
A L G O R I T H M  194  

Z E R S O L  

CARLOS DOMINGO 
U n i v e r s i d a d  C e n t r a l ,  C a r a c a s ,  V e n e z u e l a  

p r o c e d u r e  ZERSOL (h, YI ,  m, epsi, F, f ,  Z ) ;  r e a l  h, epsi, f;  
a r r a y  YI ,  Z; i n t e g e r  m ;  p r o c e d u r e  F ;  

c o m m e n t  ZERSOL f inds t h e  s imp le  zeros  of t h e  so lu t i on  Y1 (Y0) 
of t h e  s e t  of m f i rs t  o rder  d i f fe ren t i a l  e q u a t i o n s  Y j  = Fj(YO, 
Y1, . . .  , Ym).  h is t h e  s t e p  of i n t e g r a t i o n ,  epsi t h e  e r ror  w i th  
wh ich  t h e  zeros  are  to be d e t e r m i n e d  ( a s s u m i n g  no er ror  in t h e  
p rocess  of i n t e g r a t i o n ) .  F ( Y S ,  j,  v) is a p r o c e d u r e  w h i c h  ca lcu-  
l a t e s  t h e  f u n c t i o n s  Fj,  t a k i n g  t h e  a r g u m e n t s  f r o m  the  a r r a y  
YS a n d  l e a v i n g  t he  r e s u l t s  in v. T h e  s e a r c h  for  zeros  s t o p s  
w h e n  Y0 > f .  T h e  zeros a re  s t o r e d  as e l e m e n t s  of t he  a r r a y  Z .  
MR is a 4 X 4 m a t r i x  w i t h  t h e  coeff ic ients  of  a R u n g e - K u t t a  
m e t h o d .  Fo r  e x a m p l e  MR m a y  be row-wise  0.5, 1, 0.5, 0, 1 - a ,  
1 -- a, 1 -- a, 0.5, l + a ,  1 + a ,  1 + a ,  0 , ~ , $ ,  0.5, 0.5, where  
a = sqrt(2); 

b e g i n  r e a l  v, r,  d; i n t e g e r  ],  s,  n ,  ]6; a r r a y  Q[ l :m] ,  YS[0:m] ,  
Y A L  [0:m],  YT[i:m],  M R [ l : 4 , 1 : 4 ] ;  s w i t c h  S := NOZ, ZER; 
n : = l ;  

f o r  d :=  h w h i l e  YI[0] ~ f do 
b e g i n  s :=  1; 

R i :  f o r j  :=  1 s t e p  1 u n t i l  m d o  
b e g i n  Q[j] : =  0.0; YS[j] : =  Y/[ j ] ;  YT[/] := YI[j] e n d ;  

YS[0] : =  YI[0]; 
R2:  f o r  k i=  1 s t e p  1 u n t i l  4 d o  

b e g i n  YS[0] : =  YS[0] + MR[k, 4] X d; 
f o r  j :=  1 s t e p  1 u n t i l  m d o  

b e g i n  F(YS,] ,v);  v := v X d ;  
r := MR[k,1] X v - MR[k,2]X Q[j]; 
YT[j] := YT[]] + r; 
Q[J] := Q[J] + 3.0 X r - MR[k,3] × v 

e n d ;  
f o r j  :=  1 s t e p  l u n t i l  m d o  YS[j] := YT[]] 
e n d  ; 

go  t o  S(s )  ; 
NOZ: i f  sign(YI[1]) # sign(YS[1]) t h e n  go  t o  IT;  

TR:  f o r j : =  0 s t e p l u n t i l m d o  YI[j] := YS[j]; g o t o R 2 ;  
IT:  s :=  2; 

f o r  j :=  0 s t e p  1 u n t i l  m d o  YAL[j] := YS[j]; 
ZER: d := d/2; 

i f  d _~ epsi t h e n  go  t o  STZ;  
i f  sign(YI[1]) = sign(YS[1]) t h e n  go  t o  TR e l s e  go  t o  R1;  

STZ:  Z[n] := YI[0] : =  YI[0] + d; n :=  n + 1; 
f o r  j :=  (i s t e p  1 u n t i l  m d o  YI[j] := YAL[j] 

e n d ;  
e n d  
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B A N D S O L V E  

DONALD H .  T H U R N A U  

M a r a t h o n  0 i l  C o . ,  L i t t l e t o n ,  C o l o .  

p r o c e d u r e  B A N D S O L V E  (C,N,M,V);  v a l u e  N,M; i n t e g e r  

N,M;  r e a l  a r r a y  C,V; 
c o m m e n t  B A N D S O L V E  is e f fec t ive  in s o l v i n g  t h e  m a t r i x  e q u a -  

t i on  A X  = B w h e n  t h e  m a t r i x  A is of l a rge  o rde r  a n d  s p a r s e  

s u c h  t h a t  a n a r r o w  b a n d  c e n t e r e d  on t h e  m a i n  d i a g o n a l  i n c l u d e s  

all t h e  non -ze ro  e l e m e n t s .  P a r a m e t e r  N is t h e  o rde r  of A,  a n d  M 

is t he  w i d t h  of t he  b a n d ,  n e c e s s a r i l y  an  odd n u m b e r  of  e l e m e n t s .  

