University of Edinburgh

A Model of Register Transfer Systems
with Applications to
Microcode and VLSI correctness
by
Mike Gordon

CSR- 82-81

March, 1981
Revised May, 1982

Internal Report

James Clerk Maxwell Building,
The King’s Buildings,
o Mayfield Road,
i Edinburgh,
; EH9 3JZ.




Corrected version of Department of Computer Science Internal Report CSR-82-8L,
University of Edinburgh.

A MODEL OF REGISTER TRANSFER SYSTEMS
WITH APPLICATIONS TO
MICPOCODE AND VLSTI CORRECINESS

Mike Gordon

Computer Laboratory, University of Cambridge

Corn Exchange Street, Cambridge CB2 30G, UK

Abstract

In this paper we describe and illustrate a simple semantic model of register
transfer systems - i.e. systems built by connecting together storage devices

like registers and memories via combinational circuits like gates and arith-
metic units. The goal is to develop an elegant and efficient framework in
which to conduct correctness proofs. After explaining the model we illus~
trate our methods by presenting two case studies. In the first of these we
completely specify a small general purpose computer, and then prove correct

a microcoded implementation. This involves showing that the signals gener-
ated by rhe microprogrammed controller cause register transfers in the host
which correctly fetch, decode and execute machine instructions; and also

that the control unit correctly interprets and sequences microinstructions
according to the microcode semantics. In the second case study we go down

a level and verify nMOS implementations of devices like those used to build
the computer. Starting from four primitives - gates, joins, pullups and
ground - we first implement and verify not and nor elements. Using these we
then specify, implement and verify a stackcell and controller taken from Mead
and Conway's book "Introduction to VISI Systems". In both case studies the
proofs are highly structured. For example, in the nMOS study the stack con-~
troller is expressed as the composition of two subsystems and a clock, and its
correctness follows from the correctness of the subsystems; the correctness
of these, in turn, follows from the correctness of their immediate constituents
(not and nor elements). It is not necessary to flatten down to the gate level
and hence proofs do not explode in size.

N.B. I would be very grateful for any comments and advice on the work
reported here. Please write to me at the Computer Laboratory, Cambridge.




Introductory Overview

A typical register transfer system is showm in Fig.I
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The camplete system COUNT(n) is camposed out of three camonents MUX, REG(n)
and INC. MUX and INC are carbinational devices; the value on the cutput
line is a function of the values on the input lines. We abstract away from
the finite delay present in practice. The value on the output line 11 of
MUX is either the value on the input line in, if true is the value on the
input line switeh, or it is the value on the input line out if false is the
value on switech. The value on the output line out of INC is one plus the
value on its input line 12.

REG(n) is a sequential device. It behaves like a state machine which
changes state when signalled to do so by the clock. In a state in which
the device is storing the value »n it outputs n on to the output line 12;
when the system is clocked the value on the input line 71 is stored, over-
writing the previous value.

Suppose we put true on line switch and 0 on line <n, then 6 will be on line
11 and so if we clock the system 0 will be stored in the register. We
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express this by saying COUNT(n) becomes COUNT(6). If we now put false

on line switeh then the value on 711 will be the value an out which is ane
plus the value on 12 which is the value stored = i.e. we will have 0,1,1 on
lines 12,out and 11 respectively. Thus if we clock the system it becames
COUNT(1). Clearly, successively clocking the system whilst keeving false
on line switeh will cause the system to became COUNT(2) ,COUNT(3) -

In this paper we explain a notation for representing and verifying both
specifications and implementations of register transfer systems. This
notation is based on the A-calculus and is interpreted within the theory of
domains developed by Dana Scott [11]. However, to make what follows
accessible to as wide an audience as possible, we do not assume knowledge
of this theory. In the next section we explain everything that we need.

Technical Preliminaries

{z|...x...} denote the set of all « such that ...z... is true; {}
denotes the empty set; SuS’, SnS’' and S§-S' denote respectively the
unicn, intersection and differerice of the sets S and S’ ; xeS means
z is a member of S. )

If f:5+5' is a function and x ¢ S then we write either fx or f(x) for the
result of applying f to . If f:S+S' .and f:S'>S" then f'e f:5+5" is
the functional camposition of f and f' defined by (f’e f)(x) = f'(f(x)).

If S and S’ are sets then Sx S’ is the set of ordered pairs {(x,y) |zeS , yeS'}.
The functions fst:(SxS')+S and snd: (SxS?)+S' are defined by:

fst(z,y) = =
snd(z,y) =y

The set of all functions fram S to S’ is denoted by S+S', thus f:S+>S’ is
equivalent to fe (S+S'). We abbreviate Sl-»(Sz-»... »(Sn-»S)...) by
Sl->32+... ->Sn->S - i.e. - associates to the right. If f:Sl—>52->...-> Sn-> S
anda:iesi (for 1 <7 <n) then fxle...xn abbreviates ((..((le)a:z)....)acn) -
i.e. function application association to the left.
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We denote the set of integers by Int and assure the usual operations over
them. The set {¢rue, falsel of truth values, or booleans, is denoted by
Bool. The unary operation < and binary operations A and ¥ denote negation
(not) , conjunction (and) and disjunction (or) respectively. We shall
sametimes use I instead of true and 0 instead of false; it should be
clear from context when 0,1 denote integers and when they denote booleans.

If £ is same expression which takes values in a set S' whenever z takes
Values in a set S.then )x.E denotes the function f:5+5' defined by
f(x)=E, For exarple, Ax.:c2+1 denotes the function which maps a number

to the successor of its square. Such function denoting expressions are
called A\-expressions. In Mz.E we call =z the bound variable, and E
the body. Note that renaming the bound variable of a A-expression does not
alter its meaning; for example, )\:c.a:2+1 and ).n.n2+1 both denote the
same function.

We sometimes denote pairs (z,y) by just z,y - i.e. we amit the brackets.
An expression of the form Xx.E,E' means Az.(E,E') not (\z.E),E’.

If E is an expression which takes values in §' whenever z, ‘takes a
value in a set S; (for 1<Z<n), then k(:cl,...,a:n).E' denotes the function
f:(8, x5gp% .. XSn) +S5' defined by f(zl,...,xn)= E and Az Ty oo B
denotes the function f’:Sl ->SZ->... ->Sn+S defined by fxl:cz...:cnz E. For
example, A(z,y) x+y denotes the addition function add:(Int* Int) - Int
defined by add(z,ytszty, and Xry.xz+y denotes the 'curried' addition
function adde:Int +(Int +Int) defined by adde(x) =\y.z+y or equivalently
adde x y =x+y. Note that the result of applying adde to an integer is

a function -~ for example, adde 1 is the successor function.

If Tpseees®, —aTE distinct variables and E,E
let {xl = 1,...,:cnf= En} in E

denotes the value of E when each ©; denotes the value of Ei' For

example, “let{x=1, y=2} in z+" denotes 3. The expression

"let{x; =E;,...,x =E } in E" jis equivalent to (but often more readable

than) ()\(xl,.;.,acn).E')(E’l,...,E'n).

1,..._,E'n are expressions then

We shall often want to define functions recursively, for example.
factorial (n) = if n=0 then I else n x factorial (n-1)

such ‘definitions’ do not obviously make sense because the thing they

purport ‘to define (e.g. the factorial function) is assumed to exist by
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the defining expression. We shall give meaning, to these definitidws via
the theory of least fixed points: According to this theory, recursive
definitions are equaticns (analogous to z=%(x+1)) which are taken to
define their solutions (just as z=%(x>+1) defines z to be 1).
Unfortunately solutions to recursive fumction equations may either not
exist - for example, there is noe f:Int-+>Int such that f(z) = f(x)+1 -
or may exist,but not be unique;for example, every f:Int-+Int satisfies
F(z)=f(x). The theory of least fixed points solves these problems by
imposing an ordering on functions in such a way that every ‘well formed®
recursive definition has a least solution. To define this ordering it

is required that the ranges of functions be damains = i.e. ordered sets
containing a least member 1 and for which every ascending chain has a
least upper bound. We shall not assume the reader is familiar with the
theory of damains and least fixed points. All that is needed to understand
what follows is a willingness to accept recursive definitions as unproblema-
tical. Such definitions can be thought of intuitively as defining the
function that would be camputed if they were expressed in a programuing
language such as LISP. The interpretation of the undefined element 1
is as the 'result' retumned by a finction when applied to an argument

on which it does not terminate. For example if we define f(z) = f(z)+1
then this defines f(x)= 1 for all z. For this to work we must make
Int into a damain by adding L to it.

As well as recursively defined functions we will also need recursively
defined damains. More specifically if D and D' are given damains
we will use the domain B defined by B =D>(D'xB) - much of the next
section is concerned with motivating this. Technically such damain equa-
tions are solved using a beautiful theory developed by Dana Scott [11) =
a theory that we do not assume the reader is familiar with. Intuitively
- damains can be thought of as data types, and then recursive damain
equations can be thought of as recursive data type definitions. 2s a
first glimpse of how we shall use the recursively defined domain B to
model register transfer systems, note that if feB, then as
B=D>(D'xB), wehave f:D~(D'xB) and hence (fst o f):D+D'" and
(¢2d o f):D> B. If we think of B as the set of states of a sequential
machine with input alphabet D and output alphabet D' then (fst o f)
will turn out to be the output function and (snd o f) the next-state
function. This should become clear later, but first we must continue
with the technical preliminaries.
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Because of our policy of trying to make this paper accessible to readers
not familiar with the theory of domains, we shall amit all proofs which
require appeal to this theory. In fact there is absolutely nothing of
intrinsic mathematical interest in what follows, and all the amitted
proofs are routine applications of standard techniques, although same
of them are rather tedious. We shall also sametimes avoid discussing
technicalities which arise from the use of damains rather than sets.
For instance we will gloss over cantinuity questions, and the handling

of 1 in our examples. Readers familiar with the necessary theory should

easily be able to supply the missing details.

We assume that both Int and Bool are flat damains (and hence contain 1),
and that the standard operations (=, #,-,%,<,>,1,4,V etc.} are extended to

If D is any domain then the conditional function condD:BaoZe- (DxD)~+D
is defined by:
x if t = true
cqndD t (z,y) =ly if ¢ = false
L if ¢t =1 .
Becduse we use conditionals so much we introduce the spscial notation
(t+xz,y) (due to McCarthy) for condD t (z,y). We also write:
(tl -»:cl,tz +:c2,...,tn-rxn)
to mean (tl E s (t2 TLgs (...,(tn->zn,1.)....))). The value of this expres-
sion is z; if ti#rue and for all j <i,tj=false, and is 1 otherwise.

Iif Tyseee,®, are distinct variables and E"Ez"""En are expressions
thens

letrec {:c1=E'1,...,zn=En} in
denotes the value of E when each Tyseces®, is defined mtually
recursively by the equations a:1=E'1,. ..,:cn=En. The difference betwesn
this and

let {zl=E'1,..._,xn=En} in E
is that in the formmer any occurrence of x, in an E, (where j§ may,
or may not, equal ¢} is interpreted recursively as referring to Ei’
vhereas in the latter such mi's are assumed to be defined in the
enclosing context, and are interpreted with respect to this. For example:

let {y=1}

in letrec {z=y+1,y=2}

in (z,y)
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denotes the pair (3,2), wheress::

let {y=1}

in let {x=y+1,y=2}

in (z,y)
denotes the pair (2,2). BAs another example:

let {f=)z.0}

in letrec {f=\z.(z=0+1, zx fl(z~1))} -

in f(6)
denotes 6!=720, whereas:

let {f=xz.0}

in let {f=\z.(z=0+1, = xf(x-1))}

in f£(6)
denotes 6 x((\x.0X5))=6 x 0=0. In the former case the cccurrence of f in
the right hand side of the egquation is interpreted xecursively. In the
latter case it is interpreted in the enclosing context vhere it is defined
to be (Ax.0).

In expressions:
let {x1=El,..._,xn=En} in E
and
letrec {x1=E’1_,...,x;—; E'n} in E
if any of the E, have the form Az.E, ! then we may write :ci(ar)=E'i’
instead of :ci=lx.E'i' For example:
let {f(z)=0}
in letrec {f(£)=(x=0~+1, = x f(z=1))}
in f(6)
This concludes the necessary preliminaries; we can now proceed to our model.

The Model

The semantics of a cambinaticnal device will be represented by a function
from signals to signals, where a signal is just a function fram lines to
values. Assume we are given a set Line of lines, and a domain Val of
values; variables ranging over Line will be written in small italics

(e.g. in, switch, 12). For simplicity we shall assume all lines carry
values drawn from a single domain - namely Val. More generally lines could
be typed and only carry values of their associated types. For example, in
the system. of Fig. 1 the line switch carries values from Bool, whilst all
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other lines carry values fram Int. We shall assume Vgl contains all the
values we need (e.g. integers and truthvalues). The theory that follows
routinely extends to encampass differently typed lines.

