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K E Y  WORDS AND PHRASES:  permutations and combina- 
tions, permutations 
CR C A T E G O R I E S :  5.39 

p r o c e d u r e  TWIDDLE (x, y, z, done, p); i n t e g e r  x, y, z; 
B o o l e a n  done; i n t e g e r  a r r a y  p; 

c o m m e n t  TWIDDLE can be used (1) in generating all combi- 
nations of m out of n objects, or (2) in generating all n-length 
sequences containing m l ' s  and ( n - m )  O's. 

In  the case (1), suppose the n objects are given by an array 
a[ l :n] ,  and let  us successively store combinations in another 
array, say, c[l:m]. For  the first combination, e[1] through e[m] 
are equated,  respectively, to a[n--m-~l] through a[n]. 
TWIDDLE (x, y, z, done, p) is called. If  done = t rue ,  then all 
combinations have been processed and we therefore stop. If  
not, a new combination is made available by sett ing c[z] equal 
to a[x]. TWIDDLE is called, and we continue on this loop until  
done = true .  

In the case (2), let  the sequences of m l ' s  and (n -- m) O's be 
stored successively in an integer array, say, b[l:n]. The first 
sequence is obtained by set t ing bill through bin--m] equal to 0, 
and b[n--m~l]  through b[n] equal to 1. TWIDDLE (x, y, z, 
done, p) is called. If  done = t r u e ,  then all required sequences 
have been processed, and we therefore stop. If not, a new se- 
quence is made available by sett ing b[x] equal to 1, and b[y] 
equal to 0. TWIDDLE is again called, and we continue on this 
loop until  done = true .  

m and n are used only in the init ialization of the auxiliary 
integer array p[0:nT1],  which is done in the main program as 
follows. (It  is assumed that  0 < m < n and 1 ~ n.) p[0] is set 
equal to n ~ 1, and p[nWl] is set equal to --2. p[1] through 
p[n--m] are set equal to 0. p[n--mTl]  through p[n] are set 
equal, respectively, to 1 through m. If m = 0, then set p i l l  
equal to 1. done is set equal to false.  

The algorithm has several features which deserve mention. 
When used in generating combinations: (a) at each stage, only 
one combination number, namely c[z], is changed, (b) 
TWIDDLE is order preserving in the sense tha t  at each stage 
c[1] through c[m] will equal, respectively, some a[il] through 
a[im] where / i  through iN are s t r ic t ly  increasing. When used in 
generating fixed-density 0-1 sequences: (c) at each stage, i t  is 
only necessary to change two numbers of the sequence, b[x] 
and b[y], and these are changed in a specific manner. 

The algorithm underlying this procedure was discovered by 
Leo W. Lathroum in 1965. Another algorithm which accom- 
plishes combinations by transpositions was discovered by 
Donald E. Knu th  in 1964. The  author has knowledge of the work 
of Lathroum and Knu th  from private communications. He will 
include further  detail in a mathematical  paper, which will in- 
clude justification of this procedure, to be published elsewhere; 

b e g i n  i n t e g e r  i, j ,  k; j :=  0; 
LI :  

j :=  j ~ 1; i f p [ j ]  ~ O t h e n  go to  L1; 
i f  p[j--1] = 0 t h e n  
b e g i n  

f o r i  := j - -  l s t e p  - - l  u n t i l  2 do  p[i] := --1; p[j] = 0; 
p[1] := x := z := 1; y := j;  go t o / , 4  

end;  

i f j  > 1 t h e n  p [ j - 1 ]  :=  0; 
L2: 

j :=  j + 1; i f p [ j ]  > Othen go t o L 2 ;  
i : = k : = j - - 1 ;  

L3 : 
i := i +  1; i f p [ i ]  = O t h e n  
b e g i n  p[i] := --1; go to  L3 e n d ;  
i f  p[i] = --1 t h e n  
b e g i n  

p[i] :=  z :=  p[k]; x :=  i ;  y :=  k; 
p[k] :=  --1; go t o L 4  

e n d ;  
i f  i = p[0] t h e n  b e g i n  donee:= t rue ;  go to  L4 e n d ;  
z :=  p[j] :=  p[i]; p[i] := 0; x := j ;  y :=  i ;  

/.,4: 
e n d  of TWIDDLE 
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D e p a r t m e n t  of  D e f e n s e ,  F o r t  M e a d e ,  M D  20755 
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CR C A T E G O R I E S :  5.39 

p r o c e d u r e  E X T E N D E D  TWIDDLE (x, y, k, u, done, p); 
v a l u e  k, u; i n t e g e r  x, y, k, u; B o o l e a n  done; i n t e g e r  a r r a y  

P; 
c o m m e n t  E X T E N D E D  TWIDDLE is a generalization both of 

TWIDDLE [2], which is used in generating combinations by 
transpositions, and of the Trot ter-Johnson adjacent- transpo- 
sition permutat ion algorithms [5, 3]. 

In  the main program, to successively store all dist inct  permu- 
tations of C[I] numbers equal to N[I] (I--1 to J )  in an array A,  
take, as the first permutation,  tha t  obtained by dividing 
A[i:C[1]W.. .~C[J]] into J intervals and sett ing the C[I] 
numbers of interval  I equal to N[I] (I= 1 to J ) .  (We assume 
tha t  J _> 2 and that  each C[I] > 1. For  distinct permutations,  
we need N[F]~N[I  ~t] whenever I ~ ~ I '~. For  somewhat be t ter  
efficiency, i t  is desirable, but  not  necessary, that  the sequence 
C[I] be non-increasing.) 

E X T E N D E D  TWIDDLE (x, y, k, u, done, p) is called. I f  
done = t r u e ,  then all permutat ions have been processed and 
we therefore stop. If  not, a new permutat ion is made available 
by transposing A[x] and A[y], E X T E N D E D  TWIDDLE is 
called, and we continue on this loop until  done = t rue .  

E X T E N D E D  TWIDDLE is initialized in the main program. 
k is equated to J ,  u is equated to C[1] W -.-  --F C[J] ~ 1, done 
is equated to fa lse ,  and p[0] and p[u] are equated to J W 1. 
p [ l : u - 1 ]  is initialized by sett ing the members of the I th  in- 
terval ,  of length C[I], equal to J - I -~ 1 (I= 1 to J ) ;  

T h a t  the procedure proceeds by transpositions (not neces- 
sarily adjacent, this being impossible in general) will introduce 
a special economy in some cases. If  this feature is of no value 
in a part icular  application, then the algorithm of Bra t ley  [1] 
or of Sagg [4] might  be appropriate.  For  J = 2, TWIDDLE [2], 
which also has the transposition feature,  will be more efficient 
than E X T E N D E D  TWIDDLE.  If each C[I] = 1, then Tro t t e r ' s  
algorithm [5] for generating permutat ions by transpositions, 
is appropriate.  

3 6 8  C o m m u n i c a t i o n s  o f  t h e  ACM V o l u m e  13 / N u m b e r  6 / J u n e ,  1970 



REFERENCES : 
1. BRATLEY, P. Algorithm 306, Permutations with repetitious. 

Comm. A C M  10 (July 1967), 450--451. 
2. CHXSE, P. J.  Algor i thm 382, Combina t ions  of M ou t  of N 

objects.  Comm. A C M  13 (June 1970), 368. 
3. JOHNSON, S. M. Genera t ion  of pe rmuta t ions  b y  ad jacen t  

t ransposi t ions .  Math. Comp. 17 (1963), 282--285. 
4. SAGG, T . W .  Algor i thm 242, Pe rmuta t i ons  of a se t  wi th  repe- 

t i t ions.  Comm. A C M  7 (Oct. 1964), 585. 
5. TROTTER, H . F .  Algor i thm 115, P E R M .  Comm. A C M  5 (Aug. 

1962), 434--435. ; 
b e g i n  i n t e g e r  s, i, j ,  b; 

j : = b : = s : = O ;  
L1 : 

j :=  j Jr 1; i f a b s  (p[j]) = k t h e n  
b e g i n  i f p [ j ]  < O t h e n  s := j;  go t o L l  e n d ;  
i f  p[j--1] = k t h e n  
b e g i n  

f o r  i := j -- s -- 1 s t e p  --1 u n t i l  2 do  p[s -~ i] := --k;  
i f  s > b t h e n  p[s] := k; 
p [ s ~ l ]  :=  pIj]; p[j] :=  k; x :=  s - l -  1; y : = j ;  go t o L 4  

end;  
i f  s > b t h e n  p[s] := k; 

L2: 
j := j - J r  1; i f a b s  (p[j]) <C k t h e n  go t o  L2; 
i f  j = u t h e n  
b e g i n  

i f /c  = 2 t h e n b e g i n d 0 n e  :=  true;  go t o L 4 e n d ;  
j :=  b :=  s; k := k -- 1; go t o  L1 

e n d ;  
i : = b : = j - - 1 ;  

L3: 
i :=  i +  1; i f p [ i ]  = k t h e n  
b e g i n  p[i] := --k;  go t o  L3 e n d ;  
i f  p[i] = - k  t h e n  
b e g i n  

p[i] := p[b]; p[b] := --k;  x := b; y := i ;  g o ~ t o L 4  
end;  
i f  i = u t h e n  
b e g i n  

i f k  = 2 t h e n  b e g i n  done := t r u e ;  go t o L 4 e n d ;  
u : = j ;  j : =  b := s; k : = k - -  1; g o t o L 1  

e n d ;  
x := j ;  y :=  i ;  p[j] := p[i]; p[i] :=  k; 

L4: 
e n d  E X T E N D E D  T W I D D L E  

The following algorithm by G. W. Stewart relates to the paper by the 8arae 
author in the Numerical  Mathematics department of this issue on pages 865- 
367. This concurrent publication in Communications follows a policy an- 
nounced by the Editors of the two departments in the March 1967 issue. 

