DTM
IF (DO] 12053005200
120 KA = KA+1
IF (KA=4) 10054005400
150 KA = KA+l
IF (KA-4) 16054005400
160 AO = Al+DMAX1(TOLAsDABS(DI1})
GO TO 30
200 A = .5D0%(AO+DO+A1+D1)
IF (AsLE.AD JORe
* AeGELAL) A = ,5DO*(AQ+A1)
250 MM = M
RETURN
300 CV(1sK) = AQ
310 CVI25K) = 0.D0
M = -1
GO TO 250
350 CV(1,K) = Al
GO TO 310
400 M =2
GO TO 250
END

Algorithm 352 (Part A.2)
MFITRS8 (Improves Characteristic Value)
(Called by MFCVAL)

Comments Givenay < a < a1 ,whereapis a
lower and @ an upper bound, the subrou-
tine MFITRS iterates to the characteristic
value, replacing one of the bounds with a
better approximation at each step. The

402
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process terminates after 40 iterations unless

one of the following conditions occurs first:

(1) @ — ao £ TOLA, (2) a1 — a < TOLA, or

(3) 1 D(a)] < TOLA. See Appendix 3,

method 2, of [3] for a detailed description of

this process.
Explanation of output:

CV  the characteristic value, a

DCV  the function D(a)

MM an indicator cell used to communi-
cate an error condition to subrou-
tine MFCVAL.

MFITRS calls on the subroutine:

TMOFA—referred to as Algorithm 352 (Part

A3)

SUBROUTINE MFITR8 (TOLAsCVyDCVMM)

d RERERERRERRRER AR
INTEGER
* MsMMsN
DOUBLE PRECISION
* AyAOsA19A25CVsDsDCVIDTMy
* TM,TOLA
LOGICAL
* LAST
COMMON /MF2/
* AOsAsAlL
N =0
LAST = LFALSE.
50 N = N+1
CALL TMOFA [(AyTMsDTMyM)
IF (MeGT«0) GO TO 400
D = ~TM/DTM
C IS TOLERANCE MET
1F (N +EQe 40 +CR.
* A~AQ oLE.TOLA .OR.
* Al-A oLE+«TOLA «OR.
* DABS(D)eLT.TOLA) LAST = «TRUE.
IF (D) 110+100,220
100 CvV = A
DCV = 0.D0
GO TO 320
C REPLACE UPPER BOUND BY A
110 Al = A
GO TO 200
C REPLACE LOWER BOUND BY A
120 AO = A
200 A2 = A+D
IF (LAST) GO TO 300
IF (A2.GT+AOANDsAZ,LTWALl)
»* GO TO 250
A = «5D0*(AQ+AL)
GO TO 50
250 A = A2
GO TO 50
300 IF (A2.LE«A0+OR+A2.GE4AL)
* GO TO 350
CALL TMOFA (A2,TMsDTM,M)
IF (MeGT.0) GO TO 400
o = =TM/DTM
cv = A2
310 pCV =D
320 MM =M
RETURN
350 CV = A
: GO TO 310
400 CV = 0400
DCV = 0.DO
GO TO 320
END

Algorithm 352 (Part A.3)
TMOFA (Accuracy Indicator)
(Called by MFCVAL, BOUNDS, MFITRS
and COEF)

Comments The subroutine TMOFA evalu-

ates the function 7T,(a) and its derivative

dTm(a)/da. See [3] for the definitions, theo-

rems, and numerical methods relating to the

computation of these quantities.
Explanation of the arguments:

ALFA the given argument, ¢

™ Tw(a)

DTM dT,.(a)/da

ND internal error indicator cell
TMOFA calls no other subprograms.

SUBROUTINE TMOFA (ALFAsTMsDTMsND}
I (22 TR YT YT

INTEGER
* KyKKsKTsLsMFsMOIM1sM25s
* NDy TYPE

DOUBLE PRECISION

* AsAA4ALFA4B4DGyDTMsDTYPE,
* FsFLsGsH(200) sHP Qs QINV,
* Q15Q2sTrTMsTOLSTTV

C OMMON

* Gl120092)9DG(200921 9AAS

* A(3)4B(3)sDTYPEsQINV2Ql,
* Q29 ToTTsKsL g KKsKT

COMMON /MF1/

* Qs TOLsTYPESM19sMOsM2S5»MF
EQUIVALENCE

* (H{1)9G(1s1))s(QLlsHP}»

* (Q2sF)

DATA FL /140+30/

C STATEMENY FUNCTION

VIK) = (AA-DBLE(FLOAT(K))#%2)/Q
ND =0
KT =0
AA = ALFA
DTYPE = TYPE
QINV = 1.00/Q
DO 10 L= 1,2
DO 5 K = 1,200
G{Kst} = 0.D0
DG(K,sL) = 0.D0
5 CONTINUE
10 CONTINUE
IF (MOD(TYPE»2)) 20530+20
20 MO =3
GO TO 40
30 MO = TYPE+2
40 K = +5DO¥DSQRT(DMAX1(
* 3+D0%Q+AA,0.D0))
M2s = MINO{(2#K+MO+4,
* 398+MOD(M02))

C EVALUATION OF THE TAIL OF A
C CONTINUED FRACTION

Al = 1.00
AL2) = VIM25+2)
Bl1) = VIM2S)
B(2) = A(2)%B(1)-1.D0
Qi = A(21/B(2)
DO 50 K = 15200

MF = M25+2+2%K

T = V(MF)

A(3) = T®A(21-A(1)

B(3) = T*B(2)=B(1)

Q2 = A(3)/B(3)