Definition 1

If X is a non-empty subset of Lirie then the damain Sig(X] is the set
{fif:X+Val} with the pointwise ordering. Sig[{}] is the cne element
damain, and Sig=Sig(Linel. Members of Sig[X] are called signals.

We use the notation {3:1=E'1,...,xn=En} to denote the signal

Se Sig[{ml,. . ._.a:n}] defined by s(a:i)=E’7_. for 1<Zsn.

We also use the notation A{xlwl,...,xnwn}./?, vwvhere E 1is an expression
taking values in D, to denote the function f:Sig[{a:l,. ..,xn}] +D
defined bys
fs)= let {v1=s(a:1),...,vn=s(xn)} in E
A very canvenient abbreviation of this notation is to write )‘{xl,...,a:n}.E'
‘ for A{xl:cl,...,xnmn}.E. In this case we are using the same name for a
| line and for the variable associated with it to which the incaming value
is bound.

Example 1

The carbinational behaviour of the device INC of Fig. 1 is:
rMi2=v}. {out=v+1}

or, equivalently:
A{Z2}. {out=12+1}

The ocombinational behaviour of MUX of Fig. 1 is:
Mswiteh,in,out}. {L1=(switch +in,out) }

In general the cambinational behaviour of a device whose set of input
lines is X and set of output lines is Y is a function fram SiglX] to
Siglyl.

Definition 2

The domain  Com[X;Y] of cambinational behaviours from ¥ to Y is
defined by:

ComlX;Y 1= SiglX1+Sig (Y]
The semantics of a sequential device with set of input lines X and set of
output lines Y is a mamber of Seq[X;Y] where:




Definition 3
The damain SeqlX;Y] of sequential behaviours from X to Y is defined to be
the least solution of the damain equation:

SeqlX;Y]=(Siglx] + (5iglY¥1 = SeqlX;¥1))

The idea of sequential behaviours is that a device with semantics
f e Seql¥;Y] acts like a carbinational device with beshaviour
(fst o f) e Com[X;¥] until it is clocked, whereupon it changes behaviour to
(snd (fs)) « SeqlX;¥1, where s ¢ SiglX] is the input signal when the clocking
occurs.
To further motivate sequential behaviours consider the seguential
machines

M =(511P outM,nea:tM)

where SM is the set of states

and out :Sig[X] xS -?Sig[}’] is the output function
and nexty, Sv.g[X]xS ->S is the next-state functian.

In a state z ¢ S this machine acts like a cambinational device with behaviour
As.outM(S,x) On being clocked with input signal s it moves to state next y(S:%)
The sequential behaviour corresponding to machine M is given by the function
35[M]:SM->Seq[X,'Y] defined recursively bys

BIMIz = As. (outM(s,x),.‘B[M] (nea:tM(s,x))/‘
The behaviour of M in state x is B(Mlz. This relationship between sequential
machines and members of the recursively defined domain Seq(X;Y] derives from
Milner's early theory of processes [7]. For further details of the connection
see [5].

Example 2
The register REG(n) of Fig.I is modelled as a member of Seql{11};{12}] by the
definition:
REG(n) =A{11=v}.({12=n},REG(v))
which is equivalent to the more concise:

REG(n) = A{11}.{12=n},REG(L1)

|



This corresponds to the machine (Int,out,next) vhere;
out({li=nl,n')={12=n'}

next ({1l =n},n’) =n

At this point the reader might wander why we use sequential behaviours
at all - why not just work with machines? There are two main reasons:
| (1), when writing specifications it is often natural just to give a desired
| behaviour, having to give a machine realising this behaviour would lead to
overspecification, and (2), if we worked with machines we would have to
define same notion of simulation to express what it means for an implementing
machine to correctly meet a specification. Such a notion of simulation would
be essentially equivalent to equality of behaviour, and we feel that working
directly with behaviours (rather than equivalence classes of machines under
| similation) leads to a cleaner,more algebraic theory. 1In fact, at various
times during the development of our model, we have tried to eliminate behaviours
in favour of machines,in order to avoid having to use the recursive domain
equation which defines Seq[X;Y]. We have never succeeded; considerations of
elegance and manipulative simplicity have always driven us back to the more
‘ abstract notion of behaviour. We hope the two case studies at the end of this
: paper will justify these remarks.

| Eram the informal description we gave of COUNT(n) of Fig.I we see that its
| ‘ behaviour is given by:
i

COUNT (n) =M switch,in}. {out =n +1}, COUNT (switch +in, n+1}

Fig. II. Behaviour of COUNT(n)

We now show how to write down an expressicn representing the combination of the
camponents MUX, ‘REG(n) and INC corresponding to Fig. I. We can then prove
that this expression denotes the behaviour COUNT(n) defined directly above.
This will illustrate (albeit on a completely trivial example) the way we intend
* to verlfy register transfer systems: we write down an expression corresponding
| to the structure of the system being verified, and then show that this has the
‘ desired behaviour.

For much of what follows it is convenient to regard cambinational devices as
degenerate sequential devices - namely sequential devices which never change state.
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Definition
If feComlX;¥Y] define seq(f) e Seql¥X:Y] recursively by:
seq(f)=xrs.(f(s),seq(f))

Thus the corbinational component of the sequential behaviour seq (f) is
always the same - namely f.

Example 3

The carbinational behaviour of the device INC of Fig.I is Mi2}.{out=12 +1}.
The sequential behaviour of it is seq(r{12}. {out =12 +1}) which is equal

to INC e Seql{12};{out}] defined recursively by:

e =A{12}. {lout =12 + 1}, INC

We can now define all three companents of the device shown in Fig.I as
sequential behaviourss

| MUX = Mswiteh,in,out}. {11 = (switch »in,out)}, MUX

REG(n) = AM{11},{12=n},REG(11)

INC

AM12}. {out =12 +1},INC

Fig.TII. Behaviour of the cawponents of COUNT (n)

Fram these definitions we see that:

MUX ¢ Seql{switch,in,out};{11}]
REG(n) « SeqC{11};{12}]

INC e SeqU{12};{out}]

In order to join these three components together to get the device
portrayed in Fig.I we must do two things:
(1) connect together output lines to input lines with the same name,
(ii) hide the internal lines (out is an output line of the cawposite
device, but neither 11 nor 12 are).
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To model (1) we will define for behaviours fl,;..,fn a camposition
T fz Jeool fn]] which is the behaviour cbtained by joining all output
lines of fl""’fn to input lines with the same name. For example
if f and s’ are the behaviours of the devices DEV and DEV' shown
below

21 11 12 72
v N i L
DEV DEV’

1" ¥ )
ol 12 11 a2

Fig. IV

Then [ FIf'D is the behavicur of

71 z2

L_m
DEV DEV '

| |

a 12 11 o2

The output lines of [ fif'll are just the output lines of f and f',
whilst the input lines are those input lines which are not output lines
as well.

If fre Seq[Xi;Yi] then f; loos Int] is only defined when Yl,..a,Yn
are pairwise disjoint. This is because the semantics of joining two lines
depends on what one is modelling. For example, if lines represent wires
carrying truthvalues then a join could either be disjuncticn or conjunction
depending an whether cne was modelling positive or negative logic. Thus
instead of allowing: ‘
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we force one to explicitly represent the join with a device; for example,
bys

J b

OR or AND

+ }

we thus avoid building a fixed meaning of joining into the model.

In our case study on nMOS algorithms we will use a join which is an
extended disjunction - extended because it has to cope with a special
value representing 'floating’. In cantrast to the situation with out-
put lines we do allow devices to share input lines. For example:

—
ko R

L i

A value on a line which forks is just duplicated on to the two outgoing
lines.

In sumary if f'i sSeq[Xi;Yi] and Y ,...,.Yn are pairwise disjoint then
we shall define [ f;l...1f, T «SeqlyX; = Y75 v¥;]

To model the hiding of internal lines ((.ii) above), we shall define for
each lelLine a restriction operator \1:Seq[X;Y1-SeqlX;¥Y-{1}]. Thus
if f and f' represent the behaviour of the devices in Fig. IV, then
Cflf"D\l1 is the behaviour of:

z1 : 2
L
DEV DEV'

ol 12 02
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and I FIF'TI\LI\L2 is the behaviour of:

1 2
L
DEV DEV'

; g

'Ihus_ we haves

L rlf'D eSeql{dl, i2};{e1,02,11,12}1

C.rIFf T\l e Seql{£1,72};{01,02,12}]

I FIF'TNLINL2 € Seql {21, 22};{01,02}] .
Before defining the exact meaning of composition and restriction in our
model we need same definitions.

Definition 4
If secSiglx] and s'eSiglx'] then s[s'leSiglXuX'l is defined by:

s’z if xzeX’
sls')(x)=
sx otherwise

and if XnX' = {} we define s.s'c SiglXuXx'] by:
s’z if xeX’
8.8 (x)=
s if xeX

Intuitively s[s’] is the signal obtained by °‘updating' s with the
values specified by s’, and s.s’ is the 'concatenation' of s and

s'. It is convenient to have separate notations for these two conceptually
distinct operations, although mathematically they are rather similar.

Definition 5

If eeSiglx] and X'clLine then s4X'eSiglXnXx'] is the restricticn
of 8 to X'.

Definition 6

If fieCam[Xi;Yil (I1s<s#n) and Yl,...,Yn are pairwise disjoint then
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define fli...lfneComtz Xz ; uYi] by

(fyleee 1 )e = (fl(sul)).....(fn(sun))
The expression f1|... If,, corresponds to putting fl"'"’fn side by side
but not joining any lines. For example, if f and f' are the behaviours
of the devices in Fig. IV then fIf’eSeql{Z1,11,22,722};{01,12,11,02}]1 1is
the behaviour of the Jevice cbtained by regarding the two devices in Fig.
IV as one.

If f is a cambinational behaviour then Defini-ion 7 below defines ([If1]
0 be the behaviour cbtained by joining input lines of f to output lines
with the same name.

For example, if f is the behaviour of:
1

o 1

then [f0 would be the behaviour of:

Z

3

v
o 1

and so [Of0\7 would be the behaviour of

Z

Definition 7
If feCom(X;¥Y] define ([If TeComlX-Y;¥Y] recursively by:
[ fi.s = f(sL Tf Teilx)
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Cambining Definition 6 and Definition 7 we see that for cambinational behaviours
we have defined !Ifll... Ifn]] . We shall extend the definitions to the
sequential case shortly, but first we stite a lemma which helps to show

that it works. In order to state this, and succeeding lemmas, we will
abhreviate signal expressions of the form (= =E'1,...,:c =E' } by

{«=F lx ¢ x)} where it is understood that X—{:cl,..._,:c } and E’ “E;e

This way of dencting signal exoressions enables us to succinctly"descr:.be
various expression manipulation laws. For example, we can express the

fact that if s={:c1=E'1, .o ._,mm=E'm} and s ’.—*’-{.rl f=E’1 L T, ;=E’n '} then

s.s'={a:1=E’1,...,:c =F T '=-E'1 ',..._,:cn'= '} by the law:

1
{a:—E |z e X} {x= E, lze X'}={x= E, leeXuX’ if X aX'=(}

It is such laws vhich give our model manipulative fluency and enable us
to perform proofs by simple calculations.

We will also abbreviate expressians of the form x{x seeesT, }.E by
Mz|z e X}.E where X—{xl,...,x 1. These abbrev:.atlcns are, I hope, harder
to explain than to understand!

Lemma 1: The Cambinational Camposition Lemma

[[X{zlxeXZ}.{y=E'y|ye.Y1}|... ]A{xlzeXn}.{yiylern}:ﬂ
= Uy .«U .
Alzlx e ixi 7:Yi}
= Ux.n Yy,
letrec {y E'ylye ith 1211,}

i =] y
in {y—E'ylye iyi}

Example 4

Suppose the behaviour of the devices shown in Fig. IV are:
f=Mi1,11} {o1=F (111, 12=F, (1)}
f'=k{i2,12}.{02=F %<2, L1=F, (221}

where FisFo,F, ,F s Val >Val, We might diagram this by drawing the two
devices as: ’
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21 11 12 8
f ) f -
v L 4
11 o2

Then by the Carbinational Campositicn Lemmas

CrlF D =r{:1,32}.
letrec {11=F,"(12), 12F,(i1)}

in {01=F1(Zl), 12=F2(i2), ZI=F2'(ZZ), oz’=F1 r(<2)}

=2{<1,72}. {01=F1(F2'(F2i 2), 12=F2(13 2, Zl=F2'(F2i2), 02=F, 10£2)}

Thus OfFIf'D is the behaviour of:

21 V]
z' ¢
By
FZ' Fl'
Fl

\L \L ‘{ ‘L
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Definition 8

If feComlX.¥Y]l and Leline gefine AL e ComlX;7-{2}] bys
(AL)s=(fs)iy-{1}

If I=0i1,...,In} we write f\E=A\LI 12...ln=p\L1\12...\In.

Lemma 2 below shows, among other things, that the order in which one

cambines devices, and the way cne chooses to group them, does not effect
the behaviour.