ALGORITHM 384 
EIGENVALUES AND EIGENVECTORS OF A REAL 

SYMMETRIC MATRIX [F2] 
G. W. STEWART (Recd. 7 Nov. 1969) 
Department of Computer Sciences, The University of Texas 

at Austin, *Austin, TX 78712 

* Work on th i s  a lgor i thm was suppor ted  in pa r t  by  the  Na t iona l  
Science Founda t ion  under  g r an t  GF-8442 and  by  the  US Army 
Research  Office ( D u r h a m ) u n d e r  g ran t  DA-ARO(D)-31-124-  
G1050 a t  the  Univers i ty  of Texas a t  Austin.  

K E Y  WORDS AND PHRASES:  real symmetr ic  matr ix ,  eigen- 
values, eigenvectors,  QR a lgor i thm 
OR C A T E G O R I E S :  5.14 

DESCRIPTION: 
SYMQR finds the  eigenvalues and,  a t  the  users opt ion,  the  

eigenvectors  of a real symet r ic  matr ix .  If  the  ma t r ix  is no t  ini-  
t ia l ly  t r id iagonal ,  i t  is reduced to t r id iagonal  form b y  House-  
holder ' s  me thod  [2, p. 290]. The  eigeavalues  of the  t r id iagonal  
ma t r ix  are calculated by  a va r i an t  of the  QR a lgor i thm wi th  origin 
shi f t s  [1]. E igenvectors  are ca lcula ted by  accumula t ing  the  prod-  
ucts  of the  t r ans fo rmat ions  used in the  Householder  t r ans forma-  
t ious and  the  QR steps,  a procedure which guaran tees  a near ly  
o r thonormal  set  of approximate  eigenvectors.  

At  each QR step the  eigenvalues of the  2 X 2 subma t r i x  in the  
lower r igh t -hand  corner  are computed,  and  the  one neares t  the  
las t  diagonal  e lement  is d is t inguished.  When these numbers  se t t le  
down they  are used as origin shif ts .  

The  user may  choose between absolute  and re la t ive  convergence 
cri teria.  The  former accepts the  las t  diagonal  e lement  as an  ap- 
proximate  eigenvalue when  the  las t  off-diagonal e lement  is a small  
mul t ip le  (EPS) of the  inf ini ty norm of the  matr ix .  The  l a t t e r  re- 
quires t h a t  the  las t  off-diagonal be small  compared to the  las t  two 
diagonal  elements.  To avoid an  excessive number  of QR steps,  an  
i m p o r t a n t  considerat ion when  eigenvectors  are computed,  the  
following guidelines should be followed. The  convergence tolerance 
should  not  be smaller  t h a n  the  da t a  war ran t s  [2, p. 102]. The  rela- 
t ive  convergence cr i ter ion should  be used only when  there  are 
eigenvalues,  small  compared to the  e lements  of the  matr ix ,  t h a t  
are nonetheless  de te rmined  to h igh  re la t ive  accuracy.  Final ly ,  
when  there  is a wide d i spar i ty  in the  sizes of the  e lements  of the  
matr ix ,  the  ma t r ix  should  be ar ranged so t h a t  the  smaller  e lements  
appear  in  the  lower r igh t  hand  corner.  

The  program will work wi th  matr ices  whose e lements  ve ry  
near ly  underflow or overflow the  range of a f loat ing-point  word. 
Some accuracy may  be gained by  accumula t ing  inner  products .  
The  places where this  should  be done are s ignaled by  the  appear-  
ance of the  var iab les  SUM and SUM1. 

REFERENCES : 
1. STEWART, G. W. Incorpora t ing  origin shif ts  in to  the  sym- 

metr ic  QR algor i thm for symmetr ic  t r id iagonal  matr ices .  
Comm. A C M  15 (June 1970), 365-367. 

2. WILKINSON, J . H .  The Algebraic Eigenvalue Problem. Claren- 
don Press,  Oxford, 1965. 

ALGORITHM : 

SUBROUTINE SYMOR ( A,D,E tKO 9Nt NA,EPS,ABSCNV t VEC t TRDt FA I L) 
C 
C 
C EXPLANATION OF THE PARAMETERS IN THE CALLING SEQUENCE. 
C 
C A A DOUBLE DIMENSIONED ARRAy, IF THE MATRIX IS NOT 
C INITIALLY TRIDIAGONAL, IT IS CONTAINED IN THE LOWER 
C TRIANGLE OF A. IF EIGENVECTORS ARE NOT REQUESTED 
C THE LOWER TRIANGLE OF A IS DESTROYED WHILE THE 
• C ELEMENTS ABOVE THE DIAGONAL ARE LEFT UNDISTIJRBED. 
C IF EIGENVECTORS ARE REQUESTED, THEY ARE RETURNED IN THE 
C COLUMNS OF A, 
C 
C D A SINGLY SUBSCRIPTED ARRAY, IF THE MATRIX IS 
C INITIALLY TRIDIAGONAL~ D CONTAINS ITS DIAGONAL 
C ELEMENTS, ON RETURN D CONTAINS THE EIGENVALUES OF 
C THE MATRIX. 
C 
C E A SINGLY SUBSCRIPTED ARRAY, iF THE MATRIX IS 
C INITIALLY TRIDIAGONAL* E CONTAINS ITS OFF-DIAGONAL 
C ELEMENTS. UPON RETURN E( I |  CONTAINS THE NUMBER OF 
C ITERATIONS REQUIRED TO COMPUTE THE APPROXIMATE 
C EIGENVALUE D I l l ,  
C 
C KO A REAL VARIABLE CONTAINING AN INITIAL ORIGIN SHIFT TO 
C BE USED UNTIL THE COMPUTED SHIFTS SETTLE DOWN. 
C 
C N AN INTEGER VARIABLE CONTAINING THE ORDER OF THE 
C MATRIX. 
C 
C NA AN INTEGER VARIABLE CONTAINING THE FIRST DIMENSION 
C OF THE ARRAy A. 
C 
C EPS A REAL VARIABLE CONTAINING A CONVERGENCE TOLERANCE, 
C 
C ABSCNV A LOGICAL VARIABLF CONTAINING THE VALUE .TRUE, IF 
C THE ABSOLUTE CONVERGENCE CRITERION IS TO BE USED 
C OR THE VALUE ,FALSE, IF THE RELATIVE CRITERION 
C IS TO BE USED. 
C 
C VEC A LOGICAL VARIABLE CONTAINING THE VALUE .TRUE, IF 
C EIGENVECTORS ARE TO BE COMPUTED AND RETURNED IN 
C THE ARRAY A AND OTHERWISE CONTAINING THE VALUE 
C .FALSE., 
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C 
C 
C 

1 0 0  
C .- 
C 
C 

C 
C TRD A LOGICAL VARIABLF CONTAINING THF VALUE ,TRUE. 
C IF THF MATRIX IS TRIOIAGONAL AND LOCATED IN THE ARRAYS 
C D AND E AND OTHERWISE CONTAINING THE VALUE ,FALSE,, 
C 
C FAIL AN INTEGER VARIABLE CONTAINING AN ERROR SIGNAL, 
C ON RETURN THE EIGENVALUES IN D I F A I L + i ) t , . . , D ( N )  
C AND THEIR CORRESPONDING EIGENVECTORS MAY BE PRESUMED 

ACCURATE. 