J. H. W E G S T E I N ,  Editor 

B A N D S O L V E  is v e r y  efficient  b e c a u s e  i t  o p e r a t e s  o n ly  on t h e  
b a n d  p o r t i o n  of t h e  m a t r i x  A ,  g iven  in  t h e  N b y  M a r r a y  C. T h e  
b a n d  e l e m e n t s  of a g iven  row of A a p p e a r  in  t h e  s a m e  row of C 
b u t  s h i f t e d  s u c h  t h a t  e l e m e n t  A [i,j] b ecomes  C [ i , j - i +  ( M + l ) / 2 ] .  
All  b a n d  e l e m e n t s  w h e t h e r  zero  or n o n - z e r o  m u s t  be  g iven .  T h e  
v a l u e s  of unde f ined  e l e m e n t s  of C, s u c h  as C[1,1] or  C[N,M], a re  
i r r e l e v a n t .  T h e  a r r a y  V in i t i a l l y  c o n t a i n s  t h e  v e c t o r  B.  A f t e r  
so lu t i on ,  t h e  a r r a y  V c o n t a i n s  t h e  a n s w e r  v e c t o r  X .  T h e  con-  
t e n t s  of a r r a y  C are  d e s t r o y e d  d u r i n g  s o l u t i o n  w h i c h  is done  b y  
G a u s s  e l i m i n a t i o n  w i t h  row i n t e r c h a n g e s ,  fo l lowed b y  b ack  s u b -  
s t i t u t i o n ;  

b e g i n  i n t e g e r  JM,LR,I ,PIV,R,or;  r e a l  T ;  
LR := ( M + i )  + 2; 
f o r  R :=  1 s t e p  1 u n t i l  LR -- 1 do 

f o r  I :=  1 s t e p  1 u n t i l L R  -- R do 
b e g i n  f o r  J :=  2 s t e p  1 u n t i l  M do 

C[R,J--1] :=  C[R,J]; 
C[R,M] := C [ N + I - R , M + i - I ]  := 0 

e n d  of row s h i f t i n g  a n d  zero  p l a c e m e n t ;  
f o r  I :=  1 s t e p  1 u n t i l  N - 1 d o  

b e g i n  P I V  :=  I ;  
f o r  R :=  I + 1 s t e p  1 u n t i l  LR d o  

i f  abs(C[R,1])>abs(C[PIV,1]) t h e n  
P I V  := R ; 

i f  P I V  # I t h e n  
b e g i n  T :=  V[I]; 

VII] := V[PIV];  
V[PIV] := T; 
f o r  J :=  1 s t e p  1 u n t i l  M do 

b e g i n  T :=  C[I,J]; 
C[I,J] := C[PIV,J]; 
C[PIV,J] :=  T 

e n d  J" 
e n d  of row i n t e r c h a n g e ;  

v[I] :=  v[~:]/c[I,l]; 
f o r  J :=  2 s t e p  1 u n t i l  M d o  

C[I,J] := C[I,d]/C[I,1]; 
f o r  R :=  I + 1 s t e p  1 u n t i l  LR d o  

b e g i n  T :=  C[R,1] 
V[R] := V[R] - T X VIII ;  

f o r  J :=  2 s t e p  1 u n t i I  M do 
C[R,J-1]  :=  C[R,J] -- T X C[[,J]; 

C[R,M] := 0 
e n d  R ; 

i f L R  # N t h e n  LR := LR + 1 

e n d  of t r i a n g u l a r i z a t i o n ;  

V[N] :=  V[N]/C[N,1]; 
J M  :=  2; 

f o r R  :=  N -- 1 s t e p  - 1  u n t i l  1 d o  

b e g i n  f o r  J :=  2 s t e p  1 u n t i l  J M  d o  

V[R] := V[R] - C[R,J] X V [ R - I + J ] ;  
i f J M  # M t h e n  J M  :=  J M  + 1 

e n d  of b a c k  so lu t i on  

e n d  B A N D S O L V E  

V o l u m e  6 / N u m b e r  8 / A u g u s t ,  1963 C o m m u n i c a t i o n s  o f  t h e  A C M  441 



ALGORITHM 196 
MULLER'S METHOD FOR FINDING ROOTS OF 
AN ARBITRARY- FUNCTION 
R O B E R T  D .  RODMzkN 

Burroughs Corp., Pasadena, Calif. 

procedure  MULLER (p l ,  p2, p3, mxm, nrts, epl, ep2, swl, sw2, 
sw3, swr, rrt, irt); 

v a l u e  p l ,  p2, p3, mxm, nrts, cpl, ep2, swl, sw2, sw3, swr; 
i n t e g e r  mxm, nrts; b o o l e a n  swl, sw2, sw3, swr; 
real  pl,  p2, p3, epl, ep2; array  rrt, irt; 
b e g i n  c o m m e n t  p r o c e d u r e  MULLER f inds rea l  a n d  c o m p l e x  

roo t s  of an  a r b i t r a r y  f u n c t i o n ,  p l ,  p2, a n d  p3 arc  s t a r t i n g  v a l u e s .  
R o o t s  n e a r e s t  t h e s e  p o i n t s  a re  f o u n d  f i rs t ,  mxm is t h e  m a x i m u m  
n u m b e r  of i t e r a t i o n s  to  be m a d e  in  f ind ing  a n y  one root .  epl a n d  
ep2 are  specif ied as t o l e r a n c e  p a r a m e t e r s .  If ABS( (X i+~-Xi ) /  
Xi+~) < epl or if t h e  f u n c t i o n  v a l u e  a n d  modi f i ed  f u n c t i o n  v a l u e  
a re  b o t h  less  t h a n  ep2, a roo t  ha s  been  f o u n d .  If  swl is true,  
t h e n  each  i t e r a n t  of e ach  roo t  is p r i n t e d .  I f  sw2 is t r u e ,  t h e  
v a l u e  of e ach  roo t  f ound  is p r i n t e d .  I f  sw3 is t r u e ,  t h e n ,  w h e n  
app l i cab l e ,  t he  complex  c o n j u g a t e  of each  roo t  f o u n d  is a d m i t t e d  
as  a root .  I f  swr is t r u e ,  on l y  real  roo t s  a rc  f o u n d ,  rrt a n d  irt 
c o n t a i n  t h e  real ,  a n d  i m a g i n a r y  p a r t s  of e ach  roo t  f o u n d .  P roce-  
du re  f u n c t i o n  is t h e  f u n c t i o n  g e n e r a t o r  a n d  p r o c e d u r e  com-  
p lex  p e r f o r m s  n e c e s s a r y  c o m p l e x  o p e r a t i o n s ;  