Lemma 2

If feClom[X;Y], fi € Com[Xi;Yi](l <isn) and Yl, .o .,Yn are pairwise
disjoint then:

1. If XnY={} then r=0Crfn

2. If 1¢XnY then CAID=0fI\L

3. flfll...lfn=fl(fll...Ifn)

L LLELLE!

5. ) (FlFg=(r,15 )15,
The cambinational camposition thearem below shows the combined effect of
camposition and restriction.

Theorem 1: The Cambinaticnal Camposition Theorem

ﬂ:A{a:lxeXl}.{y=Enye.Yl}I... IA{a:lxeXn}.{y=E'ylern}]] \L
= Ux .-y
AMzlz e 31X, ii'i}.
= Y]
letrec {y—E'ylye X n z.Yi}

in {y=Eny € lé.Yi‘L}

Example 5
If f and f' are as in Example 4 then:

CFIF INLL 22
=2{21,22}.
letrec {11=F2'(12), 12=F,(2)}

in {01=F1 (12), 02=f1 '(z2)}

=Mil, 2} {o1=F, (F, '(Fyi1)), 02=F,"(i2)}

which is the behaviour of:
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1 ] -
F
,
7 ?
Fy 7
Py
wL «

ol 02

We now extend the definitions of composition and restriction to sequential

behaviours.

Definition 9

If feSeq [X;Y1, fi € Seq[Xi_;.Yi], leLine and Yl, oo .,Yn are pairwise
disjoint, then define:

If0 e Seq[X—.Y_;,Y]
Ale SeqlX;¥-{1}]

f1|'*‘ Ifnéseq[ %X‘l:’.‘%yi]

Cf1
Al
fl"" lfn = )\s.let{31=s1X1,...,sn=s1Xn}

As. let {s'={fstoflis}l in (s', Csnd(f(sls'14x)1T)

Ae. (fst(fe)4Y-{1}, (snd(f s)N\V)

m(fst(flsl). e .fst(fnsn), snd(flsl) loes ]snd‘(fnsn))

where the occurrence of [fst o fII in the definition of [IfIl is as
defined in Definition 7. Lemma 2 can now be extended to sequential

behaviours.
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Lemma 3

If feSeql¥:¥l, fieSeq[Xi,'Yi](lsisn) and Yl,...,fn are pairwise
disjoint then:

1. If XnY={} then f=0f0
2. If 1¢XxnY then CAID = LFfI\1
3. flfll---lfn=fl(f11---lfn)
FIfy = folf;
fll(lefg) = (lefz)lfs

Theorem 2; The Camposition Theorem

Cazle e X, ) (W=, ly < ¥, LE ). Melz < X, ). ({y:Ey ly €2, },E )TN
= Mzlz e ;-’Xi- gYi}.
letrec {y=Ey ly e uX.n U.Yi}

z 7
in ({y=E'y ly e }L{Yi—L}, L, l...|E, T\L)

Example 6

Using the Camposition Theorem we can derive the behaviour of the device
portrayed in Fig. I with camponents as defined in Fig. IIT. Putting the
camponents together as in Fig. I corresponds to defining:

COUNT(n) = [IMUX|REG(n)|INC T\2112
Cr{switeh,in,out}. ({L1=(switch +in,out)}, MUX))
MZ1}. ({l2=n}, REG(11)))
A2l ({out=12+1 }, INC)TINLI L2
Mswiteh,in}.
letrec{li=(switch +in,out), 12=n,out=12+1}
in ({out=12+1}, IMUX|REG( L.l) |INC TI\Z112)
(by Camposition Theorem)
Mswitch,in}. {out=n+1}, COUNT(switch - n,n+l)
which is precisely the behaviour specified in Fig. II.

i

Example 7
Consider the system DEV(n,t) shown below:




BEG(n)
11 4
3 i
ADD FR(t) |
12 13
J 4 ‘
|
MUx Nor |
o

with companents defined bys
REG(n) = 2{Z}.{l1=n}, REG(Z)

ADD = M{11,%}.{12=11+i}, ADD

MUX = A{12,%,13}.{o=(13>%,12)}. MUX
Nor = A{13}.{14="13}, NOT

FF(t) = M14}.{13=t}, FF(14)

The whole system has two state variables n and ¢ and is defined by
DEV(n,t) = [[REG(n)|ADD|MUX|\NOT|FF(¢)TI\11 1213 14

Notice that the devices MUX and REG(n) of this example are different fram

those of Fig. IIT since they have differently named lines. A better notation
might be samething like MUX[switch,in,out;11], REG[11;121(n) for the devices
of Fig. III, and MUX[13,%,12;0], REG[Z;111(n) for the devices of this example.
In fact the correct management of line names, in particular the way behaviour
should be parameterised on them, is an important problem which needs care if

one is being more fomal (e.g. see [6]). However, at the informal level of

this paper a fairly casual approach is sufficient.
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By the Camposition Theorems

DEV(n,t) = aA{<}
letrec{li=n, 12=11+, 13=t, 14=113}
in {o=(13+17,12)}, DEV(Z,14)
= Mz} {o=(t+2,n+)}, DEV(Z,7¢)

Let us unfold DEV(n,true) through two clock cycless
DEV(n,true) = M<z}.{o=(}, DEV(<,false)

Now we must be careful in uwnfolding DEV(<,false) because if we just substi=:
tute ¢ for n then < gets captured by the A{Z}. We must thus revert
to our less abbreviated notation, vizs

DEV(n,true) = Mi==x}.{o=x}, DEV(x, false)
Now we can expand DEV(x,false) as:

DEV(x, false) = A{i=d}. {o=x+x'}, DEV(x',true)
Hence:

DEV(n,true) = A{i=x}.{o=c}, A {i=x"}. {o=x+c '} s> DEV(x', truel
Fram this we would expect intuitively that for all . DEV(n,true) = DEVI
where DEVI is defined by:

DEVI = Mi=x}. {o=x}, Mi=x}. {o=x+x '}, DEV1
To prove this we will need a property of sequential behaviours which derives
fram the fact that SeqlX;Y] is the least solution of its defining domain
equatian.

This property is conveniently expressed as an ‘induction rule® which says that
to prove F, (z =F2(:c), where Fl(m), Fz(m) are sequential behaviours, it is
sufficient to prove for all  and all signals g that:

Fl(:r)s = (s, Fz(a:’))
Fz(:c)s (', Fz(:c'))
for same g’ ad z' (which may depend on s). More precisely:

Theorem 3: Simulation Induction

Let S be a set and F1sFg:5>Seq(X;Y] then F=F,

8 e Siglx] there exists z’¢§ such thats

if for all =z ¢S5 and

(1) fst(F (z)s) =fst(F2(:c)e), and
(2) snd(Fz(:c)s) = Fl(:c’) and snd(Fz(m)s) = Fg(x’)

The reason for the name "Simulation Induction” is because if F1 and F2

a:easabove,thentheygivethebehavimrofnadxineswhichsjmﬂateeadi
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other in 'lockstep’. To see this observe that if F:S +Seq¥;Y] has the
property that for all zeS, seSiglX] there exists a member of S,f(s,x)
say, such that snd(Fxzs) = F(f(s,x)), then F= —MI where

M =(S,\(x,8).fet(Fxsh ).

Example §
let DEV and DEVI be as in Example 7, i.e.

DEV(n,true) =1 {i}.{o=1},DEV(<, false)
DEV(n, false) =A{i}. {0 =n +1},DEV(%, truel

DEVI=Mi=gz}.{0=az}, Mi=x'}.{o=5+x"},DEVI
We use simulation Induction to show that for all =
DEV(n, true) =DEV1
To do this let
BEV2(n) =M<} {o=n+<},DEVI
so that: i
DEV1 =M<z}. {o =<}, DEV2(%)
and then define:
F(n,t) =t ->DEV1, DEV2(n)
We then use Simmulation Induction to show for all n,t that:

DEV(n,t) =F(n,t)

(1) fst(DEV(n,tls) ={o=(t+si,n+(az))}
fet(F(n,t)s) =t-+fst(DEVl1s), fst(DEV2(nls)
=t+{o=s1}, {o=n+(st)}
={o=(t+si,n+(s81))}

(2) snd(DEV(n,t)s) =DEV(s < ,1t)
snd(F(n,t)s) =t -+and(DEV1 s), snd(DEC2(nls)
=t >DEV2(s 1), DEVI
=7t +>DEV1, DEV2(s <)
=F(s<,1t]

Hence by Simulation Induction DEV(n,t) =F(n,t), and so in particular
DEV(n,true) =F(n,true) = DEV1
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Suppose we wish to campute same function fun:Val +~Vel. To do this we could

build a device: .
in

out
with the property that if xeVal is put on the input line <n, and then
the device is clocked time(x) times, where time:Vel+Int, then fun(x)
will appear on the output line out. We might also specify that whilst
the device is camputing fun(z) it puts same 'safe’ value velVal on
out (e.g. v might correspond to 'high impedance® as in three state busses).
The behaviour of such a device would be COMPUTE (fun,time,v)] wheres

Definition 10

If fun:Val +Val, time:Val +Int ard veVal then define
COMPUTE { fun, time,v) e Seql{in}; {out}]
by:

COMPUTE ( fun, time,v) = A{<n}. {out =v},

DELAY (COMPUTE ( fum, time,v) , v, fun(in) , time(in))

DELAY(b,v,z,n) = (n=0) » (Min}. {out =x},b), (\{in}. {out =v}, DELAY(b,v,z,n = 1))

intuitively DELAY(b,v,z,n) e Seql{in},{out}] is the behaviour correspanding to
cutputting v for n clock cycles, then outputting =z and then becaming behaviour }

Example 9
We shall do a top down design and verification of a device to campute fact(n) =n!
in n steps.

The specification of cur device is that it has behaviour FACT defined by:
FACT =:COMPUTE( fact, (\n.n),0)

To implement this we shall use two devices DOWN(n) and MULT(m) for counting
down on n and building up the results by multiplication respectively. The
operation of these will be controlled by a device TEST(¢). Our implementation,
cbtained by connecting these devices together, is FACTIMP(m,n,t) and is shown
in Fig.V. below.




in

\C—_‘
DOWN (n)
12 l
\E—Zé‘ 7 4
TEST(t) MULT (m)
[ |

out

Fig.V. FACT implementation FACT(m,n,t)

FACTIMP(m,n,t) is defined by:

FACTIMP(m,n,t) = [MULT(m)| DOWN(n)| TEST(t)T\11 12 13
Where:
MULT(m) =x{11,12}. {13 =m},MULT (11 +1,m x 12)

DOWN (n) = A4, 11}. {12 =n}, DOWN(11 +in,n = 11
TEST(t) =2{12,13}. {out = ((12=0)mt +13,0),11 =t},TEST((12 = 0)ATE)

Fig.VI. Specification of the camponents of FACTIMP(myn,t)

MULT(m) and DOWN(n) are fairly natural, TEST(t) required same experimentation
before its specification was got right. Before descending a level and implement-~
ing these devices we should check that they do lead to a correct implementaticn
of FACT.




|
|
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By the Composition Theorems
FACTIMP (m,n, t)

Min}
letrec{lli=t,12=n,1l3=m}
inf{out = ((12= 0)Ay¢t > 13, 0) }, FACTIMP((11 +1,m x 12), (11 +in,n =11, (12 = 0) 1)

]

aMint.{out =(n=0t+m0)}, FACTIMP((t~+1,mxn),(t+in,n~1),n= 051t}

Define:

.

Flmyn,t) = t+FACT, DELAY(FACT,0,mxnl,n)’

Then we show by Simlation Inducticn that FACTIMP=F and hence for all m
and n:

FACTIMP(myn, true) = F(m,n,true) = FACT

Thus as long as ¢ is initialised to true it doesn't matter what m and
n are initialised to; we still campute FACT.

Case 1l: t=true

FACTIMP (m,n, true)
= w{in}. {out=0}, FACTIMP(1,in,false)

F(m,n, true)
= FACT
COMPUZ 7 (fact, (M.n),0)
A{in}. {out=0}, DELAY(FACT,Q,in/,inl
ain}. {out=0}, F(1,in,false)

[

]

Case 2: t=false

FACTIMP(m,n, false)
= A{in}{out=(n=0+m,0)} , FACTIMP(m xn, n-1,n=0)

F(m,n, false)

DELAY(FACT, 0ym x nd,n)

n=0 -+ (A {in}. {out=m x nd},FACT), (\in}.{out=0}, DELAY(FACT,0,m xnl,n=1)}
ain}. lout=(n=0 +m,0)}, (n=0->FACT, DELAY(FACT,0,mxnl,n=1))

r{in}. {out=(=0 +m,0) },F(m x nyn-1,n=0)

1]

So by Simulation Induction FACTIMP=F
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Thus if we implement MULT(m), DOWN(n) and TEST(%) to meet the specifica-
tions in Fig. VI, then Fig. V gives a correct implementati.on of FACT.