IF (DABS(Q1-G2).LT.TOL)
* GO0 TO 70

a1 = Q2

Al1) = A(2)

A(2) = A(3)

B(1) = B(2)

B(2) = B(3)
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a)

50 CONTINUE

KT =
70T = 1.D0/T
7T = ~T*TRQINV
L = MF=-M2S
DO 80 K = 2sL52
T = 1eDO/{VIMF-K})~T)
TT = THT*(TT-QINV)
80 CONTINUE
KK = M25/2+1
IF (KTeEQel) Q2 = T
G(KKs2) = ,5D0*(Q2+T)
DG{KKy2)= TT
STAGE 1
G(2s1) = 1.D0
DO 140 K = MQO»M25,2
KK = K/2+1
IF (KeLTe5)

* IF (K-3) 10051105120
G(KKsl) = V(K~2)-1.D0/G(KK=1y1)
DG(KKs1l)= QINV+DG(KK-1s1}/

* G(KK=1,1)%%2

GO TO 130
100 G{2s1) = V(O)
DG(2s1) = QINV
GO TO 130
110 G(2s1) = V(1)+DTYPE-2.D0
DG{2s1) = QINV
GO TO 130
120 G(3s1) = V(2}+(DTYPE~2.D0}/

* G(2s1})

DG(3»1) = QINV+(2.D0-DTYPE}*

* DG(2s1)/G(251)%%2
IF (TYPE+EQe2) G(241) = QDO

130 IF (DABS{(G(KK»1))eLTeleD0)

*

140 CONTINUE

GO TO 200

BACKTRACK
™ = GIKKs2)=G(KKs1)
DTM = DG(KK»2)-DG(KKy1)
M1 = M2§
KT = M25~MO
DO 180 L = 2,KTy2
K = M2S-L
KK = K/2+1
G(KK»2! = 14DO/(VIKI=G{KK+1s2})
DGIKKs2)= ~GIKKs2)%u2%
* (QINV-DG(KK+1s2))
IF (K=2) 150+150+160
150 G(242) = 2.D0%G(2,2)
DG(2+s2) = 2.D0%DGI(2,2)
160 T = G(KK32)=G(KKy1
IF (DABS(T)-DABS(TM))
* 170,1805180
170 ™ =T
DTM = DG(KK22)-DG{KKs1)
M1 = K
180 CONTINUE
GO TO 320
STAGE 2
200 M1 = K
K = M2S
KK = K/72+1
210 IF (KeEQsM1)
* IF (K=2) 300,300,310
K = K=2
KK = KK=-1
T = VIK)=GIKK+1,2)
IF (DABS(T)=14D0) 250522049220
220 GIKK,2) = 14DO/T
DG{KKs2)= (DGI(KK+1s2)~QINV)/TH*2
GO TO 210
STAGE 3
250 IF (KeEQeM1} IF (T) 2205290220
HP = DG(KK+142)-GINV
260 G(KK,2) = FL
H (KK} =T
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K = K=2
KK = KK=~1
F = VIK)#T-1,D0
IF (KeEQeM1} IF (F) 2809290280
IF (DABS(F)~DABS(T)) 2704280280
270 HP = HP/T#%2-QINV
T = F/7
GO TO 260
2B0 G(KK»s2) = T/F
DG(KKs2)= (HP-QINV*TXT)/F*#%2
GO TO 210
290 ND =1
GO TO 320
C CHAINING M EQUALS 2
300 G(2+2) = 24D0O*G(2,2)
DG(2s2) = 2400%DG(2,42)
310 TM™ = GIKKs2)=G(KKy1}
DTM = DG(KK»2)-DG(KKs1)
320 RETURN
END

Algorithm 352 (Part B.1)
COEF (Coefficients)
(Called by MATH)

Comments The subroutine COEF com-
putes the neutral coefficients, as defined in
the Comments of Algorithm 352 (Part B),
and returns them via common array AB.
Argument M is an internal error indicator
cell. For details of the method used, see Ap-
pendix 6 of [3]. COEF calls on thesubroutine:
TMOFA—referred to as Algorithm 352
(Part A.3)

SUBROUTINE COEF (M)
C T TT TR TH T TP

INTEGER
* KsKASKBsKKsMsMF s ML s MM
* MOsM1sM2S»TYPE

DOUBLE PRECISION
* AsABsFL3GsH(200) QT
* TOLsVyV2

C OMMON
* G{200+2)sDUML(B00) sA»TsKy
* KAsKB»KKyMMyML,AB (200}
COMMON /MF1/
* Qs TOL S TYPEWM19MOyM2S s MF

EQUIVALENCE
» (H{1},Gl1s1))
DATA FLsV2/14D+30914D-15/

C STATEMENT FUNCTION
VIK} = (A-DBLE(FLOAT(K))*#%#2)/Q

CALL TMOFA (A»T»TsM)

IF {(MeNE.O} GO TO 300
DO 60 K = 1,200
AB(K} = 0.D0
60 CONTINUE
KA = M1=~MO+2
DO 90 K = 2,KAs2
KK = (M1-K)/2+1
IF (K=2) 70470480
70 AB(KK) = 1.DC
GO TO 90
80 AB(KK) = AB(KK+1)/G(KK+1s1}
90 CONTINUE
KA =0
DO 130 K = M1sM2S5,2
KK = K/2+1
ML = K