b o o l e a n  bool; i n t e g e r  c l ,  rtc, i, itc; r e a l  rx l ,  rx2, ~,3, ixl ,  
ix2, ix3, rrOot, iroot, rdnr, idnr, tl, it1, frroot, firoot, rfxl, rfx2, 
rfx3, i fxl ,  ifx2, ifx3, rh, ih, rlam, ilam, rdel, idel, t2, it2, t3, it3, t4:, 
it4, rg, i t ,  rden, iden, rfunc, ifunc; 

s w i t c h  ] :=  m2,  m3,  m4,  m7,  r o l l ;  
p r o c e d u r e  function (reale, imag, reval, ieval); 
v a l u e  reale, imag; r e a l  reale, imag, reval, ieval; 
b e g i n  c o m m e n t  C o d i n g  for t h i s  p r o c e d u r e  m u s t  be i n s e r t e d  a t  

c o m p i l e  t i m e .  reale a n d  imag are  t h e  rea l  a n d  i m a g i n a r y  p a r t s  
of t h e  d e p e n d e n t  v a r i a b l e ,  reval a n d  ieval, t h e  rea l  a n d  i m a g i n a r y  
p a r t s  of  t he  f u n c t i o n ;  

e n d  function; 
p r o c e d u r e  complex (a, ia, b, ib, k, c, ic) ; 
v a l u e  a, ia, b, ib, k; i n t e g e r  k; 
real  a, ia, b, ib, c, ic; 
b e g i n  r e a l  tcmp; s w i t c h  j :=  ,mpy, dvd, sqt; 

g o  t o  j[k]; 
mpy: c := a X b - ia X ib; ic := a X ib + ia X b; go to  exit; 
dvd: i f  ( ib=O) /~ (b=O) t h e n  b e g i n  ic :~- O; c :=  1; 

go  t o  exit e n d ; t e m p  :=  b ~ 2 + i b  ~ 2; 
c :=  (aXb+iaXib)/ temp; ic : =  ( iaXb--aXib)/ temp; 
go  t o  exit; 

sqt: i f  (ia=O) /~ (a<O) t h e u  
b e g i n  c :=  O; ie :=  sqrt (--a) e n d  
e l s e  i f  ia = 0 t h e n  
b e g i n  c :=  sqrt(a); ic :=  0 e n d  
e l s e  b e g i n  temp :=  sqrt (aT2+ia~2) ;  

c :=  sqrt ((romp + a ) / 2 ) ;  
ic :=  i f  (temp -- a) < 0 t h e n  0 

e l s e  sqrt ((temp - a) /2 )  e n d ;  
i f  ((bTc) ~" 2 + (ib+ic) ~" 2) < ((b--c)1" 2 + ( ib- ic)  ~" 2) 
t h e n  b e g i n c  :=  b - -  c; ic : =  ib -- ic e n d  
e lse  b e g i n  c := b ~ c; ic :=  ib + ie end;  

exit: e n d  of complex; 
start: f o r i  :=  1 s t e p  1 u n t i l  nrts do rrt [i] :=  irt [i] : =  O; rtc :=  O; 
toO: ixl :=  ix2 :=  ix3 :=  c l ,  :=  iroot : =  itc :=  O; 

rroot :=  p l ;  bool : =  f a l s e ;  

m l :  c l ;  :=  cl  + 1; rdnr : =  1; idnr :=  O; 

for i :=  1 s t e p  1 u n t i l  rtc do 
b e g i n  

complex (rdnr, idnr, rroot-rrt [i], iroot-irt [i], 1, t l ,  i t l ) ;  

rdnr :=  t l ;  idnr := it l  
e n  d ; 

function @root, iroot, t l ,  i t1) ;  
complex (tl, it1, rdnr, idnr, 2, frroot, firoot); 
go  t o  j [e l ] ;  

m2:  rfxl :=  frroot; iJxl :=  firoot; rroot :=  p2;  
go  t o  m l ;  

m3:  rfx2 :=  frroot; ifx2 :=  firoot; rroat :=  p3;  
go  t o  m l ;  

m4:  rfx3 :=  frroot; i]x3 :=  firoot; rxl :=  p l ;  
rx2 := p2; rx3 := p3; rh := rx3 -- rx2; 
ih := ix3 -- ix2; 
complex (rh, ih, rx2-- rxl, ix2-- ixl ,  2, rlam, ilam); 
rdel := rlam + 1; idel := ilam; 

m9:  i f  (~xl=rfx2) A (rfx2=rfx3) A (ifxl=iJx2) /h (iJx2=ifx3) 
t h e n  b e g i n  rlam :=  1; ilam :=  O; go  t o  m8 e n d ;  
complex (rJxl, iJxl, flare, ilam, 1, t l ,  i t1) ;  
complex (rfx2, ifx2, rdel, idel, 1, t2, it2); 
t l  :=  t l -  t 2 + ~ J x 3 ;  it1 : = i t l - i t 2 + i f x 3 ;  
complex (rdel, idel, rlam, ilam, 1, t2, i t2) ;  
complex (tl, it1 t2, it2, 1, t3, it3); 
complex (rfx3, ifx3, t3, it3, 1, tl, i t1) ;  
tl  :=  - 4  X t l ;  i t l  :=  - 4 X  itl;  
complex (rfx3, iJx3, rlam+rdel, ilam+idel, 1, t2, i t2) ;  
complex (rdel ~ 2--idel ~ 2, 2XrdelXidel, rJx2, ifx2, 1, t3, i t3 ) ;  
complex (rlam ~ 2 - i l a m  T 2, 2XrlamXilam, ~Jxl: i fxl ,  1, 

t4, it4) ; 
rg :=  t 4 -  t 3 + t 2 ;  ig : = i t 4 - i t 3 + i t 2 ;  
i f  swr /k ((rg~2+tl)<O) t h e n  