MULT(m) can be implemented by:

Zf 1
MULTIPLY ONE
L p2
pl !
MUX
3
REG(m)
v
3
Fig. VIII. Implementation of MULT(m)

To model this we define:

MULT (m) = [MULTIPLY|ONE|MUX|REG(m)1 \p1 p2 p3

wheres
MULTIPLY = A{12,13}.{pI1=12 x 13}, MULTIPLY
ONE = A{}.{p2=1}, ONE
MUX = A{p1,p2,12}.{p3=(11+p2,pl)},MUX
REG(m) = X{p3}.{13=m}, REG(p3)




By the Camposition Theorem:

MULT (m)

ai1,22).

letrec {pI=12x 13, p2=1, p3=(11-+p2,pl), 13=m}
in {13=m},: MULT(p3)

aM11,22}.{13=m}, MULT(11+1, mx12)
As reguired.

DOWN(n) can be implemented by:

in 11

1

DEC

pl

D2

REG(n)

i2

Fig. VIZI. Implementation of DOWN(n)

To model this we define:

DOWN(n) = [LDECIREG(n) JMUXT \p1 p2
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DEC =\{12}.{pi=12-1},DEC
REG(n) =Mp2}.{l2=x}, REG(p2)

MUX  =A{11,4n,p1}. {p2=(11 +in,p1)}, MUX
By the Camposition Theorems

DOWN (n)
Ain, 21},
letrec {pi=l2-1, p2=(11-+in,pl), 12=n}
in {12=}, DOWN(p2)
Min, 11} {12=n}, DOWN(L1 +in, n-1)

]

As required.

Finally TEST(t) may be implemented by:

i3 12
EQZERO mwor
lpl p2
ZERO AND
p3 pé
MUX REG(t)
2
L 4
out 11
Fig. IX. Imolementation of TEST(t)
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To model this we defines

TEST(t) = [[ZERO|EQZERO|NOT|AND|MUX|REG(t) T} \pI p2 p3 pd
where:
ZERO = 3{}.{p3=0}, ZERO
EQZERO = 1{12}.{pi=(12=0)}, EQZERO
NoT = A{l1}.{p2=911}, 'WoT
AND = \pl,p2}. {pd4=pl1 Ap2}, AND
MUX = x{p3,13,p4}. {out=(pd +13,p3}}, MUX
REG(t) = AMp4}.{l1=t}, REG(p4)

By the Camposition Theorem:
TEST(t)
= x{12,13}.
letrec {pl1=(12=0), p2=1ll, p3=0, pé¢=pl Ap2, lI=t}
in {out=(p4 +13,p3), l1=t}, TEST(p4)
= A{12,13}. lout=(12=0)a VL ~13,0), 1I=t}, TEST((12=0)Ar"1t)

As reguired.

We have thus shown that the device specified by FACT is correctly implemented
by PACTIMP(m,n,true) as shown in Fig. V, where the camponents are as speci-
fied in Fig. VI, and correct implementation of these camonents are shown in
Fig. VII, Fig. VIIT and Fig. IX.

This example illustrates how the verification of large systems can be made
tractable. If we remove the structure we imposed on FACTIMP(m,n,t) we get
the unintelligible tangle of devices shown in Fig. X belows




DEC
pl
MUX
REG(n)
2
- L
EQZERO nor MULTIPLY ONE
0C L |
VD
'ZE'RO AN X
4 ~
wux REG(t) REG(m)
13
11
4
out

Fig. X Unstructured diagram of FACTIMP (myn, t]

By analysing the whole system in temms of the subsystems MULT (M), DOWN(n)
and TEST(t) we not only made the verification much simpler, but also more
robust, For example, if a change is made in a subsystem implementation we
nesd only verify that it meets its specified sub-behaviour (see Fig. VI) -
mdonothavetorepeattheentireproof, as we would if we had based our
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analysis on Fig. X rather than Fig. V. The two case studies that follow
illustrate this methodology on less trivial examples.

In all our examples so far the correctness of a device has been expressed by
asserting that its behaviour should be equal to same specified behaviour.

This requires that we fully detemmine each clock cycle = i.e. the specification
and implementation are behaviours which run in 'lockstep®. It is often more
natural not to require this, and to allow several 'microcycles’ in an implementa-
tion to implement a single cycle in the specification. For instance, in our
first case study below we will verify a host machine that implements a target
machine that fetches, deccodes and executes machine code instructions. At the
target level fetch-decode—execute will be a single step, but down at the host
level each such step will be implemented by several microinstructions and hence
take several microcycles. To express the correctness of the host device we
cannot simply assert that its behaviour rust equal the target behaviocur, instead
we must first derive fram the host's behaviour a 'courser® behaviour in which
fetch, decode and execute microcycles are samehow merged into a single cycle,
and then it is this derived behaviour which must equal the specified target
behaviour. We must thus provide in ocur model a way of coalescing sequences of
clock cycles into single cycles. The intuitive idea of what is needed is most
simply explained with respect to machines (see page 8 ) rather than behaviours.

Suppose we have a machine M =(S,out,next) where § is a set of states and
out : Siglx] xS + Sigly]
next : SiglX1 xS+ S

are the output and next-state functions resvectively. Suppose that this
machine inplements a 'higher level’ machine whose states correspond to same
subset S’ ¢ 5 - think of states in (S - $') as occurring in the middle of
microinstruction sequences. Fram M it seams natural to derive a new
machine M 48'=(5",0ut’,next’) where:

out’ : SiglxI xS' » SiglY]
next' : Sig[X}xS' +» S’

and in which out’ is the restriction of out to Sig[X] =S’ and next'(s,x)
is obtained by repeatedly clocking machine M starting in state =z and with
constant input signal & until a member of S’ is reached., Fommally:
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out(s,x) = out(s,x)

next’(s,z) =lnext(s,x) e S%)~ next(s,x), next'(s,next(s,z))

The idea is that given a target specification as a behaviour f e SeqlX;Y]
we can express correctness by requiring that f= B[¥+S'1.

Unfortunately this construction of M+S' from M does not respect
behaviour in the sense that fram 33[M1] = 33[M2] it does not necessarily
follow that $[M1 ¥§' ] = BIM,y+S'1 . This has the unsatisfactory
cansequence that replacing a machine Ml which is correct (in the sense
that BIM+S’'] has a specified behaviour) by a behaviourably identical
machine ¥, does not necessarily preserve correctness (since 33[M2 +S']
might not have the specified behaviour).

Example 10

let M, = (S,outl,nextl) and M2=(S,out

S =1Int xBool

outl (s, (nyt)) =aut2(s, (nyt)) ={o=n}
nextl(s,(n,.t)) = (m+1,t)

ne:mkz(s, (myt)) =n+1, =)

9 nemtzl where:

Then it it éasy to show that 33[M1] = SB[MZJ = A(n,t).F(n) where:
F(n) = As.{o=n}.F(n+1)

Now let S' ={(n,t) |t=true}c S, then
M1 +87= (S',out',nextl')
! = (gt ? "
M‘2 +S8'=(S ,outz,nemtz)

where

ou’tl'(s, (ny,t)) =out2'(s, (ny,t)) ={o=n}
nea:tl'(s, (nytrue)) = (n + 1,true)

nea:tz’(s, (n,true)) = (n + 2, true)

and so €BEM1 ¥S1]= :B[Mz +5'7,
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To overcame the problem illustrated in this example we shall define an
operation on machines which merges cycles, not an the basis of the states
they pass through, but instead on the basis of the output signals produced.

Definition 11
Iet M (S,out,next) be a machine where:

S is the set of states
out: Siglxl xS +S5igl¥] is the output fimctions
next: SiglX¥1xS + S is the next-state function

If P:StglY] + Bool is a predicate an output signals, then define the machine
M4P by M+P=(S,out_,ne:ctP) vhere:

nextp(s, x) = Plout(s,next(s,z)) +next(s,z), nea:tp(s, next(s,xz))

Thus M +P is got fram ¥ by changing the next-state function so that it
moves to the next state in /iich the output satisfies P, While this
‘moving is taking place the input signal is held constant.

This definition of M+P has the desirable property that if .%[M1]=£B[M2]
then {BEMI +P] = fb[Mz +P]. This follows fram the fact that for all =
BLY + Pl(x) = B(MI(x) +P , wvhere +P is defined on behaviours by.

Definition 12

Let feSeqlX;Y], P:5igl¥]1+Bool. Define f+PeSeqlX;¥] by:
FYP = 2s.(fst(fa), run P(snd(fs))s+P)
where run Pf s = P(fst(fs)) - f, run P(snd(fsl))s

intuitively run P f s moves to the 'nearest® behaviour after f in which the
output satisfies P.

Theoren 4
For all machines M, output predicates P and states =z @
BMM+PI(x) = BLMI(x)P




=34 =

Example 11
1et FPACTORTAL be defined by:

FACTORTAL (n) = Ain =x}. {out =n}, FACTORIAL (zd)
and FACTIMP be as constructed in Example 9, i.e.

FACTIMP (mynyt)
= a{in}. {out = (n=0nt +m, 0) }, FACTIMP (t ~ (1,%n,false), (mxn,n-1,n=0))

Then we show that if we define P(s) <=> s(out) = O thens
FACTIMP (myn,true) +P = A{in}. {out =0} , FACTORTAL (md)

FACTIMP (m,0, false) + P = FACTORTAL (m)

This assertion is a weaker specification than the one in Example 92 since
we anly require that the factorial function is camputed in same nunber of
steps - we do not specify the number.

By Simulation Induction it is easy to see that FACTIMP = §[FACTMACHINE]

where: FACTMACHINE = (Int x Int x Booljout,nextl.

out(s, (myn,t)) ={out = (n=0ant>m,0)}
next(s, (myn,t)) =t~ (1,8(in),false), (m=xn,n - 1,n=0)

Then FACTMACHINE +P = (Int x Int x Boal,out,nextp) where if n>0:
nea:fP( {in =z}, (myn, false))

= ne:ctP({"b'm x}, (m xn,n=1,falsel)

neactp({i?l: x}, (m xn xn=1,n -2, falsel)

ne:ctp({in =z}, mxnxn=-1 %...x 2,1,falsell
=  (mxnd ,0,false)

and hence if x> 0

ne:ctP({in-?x}, (m,n, true))
= ne:ctP({irFa:}, (1,x, false))
(x?,0,false)

1]
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next, ( {Zn=z},(m, 0, false))
= next, ( {in=x},(05=1,true))
=(zt, 0,false)
It follows thate

B [ FACTMACHINE + P’ ] (m,n, true)
= A{<n=x}. {out=0}, [ FACTMACHINE +P 1 (z!,0, false)

ands
B [FACTMACHINE + P ] (m, 0, false)
= Min=a. {out=m}, BLFACTMACHINE +P 1 (z!,0, false)

and hence (by Simulation Inducticon)
BLFACTMACHINE + P 1 (m,0, false) = FACTORIAL (m)}

and so
B[ FACTMACHINE + P 1 (m,n, true) = x{m}. {out=0}, FACTORIAL (inl)

Actually, as the reader may have noticed, the proof is only partial; we
have not considered the cases when the devices fail to terminate (i.e.
when we input a negative integer). We leave this as an exercise for
those who like fiddling with L. Alte.matively, the problem could be
eliminated by imposing suitable restrictions on the states and inputs.

We have now concluded the description of our model. In the next two secticns
we present two case studies which illustrate the range of applications we
have in mind. In the first of these we completely specify a small general
purpose camputer, and then prove correct a microcoded implementation. In
the second we show how devices like those used to implement the computer s
can be realised in nMOS. We would have like to have cambined the two studies
to yield a verification of an nMOS implementation of the camputer, but there
are too many details to manage by hand. We hope, however, to convince the
reader that our model is capable of supporting such an analysis, and that by
careful structuring of behaviour an explosion of proof size can be avoided.

First case study: correctness of archijtecture and microcode

In this case study we illustrate how register transfer systems can be used
to prove microcode correct. Our hope (and expsctation) is that the kind
of analysis described below can be scaled up to non-trivial examples, but
to do this we will need machine assistance.
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The system we shall verify implements the computer shown in Fig. XT.

Jitas0000000004 ) | O
Swi. ches . button
1 load PC
/\‘Zload 4cc coo0c0po0000000 O
<
NS~ )5 store _PC display lights ready
4 run
P000C 02000080092 O
AeC display lights .
dle

Fig. XI A simple computer -

This camputer has two registers: the program counter PC which is 13 Bits
wide, and the accumilator A¢¢ which is 76 bits wide. It has a randam
access memory which can store 213 16 bit words.

On the front panel there is a four position knobh which determines what
happens vhen the button on the right of the panel is pressed. There are
three sets of lights: thirteen PC display lights which show the contents
of the program counter; sixteen ACC display lights which show the contents
of the accumulator; the ready light which is on when the computer is
interruptable, and the idle light which is on when the computer is idling -
i.e. not executing a program. There is also a bank of sixteen two posi. .on
switches which are used for manually inputting data.
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If the knob is in position n(lsn<4), and the camputer is ready and
idling (i.e. the ready and idle lights are on}, then pressing the button
will cause the following to happens

n=1: The word determined by the state of the thirteen rightmost

n=2:

switches is loaded into PC.