IF (G(KK»2)+EQ.FL) GO TO 100

AB(KK) = AB(KK~1}#G(KK»2)
GO TO 110
100 T = AB(KK-2)
IF {KeEQe4eANDMLoEQe2) T = T4T
AB(KK) = T/{V(K=2)#H(KK)=1.D0)
110 IF (DABS(AB(KK))eGEs1sD-17}
* KA = 0
IF (KAGEQe5) GO TO 260
KA = KA+1
130 CONTINUE
T = DLOG(DABS(AB(KK)}Y/V2)/
* DLOG(1DO/DABS(G(KKs2) 1))
KA = 2#IDINT(T)
ML = KA+2+M25
IF (ML.GT+399) GO TO 400
x8 = KA+2+MF
T = 14D0/VIKB}
KK = MF=-M2S
DO 150 K = 24KK»2
T = 1eD0/(VIKB-K}-T)
150 CONTINUE
KK = ML/2+1
G({KKs2}) = T
DO 200 K = 2sKA»2
KK = (ML-K)/2+1
Gt{KKs2) = 1+4DO/(VIML-K)-
* G(KK+1s21}})
200 CONTINUVE
KA = M2S+2
DO 250 K = KAsML»2
KK = K/2+1
AB(KK) = AB(KK-1)*G(KKs2)

250 CONTINUE

C NEU TRAL NORMALIZATION

260 T = AB(1)
MM = MODI(TYPE»2)
KA = MM+2
DO 280 K = KAsML,2
KK = K/2+1
IF (DABS(T)-DABS(AB(KK}))
* 2709280280
270 T = AB(KK)
MM = K
280 CONTINUE
DO 290 K = 14KK
AB(K) = AB(K)/T
290 CONTINUE
300 RETURN
400 M = -1
GO TO 300
END

Algorithm 352 (Part B.2)
SUM (Series Evaluation)
(Called by MATH)

Comments The subroutine SUM performs
the summation, truncating the series when
the magnitude of two successive terms, rela-
tive to the magnitude of the largest term, is
less than or equal to 10712,

If the user is willing to accept reduced ac-
curacy, he may save some computing time
by making this tolerance larger. On the
other hand, however, a smaller tolerance
will not necessarily increase the accuracy,
since on a machine using 16-digit arithmetie
the sum will be, at best, good to 16 digits.

The particular series being evaluated is
determined by the arguments SOL and FNC
within subroutine MATH and communi-
cated to this subroutine via argument DUM.

Output is returned via common: varia-
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bles F, DMAX, DLAST, KMAX,
KLAST.

SUM calls on one of the functions of
Algorithm 352 (Part B.2.1).

and

SUBROUTINE SUM (DUM)
C HEERRANE AR RN
INTEGER
* KsyKLASTsKMAXsL»S
DOUBLE PRECISION
* DLAST sDMAXsDUMF» T
C OMMON
* DUM1(1006)sSsLsDUM2(6)sF
* DMAXsDLASTsKMAXsKLAST T
K =0
F = DUM(0)
DMAX = F
T = DABS(F})
KMAX = 0
DO 30 KLAST = 1L
DLAST = DUM{KLAST)
£ = F+DLAST
IF (T-DABS(DLAST)) 1010520
10 DMAX = DLAST
T = DABS(DMAX)
KMAX = KLAST
20 IF (KLASTWLE«S) GO TO 30
IF (DABS{DLAST)/TeGTeleD-13)
* K =0
K = K+1
IF {KeEQe3) GO TO 40
30 CONTINUE
KLAST = L
40 RETURN
END

Algorithm 352 (Part C)
BESSEL (Bessel Functions)?
(Called by MATH)

Comments The subroutine BESSEL eval-
uates Bessel functions of the first or second
kind, according as the argument SOL = 1 or
2,of orders 0,1, - -+ ,n and argument u, both
of which must be nonnegative. Functions of
order zero and one are always evaluated, re-
gardless of the value of n. Results are re-
turned via array JY, with element JY (K)
containing the function of order K-1.

It should be noted that for SOL = 2 and
u = 0, a large negative constant (—10%7) is
returned as the function value for all orders
and no warning is given.

Different methods of computation are
used for Je(u), Ji(u), Yo{u), and Yi(u),
depending upon whether u < 8, or not. (See
subroutines J0J1, YOY1, and LUKE for
details.) The Jn(u), n = 2, 3,--+ , m, are
computed by means of a continued fraction
(see subroutine JNS), whereas the Y, (u)
for corresponding orders are calculated di-

2 This subroutine (together with its subsidiary routines)
may be removed in toto, with no changes, and used inde-
pendently as a Bessel function algorithm. The results are
good to 14 significant digits or decimal places, whichever
is least accurate, with an error of no more than one unit in
the last digit or place.
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rectly from the recurrence relation:
2n
Yaulw) = - Yalw) — YVoasa(w)

BESSEL calls on the subroutines:
JOJ1—referred to as Algorithm 352 (Part
Y(g; i)—referred to as Algorithm 352 (Part
Lgfggl—referred to as Algorithm 352 (Part
Jhgéi)referred to as Algorithm 352 (Part

4)

SUBROUTINE BESSEL (SOLsUsJYsN)
d IR IR

INTEGER
* NsNN»SOL

DOUBLE PRECISION
* JY(2501»U
NN = MINC(N»249)
IF (UeEQeOeDOsANDWSOLLEQS2)
* GO 70 8¢
IF (UseGE4B8.D0) GO TO 30
GO TO (10,20)s SOL
10 CALL JOJ1 (U.JY)
GO TO 40
20 CALL YOY1l (UsJY)
GO TO 40
30 CALL LUKE (UsSOLsJY)

40 IF (NeLT«2} GO TO 100
GO TO (50+60)s SOL
50 CALL JUNS (JYsUsNN)
GO TO 100

€  RECURRENCE FORMULA
60 DO 70 K = 24NN
JY(K+1) = 2,DO*
* DBLE(FLOAT(K=1) )%
* JY(K)/U=JY (K=1)
70 CONTINUE
GO TO 100
80 NN = NN+1
DO 90 K
JY (K
90 CONTINUE
100

1sNN
—1eD+37

RETURN
END

Algorithm 352 (Part C.1)
JOJ1 (First Kind)
(Called by BESSEL)

Comments The subroutine JOJ1 computes
the Bessel functions of the first kind, Jo(z)
and Ji(z), for z < 8. This is done by evalu-
ating formula 9.1.10 of [1]. The results are
returned via array J.