b e g i n  rden :=  rg; iden := ig :=  0 e n d  
v i s e  complex ( r g T 2 - i g ~ 2 + t l ,  2XrgXigq- i t l ,  rg, ig, 3, 

rden, iden) ; 
complex ( -2Xr fx3 ,  - 2 X i f x 3 ,  rdel, idel, 1, t l ,  i t l ) ;  
complex (tl ,  itl ,  rden, iden, 2, rlam, ilam); 

m8:  itc :=  itc + 1; 
rxl :=  rx2; rx2 := rx3; rfxl :=  rfx2; rfx2 := rJx3; 
ix1 :=  ix2; ix2 := ix3; i fxl  := ifx2; ifx2 :=  ifx3; 
complex (rlam, ilam, rh, ih, 1, t l ,  i t1) ;  
rh :=  t l ;  ih :=  i t l;  

m6:  rdel := f lare+ 1; idel :=  ilam; rx3 :=  rx2 + rh; 
ix3 :=  i x 2 + i h ;  cl  :=  3; rroot :=  rx3;  
iroot :=  ix3; go  t o  m l ;  

m7:  rfx3 := frroot; ifx3 :=  firoot; 
function (rx3, ix3, rfunc, ifunc); 
complex (rfx3, ifx3, rfx2, ifx2, 2, tl, i t1) ;  
i f  ( t l ~ 2 + i t l ~ 2 )  > 100 t h e n  

b e g i n  rlam :=  rlam/2; rh :=  rh/2; ilam :=  ilam/2; 
ih :=  ih/2; go  t o  m6 e n d ;  

i f  swl t h e n  . . . 
c o m m e n t  op t i on  to  o u t p u t  i t e r a n t  a n d  a s s o c i a t e d  f u n c t i o n  

v a l u e s ;  
t l  :=  r x 3 -  rx2;  i t l  : = i x 3 - i x 2 ;  
complex ( t l ,  itl ,  rx2, ix2, 2, t2, i t2) ;  
i f sqr t  (t2T 2+it2~ 2) _-< epl t h e n  go  t o f i n l ;  
i f  (sqrt (7~x3 ~ 2 + i f x 3  T 2)=<ep2) A 
(sqrt OJunc T 2+ifunc T 2) =< ep2) t h e n  go  t o  .fin 2; 
go  to  i f  itc >= mxm t h e n f i n 3  e l s e  m9;  

fin1: i f  sw2 t h e n  . . . 
c o m m e n t  op t ion  to o u t p u t  roo t ;  go  t o  m12;  
fin2: i f  sw2 t h e n  . . . 
e o m n l e n t  o p t i o n  to  o u t p u t  roo t ;  go  t o  m12;  
fin3: i f  sw2 t h e n  . . .  
c o m m e n t  no c o n v e r g e n c e ,  op t i on  to o u t p u t  l a s t  i t e r a n t ;  

bool :=  true;  
m12:  rtc := rtc + 1; rrt[rtc] :=  rx3; irt[rtc] :=  ix3; 

i f  rte ~ nrts t h e n  go  t o  exit; 
i f  (ABS(ix3)>epl)  A sw3 A "-1 bool t h e n  

b e g i n  ix3 :=  --ix3; function (rx3, ix3, r]unc, ifunc); 
rroot :=  rx3; iroot :=  ix3; cl  :=  4; 
go to  m l ;  

m11:  i f  sw2 t h e n  . . . 
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c o m m e n t  t h e  c o m p l e x  c o n j u g a t e  of t h e  l a s t  r oo t  f o u n d  is a ccep t -  
ab le .  O p t i o n  to  o u t p u t  t h i s  roo t ;  

rtc :=  rtc + 1; rrt[rtc] :=  rx3; irt[rtc] :=  ix3 
e n d  e l s e  go  t o  m0;  

i f  rte < nr ts  t h e n  go  t o  m0;  
exit:  e n d  of p r o c e d u r e  M U L L E R  

ALGORITHM 197 
MATRIX DIVISION 
M .  W E L L S  

University of Leeds, Leeds, England 

p r o c e d u r e  Pos Die  (b, c, m, n,  solve); 
v a l u e  m, n, solve; a r r a y  b, c; i n t e g e r  m,  n ;  B o o l e a n  solve; 
c o m m e n t  T h e  m a t r i x  c, w i t h  m rows a n d  n c o l u m n s ,  is d i v i d e d  

b y  t h e  pos i t i ve  def in i te  m a t r i x  b, of  o rder  m,  b y  t he  s q u a r e  roo t  
m e t h o d  (see F a d e e v a ,  V. N . ,  C o m p u t a t i o n a l  M e t h o d s  of L i n e a r  
A lgeb ra ,  C h a p  2, §10). T h e  u p p e r  t r i ang l e  of b is r ep l aced  b y  
an  u p p e r  t r i a n g u l a r  m a t r i x  N s u c h  t h a t  N t N  = b. T h e  o t h e r  
e l e m e n t s  of b a re  u n d i s t u r b e d .  T h e  m a t r i x  c is r ep laced  b y  b-~c. 
T h e  B o o l e a n  solve is u sed  as  a swi t ch .  If  i t s  v a l u e  is t r u e ,  t h e n  
i t  is a s s u m e d  t h a t  an  ear l ie r  e n t r y  to  Pos Die  h a s  le f t  t he  m a t r i x  
N in p lace ,  a n d  a f u r t h e r  d iv i s ion  of c b y  b t a k e s  p lace ;  

b e g i n  i n t e g e r  i,  j ,  k; 
r e a l  p r o c e d u r e  dot (a, b, p,  q); 
v a l u e  q; r e a l  a, b; i n t e g e r  p, q; 
e o n l l n e n t  T h i s  is i n n e r p r o d u c t ,  modi f ied  to define a f u n c t i o n  