R E A L  
IAINAt l I tDl l ) IEI I )*K0,DI tD2*KgEPS,S2tCONiNINF*TEST,CB~CC,CD9 
2CoStTEMP~PgPP~QtOO,NORMtR,TITTER,SUM,SUM1tMAX 

INTEGER 
INoNMI~NM2oNAoFAIL,ItI1,J~L*L1,LL,LLltNLtNU,NUMI~SINEOStRETURN 
LOGICAL 

IABSCNVtVEC~TRD~SHFT 
T I T T E R  ffi 5 0 ,  
NM1 = N - 1  
N M 2  ffi N - 2  

N I N F =  O ,  

ASSIGN SO0 TO SINCOS 
C 
C S I G N A L  ERROR I F  N IS NOT POSITIVE, 
C 

I F ( N . G T . O )  GO TO 1 
F A I L  = -1 
RETURN 

C 
C SPECIAL  TREATMENT FOR A MATRIX OF ORDER ONE, 
C 

] I F I N , G T , I I  GO TO 5 
IFI.NOT,TRO) D I l l  = A I I ~ I )  
IFIVECI A I I ~ i )  = ] ,  
FAIL = 0 
RETURN 

C 
C IF THE MATRIX IS TRIDIAGONAL, SKIP THE REDUCTION, 
C 

S I F I T R D )  GO TO IOO 
I F I N . E Q . 2 )  GO TO 8 0  

C 
C REDUCE THE MATRIX-TO TRIDIAGONAL FORM BY HOUSEHOLDERS METHODs 
C 

DO 7 0  LfI~NM2 
L1 = L+I 
DfL) = AIL~L) 
MAX = O ,  

DO ]O  I =L I ,N  
10 MAX = AMAXI(MAX~ABSIAII~L)I) 

IFIMAX,NE,O,) GO TO 13 
E l L )  = O .  
A l L , L )  = I ,  
GO TO 7 0  

13  SUM = O .  
DO l T  I = L I t N  
A I I , L }  = AII~L)/MAX 

1 7  S t M  = SUM + A I I , L ) ~ * 2  
S2 = SUM 
$ 2  = S O R T ( S 2 )  
I F ( A I L 1 , L )  o L T .  O=)  $ 2  = - $ 2  

E l L )  = - S 2 1 M A X  
A I L I , L )  = A I L I * L )  + $2 
A IL ,L )  = S2~AILI ,L)  

SUM I = O. 
DO 50 I=L I ,N  
SUM = 0.  
DO 2 0  J = L I , I  

20 SUM = SUM + A I I , J ) ~ A I J , L )  
I F I I . E O * N )  GO TO 4 0  
I I  = I + l  
DO 3 0  J = I I , N  

3 0  SUM = SUM + A ( J , L } * A ( . ) ~ I )  
~0 E l l )  = SUM/AIL,L) 
50 SUMi = SUM1 + A I I , L ) ~ E I I )  

CON = ,5~SUMI/AIL~L) 
DO 60 )=LION 
E l i )  = E I I I  - CON*A(I~L) 
DO 60 J=LI~I  

60 A I I ~ J )  " A I I~J )  - A ( I , L ) * E I J )  - A ( J ~ L I * E I I )  
70 CONTINUE 
8 0  DINMI) = AINMI,NM1) 

DIN) = AIN~N) 
FINMI) = AIN,NMI) 

IF EIGENVECTORS ARE REQUIRED, INITIALIZE A, 

IFI.NOT,VEE) GO TO ~80 

IF THE MATRIX WAS TRIDIAGONAL, SET A EQUAL TO THE IDENTITY MATRIX, 

IFI,NOT.TRD ,AND, N,NE,2) GO TO 130 
DO 120 I=I~N 
DO 110 J=I~N 

1 1 0  All,J) = O .  
120 Alibi) = I. 

GO TO 1 8 0  
C 
C I F  THE  MATRIX WAS NOT TRIDIAGONAL, MULTIPLY OUT THE 
C TRANSFORMATIONS OBTAINED IN THE HOUSEHOLDER REDUCTION, 
C 

130 A I N ~ N )  = I .  
AINMI~NMI) = 1, 
AINMI~N) = 0, 
AIN,NMI) = O, 
DO 170 L=I~NM2 
L L  = NM2-L+I 
ELI = LL+I 
DO 1~0 I=LLi~N 
SUM = O, 
DO 135 J=LLI,N 

1 3 5  SUM = SUM + A I J ~ L L ) * A I J ~ I I  

1 4 0  A I L L t l )  = S U M / A ( L L p L L )  
DO 1 5 0  I = L L 1 , N  
OO 1SO J = L L I ~ N  

1 5 0  A l l , J )  = A l l , J )  - A I I , L L ) ~ A I L L i J )  
0 0  1 6 0  I = L L 1 , N  
A I I t L L )  : O .  

1 6 0  AILLtI) = 0 ,  

1 7 0  A I L L , L L I  = 1 ,  
C 

C IF AN ABSOLUTE CONVERGENCE CRITERION IS REQUESTED 
C (ABSCNV=.TRUE,), COMPUTE THE INFINITY NORM OF THE MATRIX, 
C 

180 IFI,NOT.ABSCNV) GO TO 200 
N I N F =  AMAXI IABS(D l l ) )+ABS(E l l ) ) ,ABS(D IN) )+kBSIE INMi ) ) )  
IFIN,EQ,2)  GO TO 200 
DO 190 I=2,NMI 

190 NINF = A M A X I ( N I N F * A B S I D I I ) ) + A B S I F I I ) ) + A B S I E I I - I I I )  
C 
C S T A R T  THE OR ITERATION, 
¢ 

200 NU = N 
NI~ I  = N- I  
SHFT = ,FALSE, 
K1 = KO 
T E S T  ffi N I N F t E P S  
EIN) ffi 0, 

C 
C CHECK FOR CONVERGENCE AND LOCATE THE SUBMATRIX IN WHICH THE 
C OR S T E P  I S  TO BE P E R F O R M E D .  
C 

2 1 0  D O  2 2 0  N N L f f i l t N U M 1  
NL  = N U M 1 - N N L + I  
I F l o N O T . A B S C N V )  T E S T  = E P S ~ A M I N I ( A B S I D ( N L I I , A B S I D ( N L + i I I I  
IFIABSIEINL))  ,LE, TEST) GO TO 230 

220 CONTINUE 
GO TO 2 4 0  

2 3 0  E I N L )  = 0 ,  
NL  = N L + I  
I F ( N L  , N E ,  N U )  GO TO 2 4 0  
I F I N U M 1  o E O ,  1 )  R E T U R N  
IFIEI2OO),NE,O,)  P R I N T  2 0 O O t I D I I ) o E ( I I ~ I f l , N U )  

?OOO'FORMATIIHOIOEI2,A/(IH 10EI2 ,AI )  
ND = NUMI 
NUMI = NU-I 
GO TO 210 

240 EINU) = EINU)+FLOATINUMI-NL) 
I F ( I ,  ,EQ, I . )  GO TO 250 
IF(O, ,EO. I , )  GO TO 250 
FAIL = NU 
RETURN 

C 

C CALCULATE THE SHIFT, 
C 

?~0 CB = (DINUMI) -D(NU)) /2 ,  
MAX = AMAXIIABSICB)~ABSIEINUMI))) 
CB = CB/MAX 
CC = (EINUMI)/MAX)I~2 
CO = S Q R T ( C B l t 2  + CC)  
IFICB ,NE. O.) CO = SIGN(CDtCB) 
K2 = DINU) - MAX*CC/ICB+CD) 
I F ( S H F T I  GO TO 2 7 0  
IFIABS(K2-KI)  .LT,  .SlABS(K2)) GO TO 260 
K1 = K2 
K = K0 
GO TO 3 0 0  

2 ~ 0  S H F T  : , T R U E .  
270 K = K2 

C 
C PERFORM ONE OR STEP WITH SHIFT K ON ROWS AND COLUMNS 
C NL  THROUGH NU 
C 

3 0 0  IF(E(200) ,NE,O,  , A N D ,  K.LE,1,E-14~ABSIDlNL)) )  KffiO, 
P = D ( N L )  - K 
O = E I N L )  
ASSIGN 310 TO RETURN 
GO TO SINCOS,(SOO) 

310 DO 380 I=NLJNUMI 
C 
C IF REQUIRED, ROTATE THE EIGENVECTORS, 
C 

IFI,NOT.VEC) GO TO 330 
0 0  3 2 0  J = I , N  
TEMP ffi C t A I J , I )  + s w A I J t I + I )  
A I J , I + I )  = - S ~ A I J g I )  + C ~ A I J * I + I )  

3 2 0  A l J m l )  = TEMP 
E 
C PERFORM THE SIMILARITY TRANSFORMATION AND CALCULATE THE NEXT 
C R O T A T I O N .  
C 

~ 3 0  Of 1) ffi C~DII) + S~EII)  
TEMP = C'E l1 )  + S * D I I + I )  
D I I + I )  = - S ' E l 1 )  + C * D I I + i )  
F(1) = -S*K 
O i l )  = C * D l l )  + S*TEMP 
I F l l  .FQ, NUMI) GO TO 380 
IFIABS(SI ,GT, ABSIC)) GO TO 350 
R = S / C  
D I I + I )  = - S I E ( 1 )  + C * D I I + I I  
P = O l I + l )  - K 
0 = C + F I I + I )  
ASSIGN 3 k O  TO R E T U R N  
GO TO SINCOS,ISOO) 

340 E l l )  = R-NORM 
E l i + I )  = O 
GO TO 3 8 0  

3 5 0  P = C ' E l i )  + S * D I I + I )  
O = S ' E l i + I )  
D I I + I )  = C*P/S + K 
E l i + I )  = C~EI I+ I )  
A S S I G N  3 6 0  TO R E T U R N  
GO TO SINCOSi(SO~) 