JOJ1 calls no other subprograms.

SUBROUTINE JOJ1
C L2 R R

(XsJ)

DOUBLE PRECISION
* JUE21sTU5) X

C OMMON
* DUM(101413 T

T
J1)
Jz}
T(2)

X/2.00
1.D0
T}
=T(1)%®2

[T

T(3) = 100
T(4) = 1.D0
10 T(a) = T(4)*T(2)/T(3)%*2

JUEl1)y = J(1)+47(4)

T(5) = T(a)#*T(1)/(T(3)+1.00)}
J2) = JU2)+T(5)

IF (DMAX1(DABS(T(4})}»DABS(T(5)))
* eLTsaleD=~15) RETURN

T{3) = T(3)+1.D0

GO TO 10

END

Algorithm 352 (Part C.2)
Y0Y1 (Second Kind)
(Called by BESSEL)

Comments The subroutine YOY1 computes
the Bessel functions of the second kind,
Yo(z) and Y;(z), for ¢ < 8. This is done by
evaluating formulas 9.1.13 and 9.1.11 of [1].
The results are returned via array Y.

YO0Y1 calls no other subprograms.

SUBROUTINE YOY1 (XsY)
C HERERERRE R LERAR

DOUBLE PRECISION
* TL10) s XsY(2)

C OMMON
* DUM{1014),T

T(1) = X/2.D0

TU2) = =T(1)1%%2

Y(l) = 1.D0

Ye2) = T(1}

T(7) = 0.D0

T(10)1= -T(1)

Tt3) = 0.DO

T(4) = 0.D0

T(5) = 1400

16 T(3) = T(3)+1.D0

Ta) = TL4)+1.D00/T(3)

TES) = T(5I*T(2)/T(3)*%2

Y{1) = Y(1)+T(5)

TE6) = =T{5)*T(4)

TET) = TU71+7(6)

T(B) = T{S)I*T(1)/(T(3)+1.D0)

Y{2) = Y{2)+T(8)

T(9) = ~T(8)*(2.D0%T(4)+
* 1eDO/(T(3)+1.00)}

T(10}= T(10)+T(9)

IF (DMAX1(DABS(T(6}))sDABS(T(9)))
* «GEeleD-15) GO TO 1C

TL2) = «5772156649015326600+
* DLOGIT(1))

YU1) = «63661977236758134D0%
* (YCLI%T(2)+T (7))

Y(2) = «63661977236758134D0%
#* (Y(2)%#T(2)-1.D0/X)+T(10)/
* 34141592653589793200

RETURN

END

Algorithm 352 (Part C.3)
LUKE
(Called by BESSEL)

Comments The subroutine LUKE evalu-
ates Bessel functions of order zero and one,
of the first or second kind, aceording as the
argument KIND = 1 or 2, for u = 8. The re-
sults are returned via the 2-element array
JY.

The Bessel function of the third kind
(Hankel function), H®w) = J,(@) +
tY,(u), can be expressed in terms of the
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Chebyshev polynomials, T,.*(z), as follows:

HOG) = (3)% ei(““g—r“;)
TU

. 9

;0 (ai” + B TW*(R /).
We now define o” = Apsr, B,(,O) = Bp.1,
ot = Cry, .3151) = Diy1, 2 = R/u, and

Tw*(x) = Gri1(z). The recurrence relations
for the Gi(z) are as follows:

Gi(z)
Gr(x)

1l

1, Ga(z) = 23 — 1,
(47~2) Gra(z) — Groa(z),
k= 3.

If we let » = 0 and make other appropriate
substitutions in (9), while remembering that
¢ = cos 0 4 7sin 6, we can separate the real
and imaginary parts and get the following
relations:

Jow) = (3)
TU

w0 =]
cos 0 2 Ay Gilz) — sin 0 >, By Gilz)
= k=1

) = (3)
TU

o0 <«
cos 6 2 By Gulx) + sin 8 2, Ay Gilx)
k=

k=1

b

where 8 = v — =/4.

Notice that if » = 1 in (9), then 6 is re-
placed by 6 — =#/2. Also, cos (6—=/2) =
sin # and sin (—x/2) = —cos 0. There-
fore, proceeding as before, we get

Ti) = (3)
U

sin 0 2, Crx Gilx) -+ cos 68 2, Di Gi(z)
k=1 =

Yi(w) = (2-)2
T

sin 8 3 Dy Gilx) — cos 6 2 Ci Gilz)
= k=1

)

The coefficients A4, B, C, and D have been
computed for R = 8in eq. (9) and are guar-
anteed to the number of digits given.

LUKE calls no other subprograms.