d e s i g n a t o r  ; 
b e g i n  r e a l  s; s :=  O; 
f o r p  :=  1 s t e p l u n t i l q d o s  :=  s + a X  b; 
dot :=  s e n d  dot; 
S tar t  oJ program: i f  solve t h e n  go  t o  back subs t i tu t ion;  
f o r  i :=  s t e p  1 u n t i l m  d o  
b e g i n  b [ i , i ]  :=  sqrt (b[i, i] -- dot (b[j, i] T 2, 1, j ,  i - 1));  

f o r  ] :=  i + 1 s t e p  1 n n t i l  m d o  
b[i,j] :=  (b[i,j] -- dot (b[k,i], b[k,j], k, i - 1 )  )/b[i , i]  

e n d  f o r m a t i o n  of u p p e r  t r i a n g u l a r  m a t r i x ;  
back subs t i tu ton:  f o r  i :=  1 s t e p  1 u n t i l  n d o  

b e g i n  f o r  ] :=  1 s t e p  1 u n t i l  m d o  
c[i,j] :=  (c[i,j] -- dot (b[k,j], c[i,k], k, ] -  l ) ) /b[j , j];  

f o r  j :=  m s t e p  - 1  u n t i l  1 d o  
c[i,j] :=  (c[i,j] -- dot ( b [ j , m + l - k ] ,  c [ i , m + l - k ] ,  k, m - - j ) ) ~  

b[j,i] 
e n d  of doub l e  b a c k  s u b s t i t u t i o n  

e n d  of Pos Die  

ALGORITHM 198 
ADAPTIVE INTEGRATION AND MULTIPLE 
INTEGRATION 
W I L L I A M  MARSHAL L  M C K E E M A N  

Stanford University, Stanford, Calif. 

b e g i n  c o m m e n t  T h i s  p r o g r a m  i l l u s t r a t e s  t he  d e c l a r a t i o n  and  
call  of a p r o c e d u r e  u sed  to n u m e r i c a l l y  a p p r o x i m a t e  def in i te  
i n t e g r a l s  a n d  m u l t i p l e  i n t eg ra l s .  T h e  i n t e g r a n d  is an  exp re s s ion  
s u b s t i t u t e d  for t h e  f irst  f o rma l  p a r a m e t e r  and  m u s t  be a f unc -  
t ion  of t he  s imp le  v a r i a b l e  r e p l a c i n g  t h e  second  fo rma l  pa -  
r a m e t e r .  M u l t i p l e  i n t e g r a t i o n  is a c c o m p l i s h e d  by  s u b s t i t u t i n g  
a c o m p l e t e  call  of I n t e g r a l  for t he  f i rs t  f o r m a l  p a r a m e t e r .  N o t e  
t h a t  in t h i s  case  t h a t  t he  l i m i t s  of i n t e g r a t i o n  on t he  ins ide  cal ls  
m a y  be f u n c t i o n s  of t h e  v a r i a b l e  of i n t e g r a t i o n  on t he  o u t e r  
cal l .  T h e  p a r a m e t e r  rule se lec t s  a N e w t o n - C o t e s  f o r m u l a  w h i c h  
m a t c h e s  a p o l y n o m i a l  of degree  = rule to t h e  f u n c t i o n  in t h e  
i n t e r v a l  of i n t e g r a t i o n .  (See H a m m i n g ,  Numer ica l  Methods for  

Sc ien t i s t s  and Engineers ,  Sec. 12.2). I n  a n y  case ,  t h e  p r o c e d u r e  
i n t e g r a l  a d a p t s  i t s  s t ep  size to t h e  f u n c t i o n  in  s e e k i n g  to  m in i -  
nfize t h e  n u m b e r  of f u n c t i o n  e v a l u a t i o n s .  T h e  p r o g r a m  h a s  been  
t e s t e d  a n d  r u n  on a v a r i e t y  of f u n c t i o n s  u s i n g  t h e  ALGOL co m -  
p i le r  on t h e  B u r r o u g h s  B-5000.;  

r e a l  p r o c e d u r e  Integral  (F) a f u n c t i o n  of  the real variables: (x) 
between l imi t s :  (a,b ) po lynomial  degree : (rule) tolerance: (eps) ; 

v a l u e  a, b, rule, eps; i n t e g e r  rule; 
r e a l  F, x, a, b, eps; 
b e g i n  c o J n m e n t  se t  u p  t he  p a r a m e t e r s  for  t he  r e cu r s io n  before  

ca l l ing  t he  p r o c e d u r e  N C ;  
s w i t c h  net :=  R1, R2, R3,  R4,  R5,  R6,  R7; 
r e a l  a r r a y  c], f n  [ l : ru le+l] ;  
i n t e g e r  k; r e a l  da, ab; 
r e a l  p r o c e d u r e  N C  (F,x ,a ,da , fn ,k ,c f  , rule ,eps ,es ,ab, lv l  ) ; 
v a l u e  a, da, rule, eps, es, 1el ; r e a l  a r r a y  cf  ; 
i n t e g e r  k, rule, l v l ;  r e a l  F,  x, a, da, f n ,  eps, es, ab; 
b e g i n  c o m m e n t  N C  is t he  a d a p t i v e  h e a r t  of I n t e g r a l ;  

r e a l  a r r a y  fc[1 : ru le+l ,1  :rule+l],  est, xx[l  :rule+ l]; 
i n t e g e r  i ,  j ;  r e a l  dx, in t ,  ep; 
r e a l  p r o c e d u r e  S U M ( t e r m ,  index,  upper l im i t ) ;  
r e a l  term; i n t e g e r  index,  upper l im i t ;  
b e g i n  r e a l  t; t :=  0; 

f o r  index :=  1 s t e p  1 u n t i l  u p p e r l i m i t  d o  
t := t + term; 