3 6 0  E l i )  = NORM 
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380 CONTINUE 
TEMP = C~E(NUM1) + S * D ( N U |  
O(NU)  ffi - S ~ E ( N U M 1 )  + C * D ( N U )  
~ (NUM1}  = TEMP 
GO TO 2 1 0  

INTERNAL PROCEDURE TO CALCULATE THE ROTATION CORRESPONDING r (  
THE V E C T O R ( P , Q ) ,  

500  PP m ABS(P)  
QQ ffi ABS(Q)  
I F ( Q Q  *GTo PP| GO TO 5 1 0  
NORN ffi P P * S Q R T ( 1 .  + ( Q Q / P P ) * * 2 )  
GO TO 520  

510  I F ( O Q  °EO.  0 ° )  GO TO 530  
NORH ffi Q Q * S Q R T ( i °  + ( P P / Q Q ) * * 2 )  

5 2 0  C ffi P/NORH 
S ffi Q/NORM 
GO TO R E T U R N , ( 3 1 0 0 3 4 0 * 3 6 0 }  

5 3 0  C = 1 .  
S - 0 .  
NORM ffi Oo 

GO TO R E T U R N t ( 3 1 ~ , 3 4 0 , 3 6 0 }  
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ABSTRACT: The certification of an algorithm can take the form 
of a proof that the algorithm is correct. As an illustrative but 
practical example, Algorithm 245, TREESORT S for sorting an 
array, is proved correct. 

KEY WORDS AND PHRASES : proof of algorithms, debugging, 
certification, metatheory, sorting, in-place sorting 
CR CATEGORIES: 4.42, 4.49, 5.24, 5.31 

Certification of algorithms by proof. Since suitable techniques 
now exist for proving the correctness of many algorithms [for 
example, 3-7], it is possible and appropriate to certify algorithms 
with a proof of correctness. This certification would be in addi- 
tion to, or in many cases instead of, the usual certification. Certi- 
fication by testing still is useful because it is easier and because it 
also provides, for example, timing data. Nevertheless the existence 
of a proof should be welcome additional certification of an algo- 
rithm. The proof shows that an algorithm is debuggged by show- 
ing conclusively that no bugs exist. 

It  does not matter whether all users of an algorithm will wish 
to, or be able to, verify a sometimes lengthy proof. One is not 
required to accept a proof before using the algorithm any more 
than one is expected to rerun the certification tests. In both 
cases one could depend, in part at least, upon the author and the 
referee. 

As an example of a certification by proof, the algorithm 
TREESORT ~ [2] is proved to perform properly its claimed task 
of sorting an array M[l:n] into ascending order. This algorithm 
has been previously certified [1], but in that certification, for 
example, no arrays of odd length were tested. Since TREESORT S 

is a fast practical algorithm for in-place sorting and one with 
sufficient complexity so that its correctness is not immediately 
apparent, its use as the example is more than an abstract exercise. 
It  is an example of considerable practical importance. 

Outline of TREESORT S and method of proof. The algorithm is 
most easily followed if the array is viewed as a binary tree. 
M[k+2] is the parent of M[k], 2 _< k < n. In other words the 
children of M[j] are M[2j] and M[2j-t-1] provided one or both 
of the children exist. 

The first part of the algorithm permutes the M array so that 
for a segment of the array, each parent is larger than both of the 
children (one child if the second does not exist). Each call of the 
auxiliary procedure siftup enlarges the segment by causing one 
more parent to dominate its children. The second part of the 
algorithm uses siftup to make the parents larger over the whole 
array, exchanges M[1] with the last element and repeats on an 
array one element shorter. The above statements are motivation 
and not part of the formal proof. 

That TREESORT ~ is correct is proved in three parts. First 
the procedure siftup is shown to perform as it is formally defined 
below. Then the body of TREESORT 8, which uses siftup in two 
ways, is shown to sort the array into ascending order. (The proof 
of the procedure exchange is omitted.) The proofs are by a method 
described in [3, 4, 7]: assertions concerning the progress of the 
computation are made between lines of code, and the proof con- 
sists of demonstrating that each assertion is true each time con- 
trol reaches that assertion, under the assumption that the previ- 
ously encountered assertions are true. Finally termination of the 
algorithm is shown separately. 

The lines of the original algorithm have been numbered and the 
assertions, in the form of program comments, are numbered cor- 
respondingly. The numbers are used only to refer to code and to 
assertions and have no other significance. One extra begin-end 
pair has been inserted into the body of TREESORT ~ in order 
that the control points of two assertions (3.1 and 4.1) could be dis- 
tinguished. In siftup the assertions 10.1 and 10.2 express the cor- 
rect result; in the body of TREESORT S the assertions 9.3 and 
9.4 do likewise. 

Definition of siftup and notation. We now define formally the 
procedure siftup(i,n), where n is a formal parameter and not the 
length of the array M. Let A (s) denote the set of inequalities 
M[k+2] ~_ M[k] for 2s < k < n. (If s> n+2, then A(s) is a vacu- 
ous statement.) If A(iT1) holds before the call of siftup(i,n) 
and if I ~ i ~ n < array size, then after siftup(i,n) : 

(1) A (i) holds; 
(2) the segment of the array M[i] through M[n] is permuted; 

and 
(3) the segment outside M[i] through M[n] is unaltered. 
In order to prove these properties of siftup, some notation is 

required. The formal parameter i will be changed inside siftup. 
Since i is called by value, that change will be invisible outside 
siftup. Nevertheless it is necessary to use the initial value of i 
as well as the current value of i in the proof of siftup. Let i0 denote 
the value of i upon entry to siftup. 

Similarly let M0 denote the M array upon entry to siftup. 
The notation "M = p(Mo) with M :ffi copy" means "if M[i] := 
copy were done, M is some permutation of M0 as described in (2) 
and (3) of the definition of siftup." "M = p(Mo)" means the 
same without the reference to M[i] := copy being done. 

Code and assertions for siftup. 
0 procedure  siftup(i, n); value i, n; in teger  i, n; 
1 b e g i n  rea l  copy; i n t e g e r  j;  

c o m m e n t  
I .I :  1 < io = i < n < array size 
1.2: A (i0~1) 
1.3: M = p(M0); 
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2 copy := M[i]; 
3 loop: j := 2 X i; 

c o m m e n t  
3 . 1 : i <  n 
3.2: 2i = j 
3 . 3 : i  = i 0 o r i >  2i0 
3.4: M = p(Mt) wi th  M[i] :=  copy 
3.5: A(io) or (i = i t  and A ( i o + I ) )  
3.6: M[ i+2]  > copy or i = i0 
3.7: M[ i+2]  > M[i] or i = i t ;  

4 i f  j ~ n t h e n  
5 b e g i n  i f  j < n t h e n  
6a b e g i n  i f  M [ j + i ]  > M[j] t h e n  
6b j := j +  l e n d ;  

c o m m e n t  
6 . 1 : i = j + 2  
6.2: 2i _< j _< n 
6 . 3 : i  = i 0 o r i >  2io 
6.4: M = p(Mo) wi th  M[i] := copy 
6.5: A(io) or (i = i t  and A ( i t + l ) )  
6.6: M[i+2]  > copy or i = i t  
6.7: M[ i÷2]  >_ M[i] or i = i t  
6.8: (2/ < n and M[j] = max(M[2i],  M [ 2 i + l ] ) )  or 

(2i = n and M[j] = M[n]) 
6.9: M[i] ~ M[j] or i = i t ;  

7 i f  M[j] > copy t h e n  
8a b e g i n  M[i] :=  M[j]; 

c o m m e n t  
8 . 1 : i  = i t  o r i >  2io 
8.2: 2i < j < n 
8.3: M[ j+2]  = M[i] = M[j] > copy 
8.4: M[ i+2]  > M[j] or i = i t  
8.5: M = p(Mt) wi th  M[j] := copy 
8.6: A (io); 

8b i := j ;  
c o m m e n t  

8.7: i > 2/o 
8 . 8 : i  = j < n  
8.9: M[ i+2]  > copy 
8.10: M[ i+2]  > M[i] 
8.11: M = p(Mo) wi th  M[i] := copy 
8.12: A (io); 

8c go t o  loop e n d  
9 e n d ;  

c o m m e n t  
9.1: M[j] < copy if reached from 7 or 

2i = j > n if reached from 4; 
10 M[i] :=  copy; 

c o m m e n t  
10.1: M = p(Mo) 
10.2: A (i0); 

11 e n d  siftup; 

Verification of the assertions of siftup. Reasons for the  t r u t h  of 
each asser t ion  follow: 
1.1-1.2: Assumpt ions  for using siftup. 
1.3: p is the  iden t i ty  permuta t ion .  
3.1-3.7: If  reached from 2, 

3.1: 1.1. 
3.2: 3. 
3.3, 3.5-3.7: i = i t  by  1.1. 3.5 also requires 1.2. 
3 .4 :1 .3  and 2. 