SUBROUTINE LUKE (UsKINDsJY)
C IR R e TR TS

INTEGER
* KsKIND

DOUBLE PRECISION

* AL19)19B(19)9CSsC(19)

* DU19)sGU3)sJY(2)sR(2)

- S({2)sSNsTelUsX

C OMMON

* DUMI1014) sR»S5sGeXs TSN CS

WARNING - THE FOLLOWING DATA
STATEMENTS ARE NOT IN ASA
STANDARD FORTRAN

[aNa¥e)
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DATA A /
*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

DATA B /
*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

3

DATA C /

*

*

*

*

*

*

*

#*

*

I*

*

#*

*

*

*

*

*

*

*

DATA D /
*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

X =8
G(1) = 1
G(2) = 2
R(1) = A
s(1) =8
R(2) = C

(2

Do 10 K
G(3)
R(1)
St1)
R(2}
S5(2)
G(1)

D

©«9995950647686728741600
~e53807956139606913D-3»
—«131796771233615700-3»
¢1514224970486440-5,
«158468617920630-64
—+856069553946D-8»
—e29572343355D-9,
«65735562540-10»
~e223749703D-11»
—e448211400-12,
«69548270-13,
~e151340D-14,
—e92422D-15,
«15558D0~15,
~e876D-17,
—e274D0-17,
«61D~18»
-e4D=19
-+1D0-19/

—e776935569420532136D-2»
—«774803230965447670D~2>
+2536541165430796D=4»
«394273598399711D-5
~«10723498299129D=6»
—e721389799328D-8»
«73764602893D-9,
«150687811D~11y
—e574589537D-11>»
«45996574D-12,
«2270323D~13,
—«B887890D~14,
«74497D-15,
«5847D~16>
—e2410D-16»
«2650=17»
«13D-18»
—e¢10D=18»
«2D-19/

1.00067753586591346234D0,
«90100725195908183D~3
«22172434918599454D~3
—e196575946319104D-5»
—+20889531143270D~6,
+1028144350894D-T7
+37597054789D-9
~e7638891358D-10»
«238734670D0-11»
«51825489D0~12,
—276939690-13,
«144008D~14,
«103294D-14,
—+168210-15,
«459D~17
«302D-17»
—e65D-18»
«4D=19»
«1D-197/

«2337682998628580328D~1,
«2334680122254557533D~1
~¢3576010590901382D~4»
—e560863149492627D-5,
«1327389408434C0~6>
+9169758450660-8
—+86838880371D~2
~e¢3780730050-11»
6631455860115
~¢50584390D0-12,
—e27207820-13,
+9853810-14)
~¢793980=-15,
~e67570-16»
«2625D-16>
—e2800-17,
—«15D-18»
«10D~18»
-e2D0-19/

«DO/U

«DO

«DOXX=1400
(1}+A(2)%G(2)
(1)+B(21%G(2)
(11+C(2)%G(2)
(1)+D(2)%G(2)
3,19
(4.DO*X~24D0I®G(2)-G( 1)
RE1)Y+A(K)*G(3)
S{1Y+BIKI*G(3)
R{21+CIK)*G(3)
S(2)+D(K)*G(3)
G(2)

[ T T (O TR (I

G(2) = G(3)
10 CONTINUE

T = «+7978845608028654D0/DSQRT (U}
SN = DSIN(U~+7853981633974483D0)
CS = DCOS(U~+7853981633974483D0)

GO TO (204930} KIND
20 JY(1) = TH*(R({1)I*CS~S(1)%*SN)

Jy(2) T#(R{2)*SN+5(2)*CS)
GO TO 40
30 JY(1) = T*(S(1)*CS+R{1}*SN}
JY(2) = TH(S(2)#SN-R(2)*CS)
40 RETURN
END

Algorithm 352 (Part C.4)
JNS
(Called by BESSEL)

Commenls The subroutine JNS evaluates
Bessel functions of the first kind, of orders
n = 2, 3,--+, m, for argument u, given
Jolw) and Ji(uw). From the definition
G, = Ja(u)/J (1) and the recurrence rela-
tion,

Jn+l(u) = (2n/u) Jn<u) - Jn—l(u)y
we can derive the following equation:

Ga L

_2n

w

(10)

n+1

Since G, 1 is of the same form as G, , we can
continue the process and obtain the con-
tinued fraction,

G, = 1 1
2 2+ 1 _ _
u w
(11)
1
2tn + k)

- Gn+k+1
i

@, is evaluated using (11), then the other
G, are computed from (10) for n= m — 1,
m—2,-+-, 2. Finally, the J, are evaluated in
a forward direction from J, = GpJ._ and
returned via argument array JJ. See [2] for
a more detailed treatment of this process.

JNS calls no other subprograms.

SUBROUTINE JNS (JJsUsM)
C KEAERERAFRRIRN

INTEGER
* KsKAyKKsM

DOUBLE PRECISION

* AsBrD(2)sDMsG(249)
* JJ(250)sP{3)sW(3) U
EQUIVALENCE

* fAsG)s(DsG(2))

* (PsGLA) )} s (QsG(TY)

* (DMsG(10))s(Br»G(11))
C CMMON
* DUMI1014) sGaMyKsKKsKA
oM = 2#M

P(1l) = 0.D0O

Q1) = 1.00

P(2) = 1D0

Q(2) = DMsU

D(1) = P(2)/7Q(2)

A = 2.D0
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10 B = (DM+A) /U
P(3) = B*P(2)-P(1)
QU3) = B*Q(2)-Q(1})
D(2) = P13)/Q(3)
IF (DABS(D(1)=D(2))
* «LTeleD-15} GO TO 20
PL1) = P(2)
P(2) = P(2)
Qt1) = Qt2)
Ql2) = Q(3)
D(1) = D(2)
A = A+2.D0
GO TO 10
20 G(M) = D(2)
KA, = M=2
DO 30 K = 1,KA
KK = M=K
A = 2%KK
GUIKK) = U/(A-U*G(KK+1))
IF (G(KK)+EQe0aDO}
* G(KK) = 14D=35
30 CONTINUE
DO 40 K = 2.M
JJIK+1) = G(KI*JJ(K)

40 CONTINUE
RETURN
END

Algorithm 352 (Part B.2.1)
DS, DC, DDS, DDC, P8, PC, DPS, DPC
(Called by MATH via SUM)

Comments The following collection of fune-
tion subprograms is utilized by SUM to eval-
uate the kth term (¢ = 0, 1, -+ ) of one of
the following: eq. (2), (3), (5), (6), or their
derivatives.