S U M  :=  t 
e n d  o] S U M ;  
c o m m e n t  beg in  t he  i n t e g r a t i o n  b y  e v a l u a t i n g  F on t h e  m e s h  

p o i n t s  ; 
f o r k  :=  1 s t e p  1 u n t i l  rule + 1 d o  fc[k,k] :=  f n ;  
dx :=  d a / ( r u l e X  ( r u l e + l ) ) ;  
X := a; 
f o r  i :=  1 s t e p  1 u n t i l  rule + 1 d o  

f o r  j :=  1 s t e p  1 u n t i l  rule d o  
b e g i n  

i f j  = 1 t h e n x x [ i ]  :=  x; 
i f  i ~ j t h e n  fc[i,j] :=  cf[j] X F;  
x : = x + d x ;  

e n d  h a v i n g  done  all n e c e s s a r y  f u n c t i o n  e v a l u a t i o n s ;  
f o r  i :=  1 s t e p  1 u n t i l  rule d o  

fc[i ,  ru l e+l ]  :=  f c [ i+ l ,1 ] ;  
ep :=  e p s / s q r t ( r u l e + l ) ;  
c o m m e n t  eps / ( ru le  + 1) is t he  v a l u e  to g ive  an  a b s o l u t e  

e r ro r  b o u n d  of eps in t he  f inal  an swer .  I t  p ro v es  too  s t r i c t  in 
p r a c t i c e ;  

dx :=  dx X rule; 
c o m m e n t  c o m p u t e  t he  i n t e g r a l s  of t he  s u b i n t e r v a l s ;  
f o r  i :=  1 s t e p  1 u n t i l  rule + 1 d o  

es t [ i ]  :=  S U M ( f c [ i , j ] , ] , r u l e + l ) X d x ;  
ab :=  ab - abs(es) + S U M  (abs(est[i]) , i , ru le+ l ) ; 
c o m m e n t  ab is t he  a r ea  u n d e r  abs(F).  I t  is u sed  in c o m p u t i n g  

t he  r e l a t i ve  e r ro r  u p o n  w h i c h  to t e r m i n a t e ;  
i n t  :=  S U M ( e s t [ i ] , i , r u l e + l ) ;  
i f  1el ~ l O 0 / ( r u l e + l )  t h e n  go  t o  error; 
N C  :=  i f  a b s ( e s - i n t )  ~ eps X ab A es # 1.0 t h e n  i n t  

e l s e  S U M  (NC (F :x,xx [i],dx,fc [i,j] , j ,cf  ,rule ,ep,est [i], ab, lv l  + 1 ), 
i , r u l e +  l ) ; 

go  to  return;  
error; N C  := in t ;  

c o m m e n t  abs(es ~ int)  is t he  a p p r o x i m a t e  e r ro r  c au sed  b y  

t e r m i n a t i n g  t h e  r ecu r s ion .  I n  m o s t  cases ,  t e r m i n a t i o n  a t  

t h i s  level  will n o t  a d v e r s e l y  affect  t he  a c c u r a c y  of t h e  r e s u l t ;  

re turn : 
e n d  of N C ;  
c o m m e n t  now in i t i a l i ze  t he  N e w t o n - C o t e s  coeff ic ients ;  

go  t o  nct [rule]; 
R i :  cf[1] :=  cf[2] :=  1.0/2.0;  go  t o  compute;  
R2: cf[1] :=  cf[3] :=  1.0/6.0;  cf[2] :=  4.0/6.0;  
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e m n m e n t  R1 is trapezoidal rule, R2 is Simpson's rule; 
go to  compute; 
R3: cf[1] := cf[4] := 1.0/8.0; 

cf[2] := c][3] := 3.0/8.0; go to  compute; 
R4: cf[1J := cf[5] := 7.0/90.0; 

cf[2] := cf[4] := 32.0/90.0; 
cf[3] := 12.0/90.0; go to  compute; 

R5: c][1] := cf[6] := 19.0/288.0; 
cf[2] := cf[5] := 75.0/288.0; 
cf[3] := cf[4] :=: 50.0/288.0; go to  compute; 

R6: cf[1] := cf[7] := 41.0/840.0; 
cf[2] := cf[6] := 216.0/840.0; 
cf[3] := cf[5] := 27.0/840.0; 
cf[4] := 272.0/840.0; go to  compute; 

R7: cf[1] := cf[8] := 75.1/1728.0; 
cf[2] := cf[7] := 357.7/1728.0; 
cf[3] = cf[6] := 134.3/1728.0; 
cf[4] := cf[5] := 298.9/1728.0; 

compute: da := b - a; 
fo r  k := 0 s t e p  1 u n t i l  rule do 
b e g i n  

x := a + k X da/rule; 
f n [k+l ]  := F X cf[k+l]; 

e n d ;  
ab := 1.0; 

Integral := NC(F,x,a,da,fn[k],k,cf ,rule,eps,l.O,ab,O) ; 
e n d  of Integral; 
c o m m e n t  Now evaluate the integral of 1.O/sqrt(abs(x+y)) 

on the unit  disk in the x,y-plane; 
r ea l  x, y, answer; 
answer := Integral(Integral(1.O/sqrt(abs(x+y) ), x, 

--sqrt(1.O--y 1" 2), sqrt(1.O--y T 2), 7, 0.001),y,--1.0,1.0,3,0.001) ; 
e n d  of program; 
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C O N V E R S I O N S  B E T W E E N  C A L E N D A R  D A T E  

A N D  J U L I A N  D A Y  N U M B E R  

ROBERT G. TANTZEN 

Ai r  F o r c e  Miss i l e  : D e v e l o p m e n t  C e n t e r ,  H o l l o m a n  A F B ,  

N e w  M e x .  