I f  reached from 8, respectively,  8.8, 3, 8.7, 8.11, 8.12, 
8.9 and 8.10. 

6.1: At  3.2 j = 2 / a n d  by  6b, j migh t  be 2i + 1. i = j + 2  in e i ther  
case. 

6.2: After  4, j _< n. j is a l tered from 3.1 to 6.2 only a t  6b. Before 
6b, j < n b y S .  H e n c e j < n a t 6 . 2 . 2 i  _< j b y 6 . 1 .  

6.3-6.7: 3.3-3.7, respect ively.  
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6.8: I f  4 is t r u e  and 5 is f a l se ,  j = 2i = n (using 3.2) so the  
second clause of 6.8 holds. I f  4 is t r u e  and 5 is t r u e ,  then  
a t  6a, 2i = j < n (using 3.2) so M [ j + I ]  = M [ 2 i + l ]  is 
defined. Now at  6.8, j = 2i or j = 2 i+1 .  In  e i the r  case, 
by  6a and 6b, the first clause of 6.8 holds. 

6.9: By  6 . S i # i 0 g i v e s A ( i o ) .  2i0 ~ 2i_< j _<  n by  6.3 and 6.2. 
Hence A(io) and 6.1 give M[i] -- M[j+2]  > M[j]. 

8.1: 6.3. 
8.2: 6.2. 
8.3: i = j + 2  by  6.1, M[i] = M[j] by  8a and M[j] > copy by  7. 
8.4: 6.7 and  6.9. 
8.5: 6.4 requires  t h a t  M[i] be replaced by  copy. Since M[i] = 

M[j] by 8a, M[j] may  equal ly well be replaced wi th  copy. 
8.1 and 8.2 give i0 < i < n so t h a t  the  change to M a t  8a 
is in the  segment  M[io] t h rough  M[n]. 

8.6: By 8a and  if 6.8 (first clause) holds, M[i] > M[2i] and  M[i] > 
M[2i+1].  By 8a and  if 6.8 (second clause) holds, M[i] = 
M[j] = Mini = M[2i] and  M [ 2 i + l ]  does not  exis t  for th is  
call of siftup. A (ivF1) holds a t  6.5 since A(ie) implies 
A (i0+1). If  i = i t ,  A (i0+1) and  the  re la t ions  above on 
M[i] give A (it). If  i # i e ,  t hen  8a, 8.4, A (ie) a t  6.5 and 
the  re la t ions  above on M[i] give A (it) a t  8.6. 

8.7: 8b, 8.1 and  8.2. 
8.8: 8b and  8.2. 
8.9: 8b and 8.3. 
8.10: At  8.6, 2io ~ j _< n by  8.1 and  8.2. Hence  by  8.6, M[ j+2]  > 

M[j]. Use 8b on M[ j+2]  _> M[j]. 
8.11: 8b and 8.5. 
8.12: 8.6. 
9.1: 9.1 is reached only if 7 is f a l s e  or if 4 is fa l se .  2i = j by  3.2. 
10.1-10.2: I f  reached from 7, 

10.1:6.4 and 10. (6.2 and 6.3 give i t  _< i < n ensur ing 
the  change to M a t  10 is in the  segment  M[io] 
t h rough  M[n].) 

10.2: By  10, 9.1, 6.2 and 6.8, M[i] = copy > M[j] > 
M[2i] and, if M [ 2 i + l ]  exists, M[j] > M[2 i+ l ] .  I f  
i = i0 , 10.2 follows as in 8.6. If  i # i e ,  6.6 and  
10 give M[i+2] > copy = M[i]. A(io) at  6.5 now 
gives A (i0) a t  10.2. 

If  reached from 4, 
10.1:3 .4  and 10. (3.1 and 3.3 give ie < i < n.)  
10.2: 2i > n means  no re la t ions  in A(i,) of the  

form M[i] ~ . . . .  If  i = io ,  3.5 gives 10.2. If  
i # i t ,  3.6 and  10 give M[ i+2]  > copy = M[i]. 
A (i0) at  3.5 now gives 10.2. 

Code and assertions for the body of TREESORT 8. 
0 i n t e g e r  i; 

c o m m e n t  
0.1: A ( n + 2 + l ) ;  

1 for  i :=  n + 2  s t e p  --1 u n t i l  2 do 
2 b e g i n  

c o m m e n t  
2.1: A ( i+1)  
2.2: Assumpt ions  of siftup satisf ied;  

3 siftup (i,n) ; 
c o m m e n t  

3.1: A( i ) ;  
4 end;  

c o m m e n t  
4.1: M[p] < M [ p + l ] f 0 r n +  1 < p < n - -  1 
4.2: A(2) ,  i.e. M[k+2] > M[k] for 4 < k < n;  

5 for i :=  n s t e p  --1 u n t i l  2 do  
6 b e g i n  

c o m m e n t  
6.1: M[p] < M [ p + l ] f o r i +  1 < p_< n - -  1 
6.2: M[k+2]  > M[k] for 4 < k < i 
6.3: M [ i + i ]  > M[r] for 1 < r < i 
6.4: Assumpt ions  of siftup satisfied; 
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7 siftup (1,i) ; 
c o m m e n t  

7.1: M[p] _< M [ p + l ] f o r i +  1 _< p_< n - -  1 
7.2: M[k+2] > M[k] for 2 _< k _< i 
7.3: M[1] > M[r] for 2 _< r < i 
7.4: M[ i+I ]  > M[1]; 

8 exchange (M[1], M[i]) ; 
c o m n l e n t  

8.1: M[i] ~ M [ r ] f o r l _ <  r_< i - -  1 
8.2: M[p] _< M [ p + l ]  for i _< p _< n -- 1 
8.3: M[k+2] ~ M[k] for 4 < k _< i -- 1; 

9 e n d ;  
c o m m e n t  ~f 

9.1: M[p] _< M [ p + l ]  for 2 < p_< n -- 1 
9.2: M[2] > U[1] 
9.3: M[p] < M[p+l ]  for 1 < p < n -- 1, i.e. M is fully 

ordered 
9.4: M is a permutat ion of Mo; 

Verification of the assertions for the body of TREESORT 8. 
Reasons for the t ru th  of each assertion follow: 
0.1: Vacuous s ta tement  since 2(n.-" 2q-l) > n. 
2.1: If  reached from 0.I, by 1 subst i tute  i = n +  2 in 0.1. 

If  reached from 3.1, by 1 subst i tute  i = i + 1 in 3.1 to ac- 
count for the change in i from 3.1 to 2.1. 

2.2: 2.1, the bound on i implied by 1 and the array size being n. 
3.1: 2.1 and the definition of siftup(i, n). 
4.1: Vacuous s tatement .  
4.2: If  n ~ 4, 3 is executed; hence 3.1 w i t h i  = 2. If n < 3, 

vacuous statement .  
6.1-6.3: If reached from 4.1, 

6.1-6.2: By 5 substi tute i = n in 4.11and 4.2. 
6.3: Vacuous s ta tement  for i = n .  

If reached from 8.1, by 5 subst i tute  i = i -k 1 i n  8 .2 ,  
8.3 and 8.1, respectively. 

6.4: 5 and 6.2, i.e. A(2) for the subarray M[I:i] .  
7.1: 6.1 and (3) of siftup. 
7.2: 6.2 and (1) of siftup. 
7.3: 7.2 noting that  M[1] = M[k+2] if k = 2 and using the transi- 

t iv i ty  of > .  
7.4: Vacuous for i = n. Otherwise 6.3 for the appropriate r since 

by (2) of siftup, M[1] at 7.3 is one of the M[r], 1 < r < i, 
at 6.3. 

8.1: 7.3 with the changes cansed by 8 (only MIll  and M[i] are 
altered by 8). 

8.2: By 8 substi tute M[i] for MIll  in 7.4; then 7.1 also holds for 
p = i .  

8 . 3 : 7 . 2  excluding only the one or two relations M[1] > . . .  , and 
the one relation . . .  > M[i]. 

9.1-9.3: If n > 2, 8 is executed; 
9.1:8.2 with i = 2. 
9.2:8.1 with i =. 2. 
9.3:9.1 and 9.2. 

If  n _< 1, 9.1-9.3 are vacuous statements.  
9.4: The only operations done to M are siftup and exchange all of 

which leave M as a permutat ion of M , .  

Proof of termination of TREESORT 8. Provided siftup and ex- 
change terminate,  i t  is clear that  TREESORT 8 terminates. Note  
that  each parameter of siftup is called by value so tha t  i is not  
changed in the body of the for loops. 