The word determined by the state of the sixteen switches is
loaded into ACC.

The contents of ACC will be stored in memory at the location
stored in PC.

The program stored in memory will be executed starting at the
location in PC. When the execution starts the idle and ready
lights will go off. The idie light will stay off until the
execution stops; this happens either when a halt instruction
is reached or when an interrupt is generated by pressing the
button. Interrupts are only accepted at the end of execution
of each machine code instruction; readiness to accept an inter-
rupt is indicated by the ready light being on.. Thus to stop an
executing program ane must keep ane's finger on the buttcn until
the ready light is on.

The instruction set for our little camputer is shown in Fig. XIT below
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Fommat

. T LTI T
Spcode S
Instructions: Assarbler memonic Meaning
[ololol L] HALT Stops execution of program
Tolollr L1 JMP L Jumps to L
[ol1lol L | JZRO L Jumps to L 1f ACC contains 0
[oliliy L] ADD L 234 contents of L to ACC
[IToTol L1 SUB L Subtract contents of I fram ACC
OO 7 ] L Load contents of L into ACC
[111]0] L [ ST L Stare contents.of ACC in L
| RAENRN I 1 - SKIP Skip to next instructicn

Fig. XIT Machine Code Instructions

Before formally specifying the semantics of our camputer we need same
‘afinitions and notation for talking about bitstrings.

Let Fordin] be the (flat) damain of n bit words. We will also regard
menbers of Word[n] as integers less than 2° and as n-tuples of truthvalues
(so Word[nl] = Boolx...xBool). We interpret + (plus) and - (minus) on words
as two's camplement . operators.

If weWordln]l and asbsn then w<a:b>chord(b-a+1] is the word
correspanding tobits @ to b of w. If asnsb then w<a:b>is
the top n-a+1 bits of v extended with 0'S to a word of size b-a+l .
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For example, if ‘we Hord[16] then wi0:12> is the address field of w
and w413:155 1s the opcode field; 4if we Hord[13] then w<0:15> ¢ WHord[16]
is the 16 bit word cbtained by extending w with three 0°'s. Thus
(w<0:12>)<0:15> is the word cbtained fram w e Word(16] by zeroing the
opcode.  Note that fram our conventions it follows that if w e Word(13]
then (w<0:15>+1)<0:12> = w+1, We use w<a> toO mean the ath bit of v ;
if we regard bits as words of length one then w<a> =w<a:a>.

In our camputer,addresses are 13 bits long,and contents of addresses
‘are 16 bits long, hence to model the memory we define:

Mem = Word[131 -+ Word[16]

A member m € Mem is a function giving the contents m(w) e Word[16] of each
address w e Wordl13]. To model the semantics of storing we define
m[wgwll € Mem vhere m < Mem, w, € F/ord[lS],w2 e Word[16] to be the function
identical to m except at v, which it maps to W, i.e:
v, if w=w1
(m[w/wl])w =
m(w) otherwise

The state of our camputer is characterised by the contents of the memory,
the program counter and the accurmlator, hence we defines

State = Mem %: Word(13] x Word[16]

# 0 0
cantents contents contents

of memory of PC of AcCC

Thus, for example, if the camputer is in state (m,wl,uz) € State and the
knob is set to position 3 and the idle and ready lights are on, and the
button is pushed, then the machine will move to state (m[wz/wlj,wl,wz),
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We shall specify the semantics of the camputer with two functions:
COMPUTER, EXECUTE : State - Seql {knob, switches,button}s {pe,ace,ready,idle}]

COMPUTER(m,wl,wZ) gives the behaviour of the machine when it is ready

and idling; EXECUTE (m,wl,w 2) gives its behaviour when it is ready (for
interrupts) but executing code (i.e. not idling) . We do not specify the
behaviour when the machine is not ready; why not should became clear

later. The definitions of COMPUTER and EXECUTE are shown in Fig.XTIT below;
this constitutes the machine code, or 'target level' specification of the
camputer. The implementation which we will prove correct is based on the
"host' machine shown in Fig. XIV.

he host machine, which we will microprogram to emilate the target machine
specified in Fig. XIII, is shown in Fig. XIV and has behaviour:

HOST r (w,m,wo_,wl,wg,ws,w4,w5) ¢ Seql {knob, button, switches}; {pc,ace;ready,idle}]

We have separated out the ROM contents 7 because later we shall characterise
HOST (mucode) viere mucode is a particular microprogram. The host's
behaviour is much too camplicated to define directly by a recursive defin-
ition like those in Fig. XIII, instead we will express it as a camposition
of the simpler behaviours of its various camponents. These naturally fall
into two parts: first, a data part consisting of the memory MEM(m), the
memory address register m.R(wo), the program counter Pc(wl), the accumilator
ACC(w,), the instruction register IR(w,), the argument register ARG(w ) s the
buffer register BUF(w,), the bus BUS, the arithmetic unit ALU, and the
microcode controlled gates GO,G1,G2,63,G4, and second, a microprogrammed
control part CONTROL(r,w), which is shown in the dotted box, and has
behaviour determined by ROM contents » (the microcode) and start address ¥ .

The microcode stored in the read-cnly memory ROM(r) is shown in Fig.XVI
written in a 'microassembler® notationwhich we explain shortly. If we
name this dhunk of microcode mucode and if we define the predicate Pread.y by:

Pready(S) =true <=> 8(ready) = 1
then we will verify our implementation by proving for all m,us..-.-,¥s that

COMPUTE‘R(m,wl,wz) = HOST mucode (O,wa,wl,wz,ws,u4,w5) *Pready
i.e. if we merge all nom-interruptable ‘microcycles’ into a single ‘macrocycle’

then the behaviour of the camputer and the host are equal.
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COMPUTE'R(m,w w )

= A {knob, sz.ntches, button},

{pe =w,, ace

=Wy ready =1, idle=1},

(abutton —>COMPUTER(m,w W, ),
button - (knob =1 +COMPUTER(msw:teizes<o.-12>,w22;,

-E)QZ'C’UTE'(m,w v, }

knob = 2 + COMPUTER (m,w , , switches),
kiob = 3 -»COI\fPUTE‘R(m[wz/wl ],wl,wz)j
knob = 4 +E’XECUT’E(m,w1,w2J))

= A {knob, smtches, buttonl,

{pe = Wy, ace

2wy, ready =1, idle=0}

let {op:mtw )<13:15>, ada’.r:m(w 1<Q:12>}
in (op=0v button—>COIlﬂ:’UTER(m5 129 1,

[

op =
D=

Q © © 9 9
RS BES LS BN
[T N TI

N @ ev e Do

Q
hS]
"

FIG. XIIT.

-+ EXECUTE (m, addr,w 2)_,

+E’XE'CUTE(JJZ =0~ (m,addr:wgl, Oﬂjwz *13102)) ,
+EXECUTE(m,w1 + 1,w2 +m(addr)),
—»EXECTITE(m,ul +1,w2 - mladdr)],
—»EXECUTE’(m,wJ +1,m(addrl),
~>EA(EC‘U’.T’E(m[wz/aa’,drZl_,w‘Z + 1,w2),
—»EXECUTE(m,wl + 1,w2)2

Specification of the camuter
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switches lknob  Tutton

Correrol Unit
CONTROL (r,w)

rsu wnar mementl wpe rpe wace alucntl rouf

MEM(m) 2ctw,) Accw 2)1_

BUS

VE—
——
e_.._

ace ready idla

Fig. XIV: The host machine for implementing the camputer
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The control lines rsw, wwar, wpe, rpe, Wace, race, wir, rir, warg,
rbuf, ready, idlé are all one bit wide as is the input line button
fram the button. The line knob from the knob is two bits wide (to
encode the four positions), as are the control lines mementl and -
aluentl to the memory and arithmetic unit respectively. All other
lines are sixteen bits wide (PC and MAR ignore the three most sig-
nificant bits of their input, and pad their outputs to sixteen bits
with 0's). When a gate (i.e. G0,61,G2,G3 or G4) is off (i.e. its
control input is 0) then it outputs a special value @ on to its
output line. The idea is that this represents 'floating'or ‘high
impedance’; only one non- @ must be put on the bus at once for
correct operation. Thus the bus is defined by:

BUS = Mgb,91,92,93,g4,mem}. {bus = join(g0,g1,92,93,g4,mem)}, WS
z; if x,= & for all J#<
where Join (:cl,r,z,...,m ) = J
n undefined otherwise

and a typical gate G with input <m, Control cntl and ocutput out
is defined by:

G = AMin,entl}. {out = (entl+in, & )}, G
The exact definition of gates G0,G1,G2, G3,G4 are:

G0 = Mswitches,rsw}.{g0 = (rsw->switches, & J}, GO
@1 = Mpe, rpe}.{gl= (rpc+pe, @ ]}, GI

G2 = Mace, racc}.:{g2= (race ~acc, @ )}, G2

G3 = Mir,rirt.{g3= (rir+ir, @ )}, G3

G4 = Mbuf,rbuf}.{gé¢ = (rbuf ~buf, & )3}, G4

Notice that all these definitions are cbtained from the definition of
the 'generic gate' G by renaming lines. Thus - in what we hope is
a self explanatory notation - we could have written:

G0 = G{in |» switcles,cntll>rsw, out g0}

G1 =G{in brpe, éntl |>rpe, out |»g1}
Such a notation is essential to handle devices built by cannecting
together large mumbers of identical camponents. However, for sim-
plicity we shall avoid introducing definitions and manipulative laws
necessary to support line renaming. This will lead to some verbosity
both in this case study and the next one.

The YegistersMAR, PC, ACC, IR, ARG all have a microprogram controlled write
line. A typical one, with input 77 , write line ¥reg, and output dué
has behaviour:
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REG(w)= M in,wreg}. {out=w}, REG(vreg+in, w)
Since MAR and PC anly hold thirteen bit words we must adjust the size
of values got off and put onto the sixteen bit wide bus. The behaviour
of these two registers is thus specified to bs:

MAR(w,) = Mbus,umar}. {mar=w, <0:15>1, MAR (umar ~bus <0:12>, 0}

PC(wl) = Mbus,wpe}. {pc = iy <0:15>}, PC(upe +bus <d:12>, wl)
The other registers are sixteen bits wide, hence:

AC’C(MZ) = l{bus,wacc}.{accmz}, ACC(wace +Dbus, w2}

IR(wz)

ARG(w4)
The ALU's buffer register BUF has no write line as it always stores the
value on its imput, hence:

BUF(w5) = A{al@z}u{buf‘=w5}, BUF (alu)

)‘{bus,wir}.{irqos}, IR(wir +~bus, wsl

x{bus,waz'g}.{arqu4}, ARG(warg - bus, w4)

mementl
The memory J/

mayr %

MEM(m) = mem

bus —3

is a seguential device whose state is determined by a memory functian
meMem giving the contents of each address. Its behaviour is:

MEM(m) = Mmar,bus,mementl}
(mémentl = 1+ ({mem=m(mar)}, MEM(m)),
(mementl = 2+ ({mem= 8}, MEM(mCbus/maxr])),
({mem= €}, MEM(m))})

Thus 1 on mementl causes a read - i.e. the contents of the value on line
mar is-output; 2 on mementl causes a write = i.e. results in the address
on line mar being updated to contain the valus on bus. Exceot during a
read the memory puts @ an to the bus.

The arithmetic wnit  alucntl

|

ALU ?alu

arg
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is a cambinational device with behaviour given bys

ALU = A{a‘}g,bus,aluentl}. - -
{alu = (aluentl= 0 +bus,

aluentl=1 sbus+l
aluentl=2 rarg+bus
alucntl=3 sarg-bus) }, ALU

Thus 0 cn the control line causes the value on the bus to be passed
through unchanged; 1 on the control line causes one plus the value
on the bus to be output; 2 on the control line causes the sum of the
two inputs to be cutput and 3 on the control line causes their
difference to be output.

We can now define the data part of the host macliine by

DATA(m,wa,wl,wz,wa,w4,w5)
= MM(Jn)lMd.RCwa)J PCCwlll ACCCMZ)I IR(w3M ARG(w4)! BUF(ws)i
GO G1| 621 G3! 64| ALU| BUS| T\L

where L = {mem,mar,arg,buf,g0,91,92,93,94,alu,bus}

The control unit CONTROL(r,w) emits a sequence of signals to the other
devices which cause them to perform the appropriate operations. It is
a sequential device whose behaviour is defined by a microprogram

stored in the read only memory ROM starting at address w. We shall
go into details of the microcode soon put first, to give an idea of
how the control uwnit works, we describe two examples which illustrate
how emitting the appropriate sequence of signals causes the right thing
to happen.