p r o c e d u r e  J D A  Y (d,m,y,j) ; 
i n t e g e r  d,m,~,j; 
c o m m e n t  J D A  Y converts  a calendar date,  Gregorian calendar,  

to the corresponding Julian day number ]. From the given day 
d, month  m, and year y, the Julian day number ] is computed 
without  using tables.  The procedure is valid for any valid 
Gregorian calendar date.  When transcribing J D A  Y for other  
compilers, be sure tha t  integers of size 3 × 106 can be handled;  

b e g i n  i n t e g e r  c, ya; 
i f m  > 2 t h e n m  := m -- 3 

e l se  b e g i n m  := m +  9; y := y - l e n d ;  
c :=y ÷ 100; ya := y - -100X e; 
j := (146097Xc)+4+(1461Xya)÷4+(153Xm+2)+5+d+1721119  

e n d  . IDA Y 

p r o c e d u r e  J D A  T E  (y,d,m,y) ; 
i n t e g e r  j ,d,m,y; 
c o m m e n t  J D A T E  converts a Julian day number ] to the corre- 

sponding calendar date,  Gregorian calendar. Since j is an integer 
for this procedure, it  is correct  astronomically for noon of the 
day. J D A T E  computes the day d, month  m, and year y, wi thout  
using tables.  The procedure is valid for any valid Gregorian 
calendar date.  When transcribing J D A T E  for other  compilers, 
be sure tha t  integers of size 3 X 106 can be handled;  

b e g i n  j := j -- 1721119; 
y : =  ( 4 X j - 1 )  + 146097; j : = 4 X j - -  1 - 146097Xy; 

d : =  j + 4 ;  
j : =  ( 4 X d + 3 ) +  1461; d : = 4 X d - 4 - 3 - 1 4 6 1 X ] ;  

d : =  ( d + 4 )  + 4; 
m : =  ( 5 X d - 3 )  + 153; d : =  5 X d -  3 -  1 5 3 X m ;  

d :=(d+5)  + 5; 
y : =  l O O X y + j ;  i f m < l O t h e n m : = m + 3  

e lse  b e g i n m  := m - -  9; y := y +  1 e n d ;  
e n d  J D A  T E  

p r o c e d u r e  K D A  Y (d,m,ya,k) ; 
i n t e g e r  d,m,ya,k ; 
c o m m e n t  K D A  Y converts  a calendar date,  Gregorian calendar,  

to the corresponding serial day number k. From the given day 
d, month  m, and the last  two decimals of the year,  ya, the serial 
day number k is computed without  using tables.  The procedure 
is valid from 1 March 1900 (k= l )  to 31 December 1999 
(k = 36465). To obtain the Julian day number  ] (valid a t  noon) 
use j = k + 2415079; 

b e g i n  i f m  > 2 t h e n m  := m -  3 
e lse  b e g i n m  := m +  9; ya := y a - -  l e n d ;  

k := (1461Xya) + 4+(153Xm+2)  + 5 -Jr d 
e n d  

p r o c e d u r e  K D A  T E  (k,d,m,ya) ; 
i n t e g e r  k,d,m,ya ; 
e o n l m e n t  K D A  T E  converts  a serial day number  k to the corre- 

sponding calendar date,  Gregorian calendar. I t  computes day d, 
month  m, and the last  two decimals of the year,  ya, without  
using tables.  The procedure is valid from k = 1 (1 March 00) to 
k = 36465 (31 December 99) for any one century.  For  the 20th 
Century the relation between k and theulian day number ] 
(at noon) is j = k + 2415079; 

b e g i n y a  := (4 X k -1 )  ÷ 1461; d := 4Xk - 1 - 1461 X ya; 
d := (d+4) ÷ 4; m := ( 5 X d - 3 )  + 153; 

d := 5Xd - 3 -- 153Xm; 
d := (d+5) + 5; 
i f m  < 1 0 t h e n  m := m + 3 

e lse  b e g i n m  := m - 9; ya := ya + 1 e n d ;  
e n d  K D A  T E  
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N O R M A L  R A N D O M  

RICHARD GEORGE* 

A r g o n n e  N a t i o n a l  L a b o r a t o r y ,  A r g o n n e ,  Ill .  
* Work supported by United States Atomic Energy Commission. 

r ea l  p r o c e d u r e  N O R M A L  R A N D O M  (Mean, Sigma n);  
p r o c e d u r e  Random; 
rea l  Mean, Sigma; 
i n t e g e r  n ; 
c o m m e n t  Random is assumed to be a rea l  p r o c e d u r e  which 

generates a random number uniform on the interval  (--1, +1) .  
The value of n should be greater  than 10, in order to approxi-  
mate  the normal dis t r ibut ion with accuracy. However,  very 
large values of n will increase the running time. The use of 
Mean and Sigma should be obvious. Reference: R. W. Ham- 
ming, Numerical Methods for Scientists  and Engineers; 

b e g i n  
i n t e g e r  i;  r ea l  sum; 
sum := 0; 
for  i := s t e p  1 u n t i l  n do  

sum := sum + Random; 
N O R M A L  R A N D O M  := Mean + Sigma X sum X sqrt (3.0/n) 

e n d  N O R M A L  R A N D O M  
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S H E L L S O R T  

J .  BOOTHROYD 

E n g l i s h  E l e c t r i c - L e o  C o m p u t e r s ,  K i d s g r o v e ,  S ta f fs ,  

E n g l a n d  

p r o c e d u r e  Shellsort (a, n);  v a l u e  n;  r e a l  a r r a y  a; i n t e g e r  n; 
c o m m e n t  a[1] through a[n] of a[l:n] are rearranged in ascending 

order. The method is tha t  of D. A. Shell, (A high-speed sorting 
procedure, Comm. ACM 2 (1959), 30-32) with subsequences 
chosen as suggested by T. N. Hibberd (Art empirical s tudy of 
minimal storage sorting, SDC Report  SP-982). Subsequences 
depend on m~ the first operative value of m. Here nnl = 2 k -- 1 
for 2 k < n < 2*+h To implement  Shell 's original choice of m~ = 
[n/2] change the first s ta tement  to m := n; 

b e g i n  i n t e g e r  i ,  j ,  k, m; r e a l  w; 
f o r i  :=  l s t e p i u n t i l n d o m  :=  2 X i --  1; 
f o r m  :=  m + 2 w h i l e m  ~- 0 d o  

b e g i n  k :=  n --  m; 
f o r  j :=  1 s t e p  1 u n t i l k  d o  

b e g i n  f o r  i :=  j s t e p  - - m  u n t i l  1 d o  
b e g i n  i f  a[i+m] => a[i] t h e n  g o  t o  1; 

w := a[i]; a[i] := a[ i+m];  a[i+m] := w; 
e n d  i;  