The procedure exchange certainly terminates. In  siftup the only 
possibility for an unending lo0p is from 3 to 8b and back to 3. 
Note  that  all changes to i (only at 8b) and to j (only at 3 and 6b) 
occur in this loop and tha t  on each cycle of this loop both i and j 
are changed. By the test  at 4, i t  is sufficient to show t h a t j  s t r ic t ly  
increases in value, i > 1 means 2i > i. A tSb ,  j = i < 2i while at 
3, j = 2i, i.e. j ( a t  3) = 2i > i = j ( a t  8b). Hence each sett ing to j 

at  3 s tr ict ly increases the value of j .  The only other  set t ing to j 
(at 6b), if made, similarly increases the value of j .  
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Hibbard [i] has coded this ~n~ethod in a way that  increases the 
speed significantly. In  SHELLSORT,  each stage of each sift  con- 
sists of successive pair swaps. The modification replaces each set 
of n pair swaps by one " save , "  n -- 1 moves, and one insertion. 

Table I gives timing information for ALGOL, FORTRAN, and 
COMPASS (assembly language) versions of SHELLSORT and the 

TABLE I. SORTING TIMES IN SECONDS FOR 1O,0OO RANDOMLY 
ORDERED NUMBERS ON THE CD C 6400 COMPUTER 

Algorithm Source Language 

ALGOL FORTRAN COMPASS 

SHELLSORT 53.40 7.18 2.38 
SHELLSORT2 36.56 5.98 1.87 ~' 
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modified version (called SHELLSORT2), for the CDC 6400 com- 
puter. The savings in time achieved by the modification are 32%, 
17%, and 21%, respectively. The savings are greater than this 
when vectors of more than one word each are being sorted. 

The comparative execution times of the ALGOL and FORTRAN 
versions, for these compilers, are quite interesting. 

I ~ E F E R E N C E S  : 

1. HIBBARD, T . N .  An empirical study of minimal storage sort- 
ing. Comm.  A C M  6 (May 1963), 206. 

R E M A R K  O N  A L G O R I T H M  351 [D1] 

M O D I F I E D  R O M B E R G  Q U A D R A T U R E  

[G. Fa i rwea the r ,  C o m m .  A C M  1 2  ( J u n e  1969), 324] 
GEORGE C. WALLICK 

Mobi l  Resea rch  and D e v e l o p m e n t  Corpora t ion ,  F ie ld  

Resea rch  Labora to ry ,  P.  0 .  Box  900, Dal las ,  T X  75221 

KEY WORDS AND PHRASES: numerical integration, Rom- 
berg quadrature, modified Romberg quadrature, trapezoid values, 
rectangle values 
CR CATEGORIES: 5.16 

Algorithm 351 was compiled and run successfully in FORTRAN 
IV on a CDC 6400 computer. Computation times for equivalent 
orders were essentially the same as for a FORTRAN version of Al- 
gorithm 60 Romberg Integration [1]; storage requirements were 
approximately 20 percent greater. 

Algorithm 351 incorporates two modifications to the standard 
Romberg algorithm, each designed to reduce roundoff: (1) the 
Krasun and Prager [3] replacement of the table of trapezoidal 
values T~ k with a table of rectangular values R,~; (2) the method 
proposed by Rutishauser [6] for the evaluation of the rectangular 
sums R0 k. Since neither of these modifications has been properly 
evaluated we have chosen to compare integral values returned 
by five variants of the Romberg algorithm: 

1. Conventional Romberg integration as described by Algo- 
rithm 60 

2. A Krasun and Prager modification of Algorithm 60 (T, ~ 
table replaced by R~ table) 

3. A Rutishauser modification of Algorithm 60 (T~ k table 
extrapolation with improved evaluation of the R0 ~) 

4. Modified Romberg integration as described by Algorithm 
351 (R~ table; improved R0 ~ evaluation) 

5. Algorithm 351 with the Rutishauser procedure replaced 
by the standard evaluation of the R~ (R~ table extrapolation) 

The following test integrals were investigated. 

f 
l . 1  

A.  x -~ dx, ~ = 3.0, 4.0, 5.0 
. 01  

f B. (1 -}- x") -I dz, ~ = 1.0, 4.0 

C. In x dx 

5 P 

D. J0 e -"~ dx 

Integral A was suggested by Thacher [7], Integral B by Rabi- 
newitz [51, Integral C by Hillstrom [2], and Integral D by Hill- 

strom and by Kubik [4]. All computation was carried out in CDC 
6400 single-precision floating-point arithmetic. Results were re- 
corded to 14 deci~nal digits. (CDC 6400 word length corresponds 
to 14-~ decimal digits.) The data obtained in this manner are 
summarized in Tables I-IV. 

For a specified order of extrapolation m, Algorithm 60 variants 
require 2" ~- 1 function evaluations and return T,, 0. Algorithm 
351 requires 2('~+~) "-5 1 function evaluations and returns T,, 1. 
Thus one cannot meaningfully compare integral values returned 
by the two algorithms for the same specified order. We have there- 
fore chosen to compare integral values resulting from the same 
number of function evaluations and have tabulated these data 
in terms of the Algorithm 60 order m. The corresponding specified 
order for Algorithm 351 variants is m -- 1. 

In each example considered, Algorithm 351 returns integral 
values for the optimum extrapolation order that are more accurate 
than the Algorithm 60 solutions by from one to two significant 
figures. There is, of course, no increase in the rate of convergence 
and little difference in solution accuracy for approximation 
orders less than that corresponding to the maximum attainable 
accuracy. If one were interested in, e.g. six or eight significant 
figure accuracy, either algorithm would be satisfactory. If ac- 
curacy requirements are not severe and one is satisfied with 
integral values correct to a number of significant figures less 
than half the computer word length, either algorithm may be used. 
If one seeks the maximum achievable accuracy, Algorithm 351 
is clearly the proper choice. 

Tables I-IV include data recorded when the order was over- 
specified, i.e. when m was greater than that required for optimum 
accuracy. For both algorithms the accuracy at first increases with 
increasing order. This continues until an optimum accuracy ob- 
tains. With Algorithm 60 a further increase in m results in a 
decline, at times rather rapid, in evaluation accuracy. With 
Algorithm 351 there is little loss in accuracy with increasing 
order. The accuracy decline rate is strongly retarded and in many 
cases practically eliminated. This is a very significant result. 

In routine use of the algorithms, the unwary may overestimate 
the order required for optimum convergence (Algorithm 60 termi- 
nates only when a specified order has been obtained) or may 
specify an accuracy criterion for termination that cannot be 
satisfied. With Algorithm 351 the only loss is that of computer 
time; with Algorithm 60 solution accuracy may be impaired. 

From the data presented in Tables I-IV we may determine the 
extent to which each of the procedural modifications contributes 
to the overall superiority of Algorithm 351. It  is immediately 
evident that the Krasun and Prager modification has little effect 
either on the accuracy of the algorithms or on the loss of accuracy 
as the optimum order is exceeded. Results obtained using this 
modification differ from those returned by Algorithm 60 by at most 
2 in the 14th figure. When the Rutishauser procedure is sub- 
tracted from Algorithm 351, the algorithm becomes, for all prac- 
tical purposes, equivalent in accuracy to Algorithm 60. This con- 
clnsion has been further supported by results obtained in the 
evaluation of eight additional test integrals selected from the 
literature. 

If, on the other hand, the Rutishauser procedure is added to 
Algorithm 60, the results obtained are essentially the same as 
those recorded for Algorithm 351. Clearly the Rutishauser modifi- 
cation is the dominant factor determining the superiority of 
Algorithm 351. 

The success of the Rutishauser modification tempts one to 
expand the procedure to include an additional summation level. 
Experiments with such expansions indicate that they may be of 
value where slow Romberg convergence requires the use of orders 
m > 1 3 .  

The following changes are suggested as possible improvements 
in the algorithm. The integration interval ( B - A )  is now com- 
puted K --b 2 times where K is the order of approximation on exit 
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TABLES. COMPARISONS OF ROMBERG METHOD VARIATIONS 

(KP = Krasun-Prager Modification; RUT = Rutishauser Modification; NSF = Number of Significant Figures) 

Variations Returning Tm° Variations Returning Tm x 

I Rom-] 
Variations Returning Tm° Variations Returning Tm 1 

I Alg orithm I Alg orithm I Algorithm 351 Algorithm 
Algorithm 60 60 60 I 

• ' ~  ~ Digits arS~'l~ ~r¢~ 

1.C 

4.¢ 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

4 
5 
6 
7 
8 
9 

10 
11 
12 

I .  IN THE EVALUATION OF I(a) = f~ (1 + Z") -1 dx 
I ( 1 )  = 0.69314 71805 59945; •(4)  : 0 . 8 6 6 9 7  29873 3991 

69314 74776 
69314 71819 
69314 71805 
69314 71805 
69314 71805 
69314 71805 
69314 71805 
69314 71805 
69314 71805 
69314 71805 

86697 29736 
86697 29872 
86697 29873 
86697 29873 
86697 29873 
86697 29873 
86697 29873 
86997 29873 
86697 29873 

4482 6 44821 6 4482 
167~ 8 16731 8 1673 
622~ i i  62281 II 9227 
599] 13 59921 13 5992 
5987 12 5988 12 5991 
5984 12 5984 12 5990 
5971' 12 59721 12 5980 
5951 12 5951 12 5988 
5906 11 5906 11 5991 
5822 11 5822[ 11 5987 