Suppose the kncb is set to positian 1 (load PC), the ready and idle
lights are on, and the button is pushed. The control wnit will then
put 7 on the lines rsw and wpe and 0 an all other lines. Thus gate GO
will open and the value from the switches - f.e. value on line switches
will be put on the bus. During the same cycle, since the program
counter write line wpe carries a 1, the value on the bus (i.e. the
value from the switches) will be written into PC. Thus the word set
up on the switches is loaded into the program counter in one microcycle.
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Suppose next that the knob is set to position 3 (store) and the button
is pushed. The control unit in this case will first signal 1 on lines ‘
rpe and wmar and 0 on all other lines. This causes GI to open, and so
the contents of PC is put an the bus and then this is written into the
memory address register MAR. To camplete the store operation, an the next
cycle the control unit signals I on line race to put the contents of the
accumulator on the bus, and during the same cycle signals 2 (i.e. write]
on mementl causing the memory to store the value which is ¢n the bus

(viz. the contents of ACC) at the address in MAR (viz. the contents of
PC). Thus the contents of ACC is stored at the address in PC in two

microcycles.

Note that the descriptions above are imprecise and incamplete; full
details can be found in the microcode, which we now describe.

In order to camplete the description of the host machine-all we have to
do is specify the control unit, and to do’this we must describe the
microinstructions which it interprets. These microinstructions are
represented by 30-bit words stored in a read only memory (the ROML
which can hold thirty-two microinstructions.

Each microinstruction has a 3-bit test field, two 5-hit address fields
(the A-address field and the B-address field), two 2-bit control fields
(for mementl and alucntl) , twelve single bit control fields and cne
unused bit (just in case we need it later!). The fommat is shown in
Fig. XV below:

control fields

A\

2928272625242322212019181716‘15141312111(2Q g7 6 5§ 4 3 2 1 0

le,],llll]lller]JI]]]TT]1]1T’J1]]f
T I idL A-address B-address test
unused ., ¢ field field field
wnar ready
mementl rbuf
wpe aluentl
. rpe
wace m_rwarg
raCC i

Fig. XV  Microinstruction format
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During each (micro) cycle the value put on a control line is the value
in the corresponding control field of the current microinstruction.
For example, the microinstruction to load the program counter fram the
switches must cause a I on lines rsw and wpe and 0 on all other
lines, thus it has bits 28 and 24 set to 1 and all other control bits
set to 0.

The ROM-address of the next microinstruction to be interpreted after

the current one (i.e. on the next microcycle) is normally the contents

of the A-address field, unless:

(i) The test field contains 1 (i.e. binary 001} and 7 is input on the
button line, or the test field contains 2 (i.e. binary 010] and 0
is an the ace line. In either of these two cases the next address
is the contents of the B-address field.

(ii) The test field contains 3 (i.e. binary 011). In this case the next
address is cbtained by adding the value on the knob line to the con-
tents of the A-address field.

(1ii) The test field contains 4 (i.e. binary 100). In this case the next
address is cbtained by adding the opcode field (i.e. bits 13 to 15)
of the value on the ¢r line to the contents of the B-address field.

Thus if the test field of the current microinstructions contains 1 then
pressing the button causes a branch to the B-address; if the test field
contains 2 then a branch to the B-address occurs if the accumilator contains
0; Aif the test field contains 3 then a branch to a microinstruction
determined by the position of the knob occurs, and if the test field contains
4 then a branch to a microin-truction determined by the opcode of the
current machine code instruction (i.e. the contents of the instructicn
register) occurs.

Before describing the microcode resident in the contral unitts ROM we
need a 'microassembler' notation to enable us to write down microinstruc—
tions campactly and help us remember their effect.

To specify the control bits of a microinstruction we define a set of
'microoperations' - i.e. atomic control signals. These cansist of the
signals for reading the contents of the registers on to the bus:

rsw, rpe, race, rir, rbuf
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The signals for writing the value on the bus into the various registers:
wnar, wpe, wace, wir, warg
The signals controlling the memory:
read, write
The signals controlling the arithmetic unit:
inc, sum, dif
and the signals controlling the two single lights:
ready, tdle

We say a microinstruction w causes a microoperation op if:

(i) op e {rsw,rpe,race, rir, rbufumar,wpc,vace,wir,ready,tdle} and the
bit in w corvesponding to op via Fig. ¥V is 1. For example, if
bits 24 and 28 of w are 1 then v causes microoperations wpe and
rSw.

(ii) op=read and bits 25 and 26 of w contain I and ¢ respectively (so
line mementl carries 1)

(iii) op=write and bits 25 and 26 of w contain 0 and I respectively (so
line mementl carries 2)

(iv) op=ine and bits 16 and 17 of w contain I and 0 respectively (so
line aluentl carries 1)

(¥) op=sum and bits 16 and 17 of w contain 0 and 1 respectively (so line
alucntl carries 2)

(vi) op=dif and bits 16 and 17 of I contain I and respectively (so line
aluentl carries 3)

We specify the control bits of a microinstruction by giving a list of the
microoperations it causes, and requiring that all fields not specified
default to 0. For example, the list race, write specifies that bits 21
and 26 contain 1 and all other control bits contain J.

To describe a complete microinstruction we use the notation
OPgsees0P,3 addrese

where Opgs-++50P, is a list of the microoperations to be caused, and

address is an expression specifying the test and address fields as

follows:

(i) To specify that the address of the next microinstruction is
ne{l,1,...,31} we writes

n




- 49 -

(i.e. we take address=n). This assembles into a microinstruction
with 0 in the test field and n in the A-address field.
(i1) To specify that the address of the next microinstruction is » if
the button is pressed and m otherwise we write:
button +n,m
This assenbles into a microinstruction with 7 in the test field -
and m,n in the A= and B-address fields respectively.
(iii) To specify that the address of the next microinstruction is p if
the accumilator contains 0 and m otherwise we write:
acc=0+n,m
This assambles into a microinstruction with 2 in the test field
and m,n is then A- and B-address fields respectively.

(iv) To specify that the address of the next microinstruction is »n pius

the knob position we write:

knob+n
This assembles into a microinstruction with 3 in the test field and
n in the A-address field.

(v) To specify that the address of the next microinstruction is n plus
the contents of the oprde field of the current machine code
instruction we write:

opcode+n
This assembles into a microinstruction with ¢4 in the test field and
n in the A-address field.

For example:
ready, tdle; button+1, 0

denotes the microinstruction which signals 1 on the ready and idle lines

and 0 on all other control lines. The address of the next microinstruction

(in the RoM] is 1 if the Button is being pushed and ¢ otherwise. The

actual microinstructiaon denoted by this expression is:
29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 121110 9 8 7 6 &5 4 3 2 1 0
loToTololololoT oloTolaoJoloToJoji1JiJoJolo0jofajajajajojijoiaji
A-address B-address test
0) (I (1)
Zdle
(1)
ready
(1)
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Fig. XVI shows the microcode for our computer = i.e. the contents of
the ROM. Only 26 of the 32 ROM - address are used. The comments should
be self explanatory. For example, PC-MAR means move contents of PC
into MAR; ARG+MEM(MAR) +BUF means add the contents of ARG and the value
in memory addressed by MAR, and put the result into BUF.

In order to prove that the control unit is correct we must first specify
the semantics of microinstruction formally.

Let
Rom = Word[ 51~ Word[30]
members r € Rom are functions which represent a possible ROM contents
by specifying for each ROM address w e Word [5]a microinstruction rWw/) e Word[30].
The semantics of a microprogram r with starting address w is:
MICROCODE (r,w) e Seql{knoh,button,ir,acc k
rsw,wmar, memcnt L, wupe, Fpe, Wace , Yace, wir, rir,

warg,alucntl, rbuf ,ready,idle}]

which is defined in Fig. XVII below.
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ROM Microinstruction Comments
address
0 ready,idle; button-1,0 branch to I if button pressed, otherwise loop
1 5 knob+1 decode knob position
2 rsw,wpe 3 0 switches ~PC
3 rsw,wace ; 0 switches +ACC
4 rpe,vmar ;7 PC ~MAR
5 ready 5 button+0,6 begin fetch-decode-execute cycle
& rpe,wmar ; 8 PC ~MAR .
7 race,write; 0 ACC -~ MEM(MAR) fetch
8 read,wir ; 9 MEM(MAR) ~ IR
9 s opeode+10 decode
10 s 0 halt
11 rir,upe : 5 JMP: IR-+PC
12 5 ace=0-11,17 JZRO:
13 racc,warg ; 19 ADD:ACC ~ ARG
14 race,warg ; 22 SUB:ACC + ARG
15 riv,vmar ; 24 LD:IR-~MAR
16 rir,wmar ; 25 ST:IR+MAR
17 rpe,ine  ; 18 PC+1 ~BUF
18 rbufyupe 3 5 ° BUF + PC increment program counter
19 rir,umar ; 20 IR +MAR
20 read,add ; 21 ARG + MEM(MAR) - BUF
21 rbuf, wacc ; 17 BUF ~ ACC
22 rivr,umar ; 23 IR +MAR
23 read,sub ; 21 ARG-MEM(ARG) - BUF
24 read,wace ; 17 MEM(MAR) ~ ACC
| 25 race,write; 17 ACC ~MEM(MAR)
Fig. XVI Microinstruction in control units' ROM: the microprogram mucode




MICROCODE (v,w)
r{knob,button,ir,acc}.
r(w) <28>,

{rsw
wmar = r(w} <273,
mementl = r(w) <25:26>,
wpe = r(w) <24>,
rpe = r(w) <23>,
wace = r(w) <22>,
race = r(w) <21>,
wir = r(w) <20>,
rir = r(w) <19>,
warg = r(w) <18>,
aluentl = r(w) <16:17>,
rbuf = r(w) <15>,
ready = r(w) <14>,
idle = r(w) <13>1,

MICROCODE (v, (»(w) <0:2>
r(w) <0:2>
r(w) <0:2>
r(w) <0:2>

1Abutton+zr(w) <3:7>,
2 nace=0 »r(w) <3:7>,
3 -+ knob+r(w) <8:12>,

4 > 1p <13:15> + r(w) <8:

r(w) <8:12>))

Fig., XVII Semantics of Microcode

12>,
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The behaviour defined in Fig. XVII specifies the control signals to
be generated by the microcode. These signals are actually invoked .
by the control part of the host machine shown in Fig. XIV whose
behaviour is defined by
CONTROL(r,w) = [ROM(») |MPC(w) |DECODE INmpe rom nextaddress
where the microprogram counter MPC is defined by:
MPC(w) = Mnextaddress}. {mpe=w}, MPC(nextaddress)
The ROM is defined by
ROM(z) = Xmpe}. {rom=r(mpc)}, ROM(r)
and the microinstruction decoder is a camplicated cambinational device
defined by:
DECODE
= x{rom, knob,button,ace,ir},
{nextaddress = (rom <0:2> =1a hutton+rom <3:7>,
rom <0:2> =2A ace=0 srom <3:7>,
rom <0:2> =3 -+ knob+rom <8:12>,
rom <0:2> =4 >in <13:15> + rom <8:12>,
rsw = rom <28>, rom <8:12>),
wmar = rom <27>,
mementl = rom <25:26>,
wpe = rom <24>,
rpe = rom <23>,

wace = rom <22>,

race = rom <21>,
wir = rom <20>,
rir = rom <19>,
warg = rom <I18>,
aluentl = rom <16:17>,
rbuf = rom <15>,
ready = rom <14>,
idle = rom <13> }, DECODE

It would be easy to implement DECODE as a camposition of simpler
cambinational devices, but we shall not bother to do so.

It is straightforward to prove that CONTROL is correct by using the
camposition theorem to proves
CONTROL = MICROCODE




We can at last define our implementation of the camputer bys

HOST » (w,m,wo-,wl,w LW ) =[[CONTROL (v ,w) IDATA(m,w W5 Wast) s W JINL

2,&) sUW 3°

where L = {rsw,wmar ;nemcntl ,WPC, FPC,WACE, PACC , Wir, rir,warg,alucntl, rbuf, tr}

To prove this correct we must show:

COMPUTER(m,wi,wQ) =H0$T(0_,mucode,m,w0,w WosWgsl W ) ¥P ready

where COMPUTERis defined in Fig. XIII and Prea dy(s) = true if an only if
s(ready) =

The bulk of the proof consists in a camletely routine, but extremely tedious,
application of the camposition theorem and simulation induction to show that

HOST (mucode) = 3 [(HOSTMACHINE]

where HOSTMACHINE is the machime shovm in Fig.XVIII. The nroof of this,
which we cmit, is the kind of thing for which we need machine assistance.

The next step is to show that HOSTMACHINE +Prea dy has the properties
shown in Fig.XIX. This follows directly from Fig XVITI and Definition 12.