DS and DC call on functions FJ and FY.

DDS and DDC call on functions FJ, FY,
DJ and DY.

PS, PC, DPS, and DPC call no other sub-
programs.

DOUBLE PRECISION FUNCTION DS(KK}
c RERRRN R R RARR AR AR R RRAR

INTEGER
» KeKKoNsN1sN2»P oS

DQUBLE PRECISION

* ABsFJHFY

C OMMON

* DUML(1004) sNsP»SsDUM2(17)
* KsN1sN2sDUM3(583)sAB(200)

C EVALUATES ONE TERM OF THE RADIAL
C SOLUTIONs ASSOCIATED WITH B(Q)
K = KK
N1 K-S
N2 K+S+P
DS AB(K+1)*#(FJ(NLI*FY(N2)-
* FJIN2Y¥FY(N1))

nonon

IF (MOD{K+N»Z)eNELQ) DS = -DS

RETURN
END

DOUBLE PRECISION FUNCTICN DC(KK)
C AEBRRRRFAR AR RERRRRE TR R RS

INTEGER
* KyKKsNsN1sN2sP»S

DOU3LE PRECISION
* ABsFJsFY

C CMMON
* DUMI(1004)sNsP»SsDUM2(1T)
* KsN1sN2sDUM3(583)yAB(200}

EVALUATES ONE TERM QOF THE RADIAL
SOLUTIONs ASSOCIATED WITH A(Q)
K = KK

[aXa}
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[a¥ala)

[aNa¥a)

[akal

N1 K-§
NZ K+5+P
DC ABIK+1)I®(FJINLI*FY N2+

* FJINZ2)RFY(N1))

Wonon

IF (MOD{K+Ns2)eNELC) DC = =DC

IF (S+P.EQeQ) DC = .5D0%*DC

RETURN
END

DOUBLE PRECISION FUNCTION DDS(KK)
L L e TS L

INTEGER
* KsKKsNsNIsN29P»5S
DOUBLE PRECISION
* AL sDJsDYsFJFY, UL »U2
C OMMON
* DUML(10UC)sULlsUZsNsPsSy
# DUM2Z2(17)sKoN1sNZy
* DUM3(583)+ABLZ0C)

EVALUATES CONE TERM Of THE DERIVATIVE
OF THE RADTAL SOLUTIONS
ASSOCIATED WITH B(Q)

K = KK

Nl = X-§

N2 = K+5+P

DDS = AB(K+1)*(UZ*{FJINL)#DY(N2)~
* FIOUM2)¥DYINL) ) -UL*(FY (N2} *
* DJINLI=FY(NL)®DU(N2)))

[F (MOD(K+NsZ)oNEWZC) DDS = -DDS

RETURN

END

DOUBLE PRECISIOM FUNCTIOM DDCIKK}

RRBRARRBEARLLRERTER AR ARR

INTEGER
* KaKKsNyN1sN2»P»S
DOuBLE PRECISION
* AByDJsDYsFJsFYsULsU2

C OMMON
* DUM1(1000)sULsU2sNsP 5S>
* DUMZ2 (171 sKsN1sN2s
* DUM3(3583)»AB(200)

EVALUATES ONE TERM OF THE DERIVATIVE
OF THE RADIAL SOLUTION,
ASSOCIATED WITH A(Q)

K = KK

N1l = K-$§

N2 = K+5+P

DDC = AB(K+1)#(U2*(FJINII*DY(N2)+
* FUIN2I*DY (N1} )—UL*¥(FY(N2}*
* DJINLII+FY(NL)Y*DU(N2)))

1F (MOD{K+Ns2)sNELO) DDC = ~-DDC
IF {S+PeEQ.0) DDC = 45D0*DDC
RETURN

END

DOUBLE PRECISION FUNCTION PS(K)
FERAEREIRRAREFARRRR R A RSP

INTEGER

* KeP

DOUBLE PRECISION

* ABs X

¢ CMMON

* CUML(1005)sPsDUM2(2) X
* DUM3(600)+ABL200)

EVALUATES CNC TERM OF THE ODD
PERIODIC SOLUTION
PS = AB(K+1)#
* DSIN(DBLE(FLOATI(2#K+P) ) *X)
RETURN
END

CCUBLE PRECISION FUNCTION PC(K)
Id EREEAREX KRR R R ERR AR R RH

INTEGER
* KeP

DOUBLE PRECISION
* ABs X

C OMMON
* DUM1(1005) Py DUM2(2) 2 X
* DUM3(600)sAB1 200}

EVALUATES ONE TERM OF THE EVEN
PERIODIC SOLUTION
PC = AB{K+1)%
* DCOS(DBLE(FLOAT(2%K+P) ) *X)
RETURN

[a¥al

END

OOUBLE PRECISION FUNCTION DPSIK)
C EERKERAL R LSRR RN AL UHLRES

INTEGER
¥ KsP

DCUBLE PRECISION
* ABsTsX

C OMMON
DUML1(100S)sPsDUM2(2) 39X
DUMZ(14)sTsDUMGI584)
AB(200G)