8070 7 80701 7 8070 
2539 9 2539 9 2539 
4009 12 4006 12 4007 
3983 12 3984 12 3987 
3977 12 3978 12 3986 
3963 12 39641 12 3985 
3939 11 39401 11 3985 
3890 11 3890 11 3984 
3787 11 3788 11 3983 

6 79014 8123 5 M23 
8 71830 7192 8 7192 

Ii  71805 6360 i i  ~360 
13 71805 5993 13 5992 
13 71805 5992 13 5988 
13 71305 5992 13 5984 
12 71805 5990 13 5972 
12 71805 5989 12 5951 
13 71805 5990 13 5906 
12 71805 5989 12 3822 

7 30046 3711 7 3711 
9 29872 1216 9 1216 

12 ~9873 4005 12 i003 
13 29873 39881 13 3984 
13 29873 3987 13 i3979 
12 ~9873 3986 13 3964 
12 ~9873 3985 12 3940 
12 ~9873 3986 13 3890 
12 29873 3985 12 3788 

5 
8 

11 
13 
12 
12 
12 
12 
11 
11 

7 
9 

12 
12 
12 
12 
11 
11 
11 

3.6 

4.C 

5.C 

Pl .1  
I I .  I N  T . E  EVALUATION OF I ( a )  : J . o ,  x - "  dx 

•(3) = 0.49995 86776 85950 X 10~; •(4) = 0.33333 30828 95066 X 10a; 

45604 1249 
88217 4010 
05996 3754 
86888 291~ 
86777 055~ 
86776 8061 
86776 7547 
86776 649~ 

76383 3712 
40891 0012 
86458 864~ 
31207 446( 
30829 805( 
30828 9178 
30828 8842 
30828 8163 

73076 7608 
17539 3846 
31264 6257 
01021 0524 
99985 6515 
99982 9053 
99982 8817 
99982 8379 

1(5) = 0.24999 99982 9247 X 10s 
2 1249 2 1255 2 19952 9475 
3 4010 3 4037 3 ]8324 8156 
5 3756 5 3313 5 )5997 5088 
7 2917 7 3041 7 ]6888 3087 

10 0553 i0 9814 10 ]6777 0815 
10 8076 10 8588 12 ~6776 8590 
10 754g 10 6585 12 ]6776 8587 
10 6496 10 8581 12 ]6776 8583 

1 3713 1 3717 1 ]3321 8573 
3 0011 3 ~028 3 11103 2353 
4 8642 4 8682 4 ~6461 5904 
7 4466 7 4547 7 ~1207 4679 
9 8056 9 8220 9 ]0829 8220 

11 9178 11 9508 13 ]0828 9509 
10 8843 10 9500 12 ]0828 9501 
10 8163 10 9497 12 ]0828 9499 

1 7608 1 7611 1 ~2577 2026 
2 3846 2 3857 2 17890 9312 
4 6257 4 6282 4 31270 0511 
6 0524 6 0576 6 ~1021 0887 
9 651~ 9 6621 9 99985 6622 

11 9053 11 9267 12 99982 9268 
11 881~ 11 9242 13 99982 9243 
I0 8386 I0 9241 12 99982 9242] 

8 50289 
9 50007 

10 49996 
11 49995 
12 49995 
13 49995 
14 49995 
15 49995 

8 33918 
9 33362 

10 33333 
11 33333 
]2 33333 
13 33333 
14 33333 
15 33333 

8 25979 
9 25058 

10 25001 
11 25000 
12 24999 
13 24999 
14 24999 
15 24999 

2 ~469 I 
3 ]128[ 
5 3029 I 
7 ]962[ 

10 )553 I 
12 ]070[ 
12 1549] 
12 1496 I 

1 ]568 
3 ]337 
4 3865 
7 1598 
9 ~056 

13 M78 
12 ~843 
12 M63 

1 ~023 
2 9300 
4 0486 
6 0835 
9 6516 

12 9054 
13 8818 
13 83801 

2 
3 
5 
7 

i0 
10 
10 
10 

1 
3 
4 
7 
9 

11 
10 
10 

1 
2 
4 
6 
9 

11 
11 
10 

f r o m  t h e  r o u t i n e •  W e  s u g g e s t  a n  i n i t i a l  d e f i n i t i o n  of a v a r i a b l e ,  
e .g .  S H  = ( B - - A )  a n d  t h  e r e p l a c e m e n t  of  ( B - - A )  b y  S H  i n  t h e s e  
s t a t e m e n t s  w h e r e  ( B - - A )  a p p e a r s .  I n i t i a l i z a t i o n  s h o u l d  a l s o  
i n c l u d e  a t e s t  t o  i n s u r e  t h a t  t h e  m a x i m u m  e x t r a p o l a t i o n  o r d e r  
M A X E  p e r m i t t e d  i s  l e s s  t h a n  or  e q u a l  t o  15 w i t h  a p o s s i b l e  r e -  
p l a c e m e n t  M A X E  = 15 i f  t h i s  c o n d i t i o n  i s  v i o l a t e d .  A l t e r n a t i v e l y ,  
o n e  c o u l d  r e p l a c e  t h e  s t a t e m e n t  D O  11 K = 1, M A X E  w i t h  
D O  l l K =  1, 15 a n d  t e s t  f o r  K < M A X E p r i o r  t o  e x e c u t i n g  
s t a t e m e n t  no .  11. T h e  G O  T O  3 s t a t e m e n t  f o l l o w i n g  s t a t e m e n t  
no .  1 s h o u l d  r e a d  G O  T O  4. I f  N < 32, N is  a l s o  _~ 512. 

U p o n  e x i t ,  t h e  i n p u t  p a r a m e t e r  M A X E  i s  a s s i g n e d  e i t h e r  t h e  
v a l u e  M A X E  = K ,  w h e r e  K i s  t h e  a p p r o x i m a t i o n  o r d e r ,  o r  
M A X E  = 0 i f  t h e  a c c u r a c y  c r i t e r i o n  h a s  n o t  b e e n  s a t i s f i e d .  W e  

Rom - Algorithm Algorithm 
Algorithm 60 gO 60 

I + I + RUN 

Digits 1-14 NSF " ~  NSF ~ NSF 

Algorithm Algorithm 351 351 
(KP + RUT) I (KP o~y) 

Digits NSFF 
6-14 

4 
5 
6 
7 
8 
9 

10 
11 
12 

= f : o  I I I .  IN THE EVALUATION OF ~" In  x dx = 
14.025 85092 99404 6 

14025 60234 7276 
14025 84455 4627 
14025 85085 2042 
14025 85092 9556 
14025 85092 9938 
14025 85092 9937 
14025 85092 9934 
14025 85092 9926 
14025 85092 9916 

5 7275 5 7275] 
6 46271 6 4627[ 
8 2043 8 2043 I 

11 9556 11 9556 I 
13 9938 13 9939 I 
13 9937 13 9940 I 
12 99341 12 9939 I 
12 9929 12 9939 
12 9916 12 9940 

60498 38851 5 3385 5 
84433 5675[ 6 56751 6 
85085 05051 8 0505[ 8 
85092 95521 11 9551[ 11 
85092 99391 13 99381 13 
85092 99401 14 9937 13 
85092 99401 14 9934] 12 
85092 9940 14 9929 12 
85092 9939 13 9916 12 

IV.  IN THE EVALUATION OF I = cajo e ~ 2  d x  = 
0.88622 69254 51396 

88622 59970 9402 
88622 69310 8538 
88622 69254 452g 
88522 69254 5117 
88622 69254 5093 
88622 69254 5053 
88622 69254 4974 

88622 99254 4801 
88622 69254 4463 
88522 69254 3801 

5 
7 

10 
12 
12 
11 
11 
11 
10 
I0 

90431 5 
85391 7 
45291 10 
51171 12 
50941 12 
50541 11 
49751 11 
48021 11 
44631 10 
38021 10 

9042 5 
8541 7 
4535 10 
5134 12 
5131 12 
5135 13 
5130 12 
5129 12 
5128 12 
5125 12 

59296 9073[ 
69308 5739 
69254 4570 ] 
69254 5135 
69254 5134 
69254 5134 
69254 5133 
69254 5131 
69254 5129 
69254 5t27 

9073 5 
57336 7 
4594 10 
5117 12 
5095 12 
5054 11 
4976 11 
4803 11 
4464 I0 
3803 10 

b e l i e v e  t h a t  i t  i s  p o o r  p r o g r a m m i n g  p r a c t i c e  t o  h a v e  a s u b r o u t i n e  
a l t e r  t h e  v a l u e  of  a n  i n p u t  p a r a m e t e r .  W e  s u g g e s t  t h e  a d d i t i o n  of  
a n  o u t p u t  p a r a m e t e r ,  e .g .  M F I N  = K w h i c h  r e t u r n s  t h e  o r d e r  
on  e x i t .  W h e r e  we  n o w  s e t  M A X E  = O, w e  c o u l d  s e t  M F I N  = 16. 