Finally, to cawplete the proof, we show fram Fig. XIIT and Fig.XIV by
simuilation induction that:

COZ\EUTER(m,w w)-:B[HOSTMACHINE{-Pready]‘(D,m,w W,y s W55 U )

2) ,4.’
EXE’CUTEOn,wl,wz) = .‘,B[HOSTMACHI?VE#PPea@](S,m,w PP P 1
and hence

$[HOSTMACHINE](_0,m,w W 50,5055, 50, VP,

COM’UTER(m,w v, ) W3 ¥ ready

HOST mucode (O,m,wo, Wy sl Wgsly sWp ) 4P ready

which establishes correctness.
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HOSTMACHINE = (S, out, nest)
S = Hord( §1 x Mem x Word[13] x Word[13] x Word[16] x Hord[ 16 . x Word[16] x Hord[16]

L I T A N B |

memory MAR PC AcC IR ARG BUF

out({knob =k, button=Db, switches = swl, (w,m,wo,wl,wQ,wa,wu,ws) )

= {pe=w ,ace =w,, ready = (W=0vw=5+1,0), idle= (w=0+1,0)}

next({knob =k, button =b, switches =sw}, (w,m_.wo,w1 ,wz,ws,wu,ws))

= w=0+(( b~>1,0) , mos Wy s, w o, Wy 5 Wy s W, wg )s
il o L omlh mmetiete v
o » 2> vy 5wy 5wy v ),

pf=3->( 0 s mooswy v, W s Wy s W we ),
W= 4> 7 s moo, W, Wy Wy, Uy P we ),
w=5+( b>0,6) , mos Wy, W, Wy s Wy s W, v, 7y
w = 6+ ( 8 B moosw W, s w, Yy s W, wg ),
w=7>( 0 ,m[wz/wlj, vy s v, W, s W, o, W, we ),
w_ = 8+ 9 S mos Wy s w L wy Lmlug), v, v, s
W = 9—>(w3<13:15> +10 , moos Wy s Wy s W, Wy v, s W ),
O I S e S I
0 UtIET U, s ug L w s W ),

w=12->((w2=0->11,17), moos Wy Wy s W, 5 Wy v, s vy I
w=13>( 19 » moosw, Wy s W, 5 W, Wy s v, )5
w=14>( 22 R mos Wy Wy L w, L uy o, w, 5 v, ),
w=15+( 24 5 mo 5w, <0:12>, WS W, 5 Wy, Wy, we )s
w=16~( 25 5 m ,w3<0:12>, W s W, Wy s Wy, we )y
R T T B I Rty
0 WsTONER Wy LWy s Wy, wg ),

w=19~>( 20 5 m 5w <0:12>, Wy W, LUy, 0, v, s
w=20~+>( - 21 » mos Wy, W, Uy s Wy s W, LWy +m(w0) ),
w=21+( 17 5 mos Wy s W Vg s Wy s Wy we Js
w=22->( 23 B Mmoo ,wa<0:12>, Yy Wy 5wy 5wy, we )s
w=23+( 21 5 mos Wy, W, Wy 5 Wy s W, Wy, ~mlug) ),
wj24+( 17 5 moo, o wy uy ,m(wo)_, Wy os Wy 2 Js
w=25->( 17 ,m[wz/wo], vy s W, W, s Wy s, W ))

Fig. XVIII. HOSTMACHINE
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HOSTMACHINE +Pready = (S,out,next’)
where S and out are as in Fig. XVIII, and hence:
out(s, (O,m,wo,wl,wz,w3,w4,w5)) = {pcml,accmz,readyﬂ, idte=1}
out(s, (S,m,wo,wl,wg,ws,wé,ws)) = {pcqol,accqaz,ready-:z, idle=0}
and .
next ' ({knob=k,button b, switches=swl, (O,m,wa,wl,wg,ws,w4,w5))
hb+(0""’”0’”1"‘72’”3’”4’1‘75)’
b+ (k=1 ->(O,m,wo,sw<0:12>,w2,w3,w4,w5),
7<=2—>(0‘,m,wo,wl,sz.J‘,uig,ng,ws)_v
k=3 (O,m[wg/wl],wg,wl‘,wz,ws_gw{},wyj
k=4 + (5”"’1"0’“’1-’“2’“3“‘”4”"5))
next ' ( {knob=k, button=b, switches=sw}, (5,m,wo,w1,w2,w3,w4,w5))
= let {op=m(wl)<13:15>, add.r=m(wl)<0:12>}
in (b->(O,m,wo,wl,wz,wg,w4,w5),
b -+ (op=0+ (O,m,wl,wl,wz,m(wl),w4,w5),
op=1- (S,m,wl,addr,wg,m(wl),wfw5)_,
op=2 -~ (w§=0+ (S,m,wl,addr,uz,m(wl),w4,w5),
(S,m,wl,w1+1,w2,m(w1),w4,w1<0:15>+1)),
op=3 (5,m,addr,w1+1,w2+m(addr),m(wl),wz,w1<0:15>+1),
op=¢ + (S,m,addr,w1+1_,wz—m(addr),m(wi),wz,wzw:15>+I),
op=5->(5,m,adclr',w1+1,m(addr),m(wl),w4,w1<0:15>+1),
op=6 -+ (5,m[w2/addr],addr,w1+1,w2,m(w1),m4,wl <0:15>+1),

op=7 + (5,m,w0,w

1+1,w2,m(w1),w4,w1<0:15>+1)))

Fig. XIX Properties of HOSTMACHINE VP, dy

Second case study: correctness of nMOS systems

In this case study we illustrate how our model of register transfer systems
might be used to analyse the kind of algorithms which are directly implemented
in nMDS chips. Tt is important to be clear that we are not trying to model
the implementations themselves, but cnly their idealized behaviour. This
behaviour is designed to be as simple as possible for the representation




and verification (by proof) of functional correctness; it is not intended to
be suitable for modelling electrical properties.

We will build devices as campositions of the following four primitives:

1. Gates entl
LT T3y,
2. Joins

3. Pullups

4. Ground

71 2
o
VDD
Z —L o
o

A good elementary tutorial account of these is given in [2]. We will model
them by sequential behaviours whose lines carry three possible values: high
which we denote by trueor 1, Ilow which we denote by false or 0 and null
which we denote by 4 . The null value, which we also used in the previous
case study, is a trick; it is the value output by a gate that is off and
roughly corresponds to 'floating® or 'high impedance' - but this interpretation
must not be taken too seriously.

The null value is needed to model the capacitive effects of circuits like




entl

. )
‘*JL— 7
i1 o1 G2
2

Here the output of gate GI is connected to the control of gate G2. Normally a
gate conducts (is "on") if its control line is high, so in the device above
if the valus an ent? is high then the value an the control of G2 = i.e. on
‘line 1 - will be the value input on <I. Now if cntl goes low then GI stops
conducting (goes "off") and the charge (or lack of charge) an line 7 will

be trapped and will continue to control the behaviour of G2 until it decays
away. For example, if both cntl and 7¢I are high then both GI and G2 will be
an; now if on the .next cycle ontl goes low, then the positive charge an 1
will be trapped and G2 will continue to conduct. Similarly if 77 had been
low then when cntl went low G2 would continue to be off. Ue shall assume
decay times are just one cycle long. This is rather pessimistic, b t it is
'safe’ and enables us to give an' interesting discussicn of refreshing; longer
decay times are easy to model, as we shall show.

The way we model the behaviour just described is to represent gates as
devices with memory, such that the 'effecti=2' control value is the value
on the control input if this is not null, but if the control input is null,
then the stared value is the effective control value. If the effective
control valus is 1 then the gate outputs its input otherwise it outputs @..

‘:nﬁ

c—1I L 5,

Thus a gate

has behaviour defined by:

G(t) = Mi,entl}. {o=(entl=lv(entl=ont=1) +i, & )}, Glentl)
This assumes a decay time of one cycle. The behaviour of a gate with infinite
decay time - i.e. the charge trapped on the control remains as long as the
control stays isolated - is simply:

G(t) = M, ontll. o =(entl=1v(cntl= @ at=1) +i, & )}, Glentl=8 - t,cntl)
We shall assume one cycle decay time from now on - i.e. the first definition
of G will be used.
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In what follows it will simplify calculations if we allow curselves

to restrict certain lines to only carry non-null values. Doing this

is a special case of using a slightly generalised in which lines
are typed. In this generalised model we assume each line 1 ¢ Line

has an associated damain Dom[1]. For example, we could assume that

for all 1< Line that Dom(1] = Val - this would correspond to what we have
been doing up until now, i.e. to the ungeneralised model. If we assign
damains to lines we must modify the definition of Sig[X] to be

SiglX] = {s|for all ZeX : s(1) € Dom[11}

Since ComlX;Y] and SeqlX;Y] are defined in terms of SiglX] and StglY]
we must modify them too - all we need to do is plug the new SZg[X] and
S5igl¥] into Definitions 2 and 3.

When writing down behaviours we must be sure they are 'well-typed® - e.q.

in expressions of the form {y =E'y ly € Y} the value of E_ wust be in Dom[yl.
If Dom(1]=D then we will write 1:D. In fact we only need two types of
lines. ILet Bool' be the domain containing 1,0 and @ and Bool be the

usual damain containing just I and 0. For this case study we shall only
use lines I such that either 1:Bool or Z:Ban+, the latter being the default.
Thus unless we explixitly declare that 1:Bool assume that Z:Bool® - i.e. that
1 might carry &.

Recall now the behaviour of a gate (with cne cycle delay time):

G(8) =ML ontl). (o = (ontl = Iv(entl =0 at =1) +4, 8)),Glontl)
If we declare cntl:Bool then the case cntl =# becamss impossible and the
definition simplifies to

G(t) =Mz,ontl}. {o= (entl+17, 6 )},Glentl) ‘
which, by simulation induction, is equivalent to the purely carbinational G !
defined bys

¢ = Mi,ontd. (o =(ent1 >4, 01,6
Notice that we cannot declare o:Bool for this example because

G(t)({Z =z,cntl=0}) = {0 =9}. To make our notation really safe and rigorous
we need to specify type checking rules for it.
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Example

If we assume ©1,centl:Bool then the behaviour of the circuit ¢

entl
_JL. O
o =t e
G1 A
i2

is given by:
B(t) =[Gz |Ga(t) T\ L
vhere GI1 =A{Z1,ontl}. {1l = (cntl+%1,8)},GI
Ga(t) =a{72,1}.{0=(L=1v(L =0 At =1)+712,6)},G2(1)
Then by the camposition theorem
B(t) =A{£1,72,eontl}.
letrec {1 = (entl+71,8)}
in {o=(l=1v(l=6rt=1)+22,6)},B(L)

=x{z1,72,cntl}.
{o=Centl A1) v (Qentl At =1) +12,8)},B(entl »~<1,8)

All the other primitives besides gates are purely cambinatianal.

A join J
71 2

is defined by
J = A{21,22}.{0=(11=0~ 12, (12=0><1,21v72))}, J
Thus joining null and a value gives the value and joining two non null
values gives their disjunction. If we extend v by defining
@ve =xv® =2z
Then the definition of J becames:
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J = A{21,22}.{o=t1 v 3}, J

A pallup PU
VDD

1: LO
has behaviour:

PU = M<zZ}.{e=(2=0+0,1)}, PU
Thus a pullup transmits non-null values unchanged, and pulls & up to 1.
This is our version of Chm's Law!

The final primitive ground GND

L

has behaviour:

GND = A }.{0o=0}, GND
We summarise our nMOS primitives in Fig. XX

Gate G(t)

cntl
4

z o
G(t) = MZ,entl}. {o=tentl=1 v (cntl= & A t=1) +Z, ® )}, Glentl)

Join J .
1 YiZ

J=\{21,42}.{o=¢1 vi2}, J °
VDD
A —%——} o

Pullup PU
PU = M2} {o=(4=0+0,1)}, PU
Ground GND

i

GND = A{}.{0=0}, GND

Fig X. nMOS primitives and their behavioy,




Example 12. ~
A conventianal nMOS invertor implementation is:
VDD
o
ia
—
11

S
———

within our model the behaviour of this is:
NOT(t) = [IG(t)|GNDIPUT\LI 12

where: G(t) = AM11,£}.{12=(2=1V (i= @ At=1)+11, @ )}, G(Z)
GND = A}.{11=0}, GND
Py = a12}.{o=(12=0~0,1)}, PU

and hence by the composition theorem and same 3-valued boolean alg. ra:
NOT(t)
= Az}
letrec {11=0, 12=(i=1v (i=@Art=1)~>11, @)}
in {0=(12=0+0,1)}, NOT(Z)
=A{Z}. {lo=(Z=1v (L =@ At=1)+0,1)}, NOT(Z)

If we extend 7 from Bool to Béol by defining:

19 =1
then the inverter's behaviour can be written as:

NoT(t) = Az} {o=(L=0~t, 3)}, NOT(Z)
Thus for non-null inputs the input is just inverted, and when null is
input the negation of the value stored is output; the value stored is
the value on the input line ¢ during the previous cycle.