N ow K

EVALUATES ONE TERM OF THE DERIVATIVE
OF THE ODD PERIODIC SCLUTION
T = 2¥K+P
= AB(K+1}#T#DCCSIT*X)
RETURN

[N

SOUBLE PRECISION FUNCTION DLPC(K)
C (e e R R I T

INTEGER
* KsP

DOUBLE PRIZCISICOM
v ADsToX

# DUMI(1005)9PsDUMZ{2) 9Xs
% DUM3(14) s TsDUML (584} »
* ABC250)

EVALUATES ONE TERM OF THE DERIVATIVE
OF THE EVIN PLRIOULIC SOLUTION
T 2%K+P
DPC —~AB(K+1 1 *#T*#DSIN(T*X)
RETURN

[aRal

won

END

Algorithm 352 (Part B.2.2)

FJ, FY, DJ, DY (Bessgel Functions and De-
rivatives)
(Called by DS, DC, DDS, DDC)

Comments The following collection of func-
tionsubprograms produces Bessel functions
or their derivatives for integer order n, n
being positive or negative. This is accom-
plished by using the already computed fune-
tions of nonnegative order (Algorithm 352
(Part C)) and substituting them in one of
the following formulas:

J—n(u) = (_1)"']"(16)7
Y_,(w) = (=1)"Y,(w),
T (u) = %Jﬂw) — Jun(),
V) = Yaal) = Yo,
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INTEGER

whichever is appropriate.
* KN

DJ calls on funetion FJ.
DY calls on function FY.
FJ and FY call no other subprograms.

DOUBLE PRECISION
* Y

FN = N
IF {N-249) 10+20540

10 DJ = FN*FJ(N)/UL=FJ(N+1)
GO TO 30

C OMMON 20 DJ = FJUIN~-1}I=FN*FJ(N)/U1
* DUM1(500)sY(250)sDUM2(27) K 30 RETURN
DOUBLE PRECISION FUNCTION FJ(N) C  PRODUCES BESSEL FUNCTIONS 40 DJ = 0400
C LA RAERER AL LS RE LR ] C OF THE SECOND KIND WRITE (6+99) N
K = IABSI(N) 99 FORMAT{3HOJ@I3»7H NEEDED)
INTEGER GO TO 30
* KN IF (KeGE«250) GO TO 20 END
DOUBLE PRECISION FY = Y(K+1)
L J
IF (MOD(Ns2)elLTs0) FY = ~FY DOUBLE PRECISION FUNCTION DY{(N}
C OMMON C EE T R R e 2 R R T S T T
* J1250)sDUM(527) 9K 10 RETURN
INTEGER
C PRODUCES BESSEL FUNCTIONS 20 FY = 04D0 * N
C OF THE FIRST KIND WRITE (6+99) N
X = TABS(N) 99 FORMAT(2HOYI3,»7H NEEDED} DOUBLE PRECISION
GO TO 10 * FNsFYsU2
IF (KeGE+250) GO TO 20 END
C OMMON
FJ = J(K+1) * DUM1(1002)sU2+DUM2(24)sFN
IF (MOD{N»2)elLTa0) FJ = ~FJ DOUBLE PRECISION FUNCTION DJI(N) C DERIVATIVES OF BESSEL FUNCTIONS
C RRERERARRRF AR TR RER RS X Id OF THE SECONC KIND
10 RETURN
INTEGER IF (NeGEe250) GO TO 20
20 FJ = 0.D0 * N
WRITE (69991 N FN = N
99 FORMAT{2HOJI3s7H NEEDED) DOUBLE PRECISION DY = FY{(N-1)-FN*FYIN)/U2
GO TO 10 * FJsFNsU1 10 ' RETURN
END
C OMMON 20 DY = 0.D0
* DUM1(1000)sU1sDUM2(26)FN WRITE (6999} N
99 FORMAT(3HOY®I3,7H NEEDED)
DOUBLE PRECISION FUNCTION FY(N} C. DERIVATIVES OF BESSEL FUNCTTONS GO TO 10
C EEZEXEE IS SIS ES S SRS S C QOF THE FIRST KIND END

REMARK ON ALGORITHM 268 [R2]

ALGOL 60 REFERENCE LANGUAGE EDITOR
[W. M. McKeeman, Comm. ACM 8 (Nov. 1965), 667]

G. Savuer (Recd. 23 Dec. 1968)

Institut fur Theoretische Physik der Justus-Liebig-Uni-
versitit, 63 Giessen, West Germany

KEY WORDS AND PHRASES: symbol manipulation
CR CATEGORIES: 4.49

In the procedure send, replace the line

1 until 1 do if buffer[u+1] =
with the line

1 until labstop do if buffer(u-+1] = ®

The published version fails to clear the buffer when a line to be
printed contains no blanks and labstop > 0, causing an array
bounds violation. Knowing buffer(tabstop+1] never to contain a
blank character, the search for blanks may be stopped at v =
tabstop + 1.

(!) The author is indebted to the referee for suggesting this brief
form.

The policy concerning the contributions of algorithms to
Communications of the ACM appears, most recently, in the
January 1969 issue, page 39. A contribution should be in the
form of an algorithm, a certification, or a remark. An al-
gorithm must normally be written in the ALGOL 60 Refer-
ence Language or in USASI Standard FORTRAN or Basic
FORTRAN.
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REMARK ON ALGORITHM 274 [F1]
GENERATION OF HILBERT DERIVED TEST
MATRIX [J. Boothroyd, Comm. ACM 9 (Jan. 1966), 11]
J. BoorrroyDp (Recd. 7 Jan. 1969)

University of Tasmania, Hobart, Tasmania, Australia

KEY WORDS AND PHRASES:
CR CATEGORIES: 5.14

test matrix, Hilbert matrix

An alternative, simpler, and more efficient procedure for gen-
erating test matrices having the same properties as those gen-
erated by Algorithm 274 is given below. The method, like that of
Algorithm 274, is due to T. J. Dekker and may be described as
follows.