O n e  c a n  t e s t  a s  e a s i l y  f o r  M F I N  _< 15 a s  f o r  M A X B  = O. T h i s  
w o u l d  e l i m i n a t e  t h e  n e c e s s i t y  fo r  r e s e t t i n g  M A X E  e a c h  t i m e  t h e  
s u b r o u t i n e  i s  e n t e r e d .  I t  i s  a l s o  u s e f u l  t o  r e t u r n  t h e  f i na l  v a l u e  
of  t h e  a c c u r a c y  E R R .  I n  t h e  e v e n t  t h a t  M A X E  = O, one  c o u l d  

t e s t  E R R  t o  d e t e r m i n e  w h e t h e r  or  n o t  t h e  r e t u r n e d  i n t e g r a l  
v a l u e  f a l l s  w i t h i n  a c c e p t a b l e  l i m i t s .  

I n  p r a c t i c a l  a p p l i c a t i o n s  w e  p r e f e r  t o  e x p r e s s  t h e  p r o c e d u r e  
a s  a f u n c t i o n  s u b p r o g r a m  a n d  to  a d d  t h e  n a m e  of  t h e  g e n e r a t i n g  

f u n c t i o n  F t o  t h e  a r g u m e n t  l i s t .  W e  a l so  c o n s i d e r  a t e s t  f o r  r e l a -  
t i v e  e r r o r  r a t h e r  t h a n  a b s o l u t e  e r r o r  t o  b e  m o r e  u s e f u l  i n  r o u t i n e  

u s e  of  t h e  a l g o r i t h m .  
T h e  a u t h o r  w i s h e s  t o  t h a n k  t h e  M o b i l  R e s e a r c h  a n d  D e v e l o p -  

m e n t  C o r p o r a t i o n  fo r  p e r m i s s i o n  t o  p u b l i s h  t h i s  i n f o r m a t i o n .  
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REMARK ON ALGORITHM 361 [G6] 
PERMANENT FUNCTION OF A SQUARE MATRIX 

I AND II [Bruce Shriver, P. J. Eberlein, and R. D. 
Dixon, Comm. ACM 12 (Nov. 1969), 634] 

BRUCE SHRIVER, P. J. EBERLEIN, .AND R. D. D ixon  
(Recd. 22 Jan. 1970) 

State University of New York at Buffalo, Amherst, NY 
14226 

K E Y  WORDS AND P H R A S E S :  matr ix ,  pe rmanen t ,  de termi-  
n a n t  
CR C A T E G O R I E S :  5.30 

L :  

q : = q q - 1 ;  
outinteger (1, q); 
for  i := m -- 1 s t e p  --1 u n t i l  0 do  outinteger (1, c[m--i]); 
for i :~- n -- 1 s t e p  --1 u n t i l  0 do  outinteger (1, bin- i]);  
TWIDDLE (x, y, z, done, p);  
i f  --1 done t h e n  
b e g i n  

c[z] := a[x]; b[x] :=  1; b[y] := 0; go t o L  
e n d  

e n d  of dr iver  program 

The  au thors  would like to cite the  following mispr in t s  in  the  
above two a lgor i thms:  
(A) In  procedure perl(A,  n) .. 

(1) in  l ine 43, the  var iable  name pira should  be pera 
(2) in l ine 44, the  var iable  name per should  be perl. 

(]3) In  procedure per2(A, n) 
(1) in l ine 47, the  var iable  name per should  be per2. 

REMARK ON ALGORITHM 383 [G6] 
PERMUTATIONS OF A SET WITH 

REPETITIONS [Phillip J. Chase, Comm. ACM 13 
(June 1970), 368] 

PmLHP J. CHASE (Recd. 4 Aug. 1969 and 13 Feb. 1970) 
Department of Defense, Fort Meade, MD 20755 
K E Y  WORDS AND P H R A S E S :  pe rmuta t ions  and  combina-  
t ions,  pe rmuta t ions  
CR C A T E G O R I E S :  5.39 

REMARK ON ALGORITHM 382 [G6] 
COMBINATIONS OF M OUT OF N OBJECTS 

[Phillip J. Chase, Comm. ACM  13 (June 1970), 368] 
PHILLIP J. CHASE (Recd. 18 Mar. 1969 and 31 Oct. 

1969) 
Department of Defense, Fort Meade, MD 20755 
K E Y  WORDS AND P H R A S E S :  pe rmuta t ions  and combina-  

t ions,  pe rmuta t ions  
CR C A T E G O R I E S :  5.39 

The  following dr iver  program i l lus t ra tes  the  use of Algor i thm 
382. 
b e g i n  i n t e g e r  m, n, i, x, y, z, q, r; B o o l e a n  done; 

i n t e g e r  array  a, b, c[1:30], p[0:31]; 
p r o c e d u r e  TWIDDLE (x, y, z, done, p);  
c o m m e n t  Body  of TWIDDLE is to be inser ted  here;  
c o m m e n t  TWIDDLE is here used to genera te :  (1) all combi- 

na t ions  e l l :m] of a [ l :n ] .  Here we take a[i] equal  to i, each i. 
(2) all sequences b[ l :n]  consist ing of m l ' s  and  (n--m) O's. 
The  user mus t  supply  m and n such t h a t  0 < m < n and 1 _< n. 
(Our declara t ions  here require  n < 30.); 

inin~eger (2, m) ; ininteger (2, n) ; 
for  i :=  n s t e p  --1 u n t i l  1 do  a[i] := i; 
c o m m e n t  We init ial ize the  pa ramete r s  p and  done of 

TWIDDLE as follows; 
r : =  n - -  m ;  

for  i :=  r s t e p  --1 u n t i l  1 do  pill :=  0; 
for  i :=  m s t e p  --1 u n t i l  1 do  p[r~i] := i; 
p[0] :=  n ~ 1; p i n . l ]  := - -2;  done := f a l s e ;  
i f  m = 0 t h e n  p i l l  :=  1; 
c o m m e n t  We ini t ial ize e[ l :m];  
for  i :=  m s t e p  --1 u n t i l  1 do  c[i] :=  a i r . i ] ;  
c o m m e n t  Next  we ini t ial ize b[ l :n] ;  
for  i :=  m s t e p  --1 u n t i l  1 do  b [ r ~ i ]  :=  1; 
for  i :=  r s t e p  --1 u n t i l  1 do  bill := 0; 
c o m m e n t  Now we generate  and  o u t p u t  our successive com- 

b ina t ions  and  sequences;  
q := O; 

The  following dr iver  program i l lus t ra tes  the  use of Algor i thm 
383. 
b e g i n  i n t e g e r  x, y, k, u, J, Q, I, L; B o o l e a n  done; 

i n t e g e r  array  p[0:31], A, C, NIl :30] ;  
p r o c e d u r e  E X T E N D E D  TWIDDLE (x, y, k, u, done, p);  
c o m m e n t  Body  of E X T E N D E D  TWIDDLE is to be inser ted  

here;  
c o m m e n t  P rog ram uses E X T E N D E D  TWIDDLE in  genera t -  

ing all pe rmuta t ions  of C[I] numbers  equal  to N[I] (I= 1 to J ) .  
They  are successively s tored in A and  ou tpu t .  The  user mus t  
supply:  1. J (indexing above requires J_<30); 2. C[I] ( I= l  to  
J ) ,  each > 1 (indexing above requires  C[1]-k . . .~C[J]_<30) ;  
3. N[I] ( I = 1  to J ) ,  d is t inc t  numbers  (declarat ions above 
requires in teger  type) ;  

ininteger (2, J )  ; 
for  I :=  1 s t e p  1 u n t i l  J do 
b e g i n  ininteger (2, C[I]); ininteger (2, N[I]) e n d ;  
c o m m e n t  The  a r ray  A is ini t ial ized;  
L : = I ;  
for I := 1 s t e p  1 u n t i l  J do  
for Q := C[I] s t e p  - 1  u n t i l  1 do  
b e g i n  A[L] := NIl];  L := L - ~  l e n d ;  
c o m m e n t  E X T E N D E D  TWIDDLE is ini t ia l ized;  
L : = I ;  
for I := 1 s t ep  1 u n t i l  J do  
for  Q := C[I] s t e p  - 1  u n t i l  1 do  
b e g i n  p[L] := J - -  I ~  I; L := L - ~  l e n d ;  
p[0] :=  piLl := Y + 1; 
done :=  fa l se ;  
k := J; u := L; 
c o m m e n t  P e r m u t a t i o n s  are successively genera ted  and 

ou tpu t ;  
Q : = 0 ;  L : = u - 1 ;  

L1 : 
Q : = Q + I ;  
outinteger (1, Q) ; 
for I :=  u - 2 s t e p  - 1  i n t i l  0 do  outinteger (1, AlL--I]);  
E X T E N D E D  TWIDDLE (x, y, k, u, done, p);  
I :=  A[x]; A[x] :=  A[y]; A[y] := I; 
i f  --1 done t h e n  go to  L1 

e n d  of driver program 
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