If we declare ©:Bool (i.e. only use the inverter in a context where non=
null values are input) then the behaviour simplifies to

nor(t) = aM<Z}.{o= <}, NOT(Z)
which by simulation induction is equal to NOT defined by

NOT = A{Z}.{o=w%}, NOT
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Example 13
The standard nMOS implementation of a NOR element is:
VDD
o
4
i2 13

i1y fe— 22

[2

R
In our model the behaviour of this is given by:
NOR(tl,tZ) =[IG1 (1‘:1) IG2(1‘;2) |GND|J|PUINL1 12 13 14
whe.re:Gl(tz) = M11,71}.{12=(<1=1 v (i1=9/\t1=1) ~11, @)}, Gi(<1)

GZ(tz) = M11,22}.{13=(42=1 v (i2=eAt2=1) >11, @)}, Ga(<2)
J = A{12,18}.{14=12v 13}, J
PU = {14}.{o=(14=0+0,1)}, PU
GVD = A{}.{11=0}, GND

Hence by the camposition theorem and same boolean algebra using the
extended meanings of 4 and v on Ban+.
NOR(t ,t 2)
AZ1,223.
letrec{l1=0,
12=(Z1=1v (i1=®/\t1.—.1)-> l1,8),
13=(12=1v (i2=@rt,=1) 5 11, 0),
14=12 v13}
in{o=(14=0+0,1)}, NOR(i1,%2)
A{il,i2}.{o=1(/i1=®->t1,i1)v (i2=0st,,12))}, NOR(i1,72)
If we declare 71,72:Bool then this simplifies to
NOR(tz,tz)' = M 11,22} {o0=q(<1y ©2)}, NOR(i1,%2)
which by simulation induction is equivalent to NOR defined by:
NOR =2{%1,2}.{0 =7(11 v 42)}, NOR
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In the stack controller which we analyse later we will use NOR gates
in a context in which ane of the inputs can never have a null value,
but not necessarily the other one. If ¢1:Bool then the behaviour
simplifies to

NOR(t) = AM71,722}.{o= (L1 vV (42= @+t,72))}, NOR(<2)

We now analyse the stack cell shown in Fig.XXI. which is taken fram Mead
and Corway [10] Plate 6.

trl

402
NOT2 (t2)
6
ol - G3 14 J2 5 G4 L2
| — i SR TN
trr shi

Fig. XI Stack Cell
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We assume that shy,trl,trr,shl,<1,72 : Bool, and hence the behaviour of the
stack cell is given by:

STACKCE’LL(tl,tz) =[G11G2|G3|G41J1 |J2I1VOT1(t1) |N0T2(t2):ﬂ\ 111213141516

vwhere G, = M<Z1,8hr}.{11= (shr+11,8)},G1
G, = {02, tri}. {12 = (trl+02,8)},G2

2

GS = A{ol, trr}. {14 = tbrr +01,8)},G3

G, = Az2,shl}. {15= (shl+12,8)},G4

J1 = AM11,12}.{13=11v12},J1 ] .

J2 = A{14,15}.{16 = 14 v 15},J2
NOT1(t,) = M13}.{01= (13 =81t ,113)},H0T1(13)
noT2(t,) = M16}.{02 = (16 = 07¢,,116)}, H0T2(16)

By the camposition Theorem we can easily show that the behaviour of the
stack cell is as show in Fig. XXII

STACKCELL Ctl, t2)
= Mshr,trt, trr,shl,11,72}.
letrec {13 = (shr+11,8) v (trl> 02,8),
16 = (trr +01,8) v (shl +12,8),
ol =(13 =9+1t1,‘113)_,
02=(16= 8>1t,,116)}

in {o1=(13= 9->1t1,"ll3),02 =(16 = 9+1t2,1l6) }, STACKCELL(13,16)

Fig. XIT Behaviour of stack cell

The controller, which we shall use to drive the stack cell (and which is
described below), will always drive exactly one of the control lines
shr,trl,trr,shl high at a time. If we assume t1sty i Bool then we can
derive from Fig. XXII
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STACKCELL (tl, tz)
A shr, trl,trr,shl, 21,72},

(shr=1nAtrl=0ntrr=0nshl =0~ ({0l =321,02= 11:2},STACKC'E‘LL('L'1,9)),
shr=0Atrl=1Atrr=0Ashl =0~ ({01 = t2 502 ='It2},STAC'KCE'LL('It2,@))J
shr =0 A trl =0 Atrr=1 A shl =0~ ({01 =1t1,02 =t, '},STACKCELE(@,‘Itl))g
shr=0Atrl =0Ater=0Ashl =1+ ({01= Ttl,OZ =142}, STACKCELL (8,12 ) ),
shr=0natrl =0 Atrr=0Ashl =0~ ({01 = 1t1,02 =1t2},STACKCELL (6,8 )}),

B
o
°

Notice that if all the control lines arve kept low during a cycle then the
values stored on both gates decay to null. To avoid this the controller
must constantly refresh the data. The control scheme described by Mead and
Corway is based on a two phase clock (as are all their nMOS algorithms).
During the first phase (phase 1) either shr or ¢rl is driven high and during
the second phase (phase 2) either trr or shl is driven high. The idea is
that during phase 1 the value stored in NOTI (i.e. tz ) is refreshed or undated
whilst the value stored in NOT2 decays to &, and during phase 2 the value
stored is NOTI (i.e.tz ) is refreshed or updated, whilst the value stored in
NOT1 decays to @  More specifically we see fram the expressicom for
STACKCELL(#I, 1‘:2) just derived that:

1. Driving shr high stores in NOTI the value input on 71 - i.e. does
a right shift.

2. Driving trl high stores in NOTI the negation of the value in NOT2
- i.e. does a left recirculate.

3. Driving trr high stores in NOT2 the negation of the value in NOTI -
i.e. does a right recirculate.

4. Driving shl high stores in NOT2 the value input on 72 - i.e. does
a left shift.




Thus when not shifting one must refresh by recirculating the data inside
the stack cell by alternatively driving trl and trr high.

In order to enable the stack cell to be driven from a single line Mead and
Corway describe a controller ([10] page 73) which we will model with a device:
op

L

CNTL(t,c)

| [ ]

shr trl trr shl

where ¢:Bool is the control state and c¢:Bool is the clock state and:

CNTL(t,c)
= Mopl. ftr7 =(¢ »0,4t) ,shl = (¢ ~0,t), trl = (c +1t, 0)sshr = (¢>t,0)},CNTL(op,ac)
=A{op}.
(e At +{shr =1,trl = 0,trr=0,shl = 0},
ar 1t > {shr = 0,trl = 1,trr=0,shl = 0},
semit > {shr = 0,trl = 0,trr=1,shl = 0},
e At {shr =0,trl = 0,trr=0,shl = 1}) ,CNTL(0p,3c)

The idea is that ¢ = 0 during phase 1 and e=1 during phase 2; ¢, which is the
value input cn op during the previous cycle, determines whether to shift
or recirculate.

If we cambine the controller CNTL with a stack cell the resulting system has
behaviour:
STACKSYS(tl,tz,t,c) =([STAC'KCE’LL(¢1, tz) | CNTL(t,cJI\shr trl trr shi

and we can then show:
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STACKSYS(tl,tZ, tye)

= Mop, 21,22},
(e nt ({0l =1i1,02 = 1t,}, STACKSYS(:1,8,0p,0)),
ent + ({0l = ty,02 = Tt,}, STACKSYS (1t 5, 0,0p,0) ),
Temit » ({ol ='lt1,02 =t }, STACKSYS (8, 1t 459D, 1)),
qen ({01 =Tt ,02 =142}, STACKSYS(8,42,0p,1)).

Fram this we see that if op is driven low during phase 1 then during the next
phase 2 a left recirculate will occur, and if op is driven low during phase 2
then during the next phase 1 a right recirculate will occur. Thus a constant
stream of 0’s on op keeps the data recirculating in the stack cell so that it
does not decay away. We can also see that to shift in the value on the <1
line during phase 1 ene must drive op high during the preceding phase 2, and
to shift in the value on the 72 line during phase 1 one must drive op high
during the preceding vhase 2.

We thus see that a controller with behaviour CNTL(t,c¢c) is correct; the
implementation of this behaviour given in Mead and Corway is shown in Fig XXIIT.
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ph2

phi

op

nor

NOR i 1T

NOR

e )

Fig. XXIIT Implementation of the stack controller




The lines phl,ph2:Bool are connected to the clock. If we also declare
op:Bool then the only lines in Fig.XXIII that will carry ¢ are the outputs
of the two gates. We can thus use simplified behaviours for all the gates
and half the NOT's and NOR's.

Note also that the two subsystems inside the dotted line boxes are identical.
Each subsystem (in view of the remarks above about which lines carry & )
has a behaviour CON(t) defined by the device:

ea {worr |-
J S—

el
3 12 l;om (t) F———> o1
op ~__
G i I

.

NORZ |3y 02

0Tdt) =

Thus:

CoNn(t) =[LNOT1 |G |NOR2 |NOR1(t) | NOT1(t)IN\L1 12 13

NOT1 = A {c2}. {11 =1c2},N0T1
G = Mop,el}.{12 = (c1+0p,8)},G
NOR2 = \{11,13}.{02 =1(11 v 13)},NOR2
NORI(t) = 11,12}, {01 =(11v (12=0~¢,12))},NORI(12)
Nora(t) = x{12}. {l3=(12=0->1t,012)},N0T2(12)




By the camposition Theorem

CON(t)

Mops,el, e},

letrec {11=7¢2,12=(cl1+0p,8),13=(12=@->1t,712)}
in {01=T1(11v (l2=0+%,12)),02=T(11v 13)},CON(L2)

rop,el,c2}.

{el1=1(1c2v (lel~>t,0p)),02=T1(1c2V (Hel>Tt,Top))},C0N(cl +o0p,&)

Mop,el,c2}.

{olI=c2a(cI+Top1t),08 =024 (c1+0p,t)},C0N(cl~op,&)

The cumplete cantroller can now be assembled fram two subsystemss

op

ELOC’K(C) !

ph2

phl

I covi(t,) T

cong (1‘:2)

trl

3 shr

T |
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The behaviour of the camwplete cantroller is thus:
C’OIVTROL(tZ,tZ,c) = [[COIVl(tZ) lC’OlVZ(tz) | CLOCK(c)T\ph1 ph2

where COIVl(tl) = Mop,ph1,ph2}.
ferr= ph2 A (phl+10p,3 t,)s8hl = ph2 A (phl+op, t)L,
CON1(phl—+op,®)

and  CON2 (t2) = Mop,phl,ph2}.
{trl=phl A (ph2 ->10p,1t2),shr =phl A (ph2->op,t2) 1,
CONZ(ph2 +op, &)

and  CLOCK(e) = a{}. {phl=e,ph2=T1c},CLOCKNe)

Fram which it follows that:

CONTROL(tl, tz,c)

= Aop}
letrec {¢z..1 =¢,ph2 =1c}

in {trr = ph2 A (ph1 >10p,3 ti),
s~1 =ph2 A (phl —>op_,t1)s
trl =phl A (ph2 »1op,'lt2),
shy = phl A (ph2 +op, t2) 1,

CONTROL( (phl +op, @), (ph2 +op,®) i c)

and hence

CONTROL(tl,tZ,c}
= Mop}l,
{trr = (¢+ 0,0 tl),shl = (o*a,tl), trl = (c->‘|t2,0),ehr = (c->t2,0)},

CONTROL( (e +0p,8), (¢ +~8,0p) s1c)
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Thus during phase 1 (¢=0) @ is stored in CONI and op in CONZ, and during
phase 2 (¢=1) op is stored in CONI and @ in (CON2. Thus, in general,
for same ¢ the value stored in CONI is (e+@,¢) and in CONZ2 is (c~t,8)
and thus to show CONTROL is correct we must shows

CNTL(t,c) =CONTROL((c~+8,t), (c+t,8),c)

which follows easily by simulaticon induction.

This capletes the verification of both the stack cell and the stack controller.
Although our model of nMOS is very, very simple, we hope this case study has
shown that nevertheless it enables us to make a non-trivial analysis of functional
behaviour.

Conclusiorns

We have tried to show that, by modelling register transfer systems with sequential
behaviours, we can express and reason about both specificafions and implementations,
in a clean and uniform way, at many different levels of abstraction.. What we

have not shown is whether our techniques can be scaled up to 'real' examples.

This, we feel, is the crucial test. We hope that by splitting 'p behaviours

into campositions of simpler ones (as in the case studies) we can reduce large
problems to collections of small cnes. One of the goals of our future work

is to test this hypothesis by attempting to model and verify larger and larger
systems. We believe machine assistance is essential for this, and we have

already done same experiments in campiling behaviour definitions into executable
code useful for simulation. However, although simulation can be a powerful tool
for verification, we are still pursuing the more rigorous goal of verification

by proof, To this end we plan to experiment with using an interactive metalanguage
to control manipulations of expressions denoting behaviours. This methodology
isbasedmasimila.rmeusedwithsmesuccessinthelﬂ‘projer:t [43. |
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