The elements of the inverse of a segment of a Hilbert matrix
are given by

H?Y) = (-DHH X i X fi/d+75—1)
where
fi = factorial (n + ¢ — 1)/(factortal (z — 1)) 1 2/factorial (n — 7).

The f: may be factored as f; = fu X fiz, in which

n4+1—1 n -1
f¢1=( i—1 )Xn, fiz=(n__1-).

Test matrices T are constructed by 7' = DiHD, where D, =
diag (fa), D2 = diag (fiz), and H is the Hilbert matrix segment
H;; = 1/t 4+ j — 1). It may be seen that this is equivalent to
defining the 7" matrices by:

Tii = FYIH/C+5— 1),
e ST EE R
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with fz, ff given by the recurrence relations:
(fih =mn, (= (fi)e X (n + 0/,
i =1, D= s X (0 = 5)/j.

That the condition K(T") of these matrices is severe may be
seen from an observation of the referee, who notes that

KD =TI x 1T,
> (max t:,;)12 = (b, a1y + 2)T2 ~ (213n/130)12,
1<4i<n

where || -« || is the Ly , Ly , L, , or the Euclidean matrix norm.

Other properties of these matrices shared by those of Algorithm
274 are:

(a) Each matrix has unit determinant;

(b) The eigenvalues form aset Ar , X2, -++ ,1/x2, 1/A1, so that
odd order matrices have one eigenvalue of unity.

The procedure testmzl below has been tested on an Elliott
503 (positive integer word length of 38 bits) and matrices of all
orders up to 13 were generated before integer overflow occurred
with n = 14.

procedure lestmzl (a, n); value n; integer n; array q;
comment generates in a[l : n, 1 : n] test matrices with integer
elements given by

zi,j=("jj;I)an(::;>/<z‘+j—1>

and such that the elements of 7" inverse are (—1)*7 X i;,; .

To determine for a particular computer that limit on n which
permits the exact machine representation of all elements of
these matrices, the following maximum values are listed:

n t;,; (max)

8 163800

9 1178100
10 8314020
11 61108047
12 440936496 ;

begin
integer 1, j, ft, f7, ilessl;
fi:=n; ilessl := 0;
for 7 := 1 step 1 until » do
begin
fi=1
for j := 1 step 1 until » do
begin
alt, j1 := (fiXfy) + (lessl+j);
Jiv=(n=0Xf + ]
end;
fi = ((nFO)Xf) + 2; dlessl := ¢
end
end testmal

Proofs that the test matrices described above have integer
elements and checkerboard inverses follow the lines of similar
proofs given in [1].

Acknowledgments: Thanks are due to T. J. Dekker for com-
municating details of this method and to the referee for the con-
tribution mentioned.

REFERENCE:

1. Dekker, T. J. Evaluation of determinants, solution of sys-
tems of linear equations and matrix inversion. Rep. No.
MR63, Mathematical Centre, Amsterdam, June 1963, pp.
8 and 9.
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REMARK ON ALGORITHM 333 [H]

MINIT ALGORITHM FOR LINEAR PROGRAM-

MING [Rodolfo C. Salazar and Subrata K. Sen, Comm.
ACM 11 (June 1968), 437]

D. K. Mussuam (Reed. 27 Nov. 1968 and 28 Feb. 1969)

Nelson Research Laboratories, The English Electric Co.
Ltd., Stafford, England

KEY WORDS AND PHRASES: linear programming, dual sim-
plex method, primal problem, dual problem
CE CATEGORIES: 5.41

The procedure has been tested with Marconi Myriad Algol, and
it ran successfully when the following changes had been made (the
first is merely a misprint):

1. The first statement in procedure resulls was changed

from =z := e[l : leol;

to z := e[l, leol];

2. To satisfy an ALcoL 60 restriction that a type procedure
should contain an assignment to its procedure identifier, the real
on the first line of the procedure was removed.

3. It is possible for the published algorithm to give incorrect
results when it reaches a state in phasel where there are no possible
pivotal elements in one column of the tableau. (For example,
maximize — z1 — x2 — T3 , with 221 + z2 = 3 and z; = 1, reaches
this state.) To correct this the line in procedure phasel

if gamma < gmin then
was changed to

if gamma < gmin A thmin [ind[k]] < 106 then
All the appearances of 108 in this algorithm should be written as
106.

The following improvements are also suggested:

4. Tt is assumed that lcol is a global integer with the correct
value. This was made unnecessary by adding lcol to the list of
integers declared on the line immediately following the initial com-
ment; the bounds of the array ind, declared on the next line, were
changed

from |1 : lcol)

to [ :m4n—p+1];

and leol :=m +n—p +1;
was inserted as the first executable statement of the procedure
MINIT (after end phasel;).

5. It is assumed that equality constraints will be given with
positive right-hand sides. This restriction was overcome by insert-
ing in the procedure phasel after the line integer array imin
[1 :lcol}; the following:

for7 :=m — p 4+ 2 step 1 until m 4+ 1 do

if e[z, leol] < 0 then

for j := 1 step 1 until lcol do ez, j] := — ez, j1;

PLAN TO ATTEND
ACM 69
August 26-28

San Francisco
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