1 : e n d  j 
e n d  m 

e n d  Shellsort ; 
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T E L E S C O P E  1 [K. A.  B r o n s ,  Comm. A C M ,  M a r .  1961] 

JAMES F.  BRIDGES 

M i c h i g a n  S t a t e  U n i v e r s i t y ,  E a s t  L a n s i n g ,  M i c h .  

This procedure was tested on the CDC 160A, using 160A FOR- 
TRAN. The 10th degree polynomial obtained by t runcat ing the 
series exp ( - x )  was telescoped using L = 1 and lira = 0.001. The 
result  was N = 3, eps = 0.2106186210 -- 3 and coefficients 
+0.99978965, --0.99307236, +0.46364955, -0.10267767. The error 
curve was computed for x = 0(0.02)1.0 and no error exceeded eps, 
the worst  error being 2% of eps less than eps. 

This result is in close agreement with tha t  of Henry  C. Thatcher ,  
Jr.  in his Certification (Comm. ACM, Aug. 1962). Mr. Thatcher  
has pointed out tha t  he inadver tan t ly  referred to the series for 
exp (--x) as the "exponential  series" thereby inferring the posi- 
tive series exp (+x) .  There is also a typographical  error in his eps. 
I t  should be +0.210350510 - 3. 
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T E L E S C O P E  2 [K. A.  B r o n s ,  Comm. A C M ,  M a r . ,  1961] 

JAMES F.  BRIDGES 

M i c h i g a n  S t a t e  U n i v e r s i t y ,  E a s t  L a n s i n g ,  M i c h .  

This procedure was tes ted on the CDC 160A using 160A FOR- 
TRAN. The 10th degree polynomial obtained by t runcat ing the 
series expansion of exp (+x) was telescoped using L = 1.0 and 
lira = 0.001. The result was N = 4, eps = 0.59159949~0 -- 3 and 
coefficients +1.0000447, +0.99730758, +0.49919675, +0.17734729, 
+0.043793910. Errors were calculated for x = --1.0(0.02)1.0. The 
only error to exceed cps was at x = 1.0 and was within 0.6% of eps. 

C O R R E C T I O N  T O  E A R L I E R  R E M A R K S  O N  A L -  

G O R I T H M  42 I N V E R T ,  A L G .  107 G A U S S ' S  M E T H O D ,  

A L G .  120 I N V E R S I O N  I I ,  A N D  gjr  [P. N a u r ,  Comm. 

A C M ,  J a n .  1963, 38-40.]  

P .  NAUR 

R e g n e c e n t r a l e n ,  C o p e n h a g e n ,  D e n m a r k  

George Forsythc ,  Stanford Universi ty ,  in a pr ivate  communi- 
cation has informed me of two maj or weaknesses in my remarks on 
the above algori thms:  

1) The computed inverses of rounded Hilber t  matrices are com- 
pared with the exact inverses of unrounded Hilber t  matrices,  in- 
s tead of with very accurate inverses of the rounded Hilber t  
matrices.  

2) In criticizing matrix inversion procedures for not searching 
for pivot,  the errors in invert ing positive definite matrices cannot 
be used since pivot  searching seems to make li t t le difference with 
such matrices.  

I t  is therefore clear tha t  al though the figures quoted in the 
earlier certification are correct  as they stand, they do not  sub- 
s tant ia te  the claims I have made for them. 

To obtain a more valid criterion, wi thout  going into the con- 
siderable trouble of obtaining the very accurate inverses of the 
rounded Hilber t  matrices,  I have multiplied the calculated in- 
verses by the original rounded matrices and compared the results 
with the uni t  matrix.  The largest deviation was found as follows : 

Maximum deviation from elements of the unit matrix 

Order INVERSION 11 g jr Ratio 
2 --1.491o--8 --1.491o--8 1.0 
3 --4.77~0--7 --8.34~0--7 0.57 
4 --9.541o--6 --3.431o--5 0.28 
5 --7.3210--4 --4.5810--4 1.6 
6 --1.61~o--2 --1.4210--2 1.1 
7 --5.7810--1 --5.471o--1 1.1 
8 --1.2010--2 --1.381o1 8.7 
9 --4.91101 --2.221o1 2.2 

This criterion supports  Forsy the ' s  criticism. In fact, on the 
basis of this criterion no preference of INVERSION II  or gjr can 
be made. 

The calcu]ations were made in the GIER ALGOL system, which 
has floating nmnbers of 29 significant bits.  

C E R T I F I C A T I O N  O F  A L G O R I T H M  43 

C R O U T  I I  [ H e n r y  T h a e h e r ,  J r . ,  Comm. A C M  (1960),  

176] 

C.  DOMINGO AND F .  RODRIGUEz-GIL 

U n i v e r s i d a d  C e n t r M ,  C a r a c a s ,  V e n e z u e l a  

CROUT II  was coded in PUC-R2 and tested in the IBM-1620. 
Two types of I N N E R P R O D U C T  subroutines were used. The first 
one finds the scalar product  in fixed-point ar i thmetic  to increase 
accuracy, using an aceunmlator of 32 digits. The second one uses 
ordinary floating-point with eight significative figures. 

Using a unit  matr ix  as r ight-hand side, a 6 X 6 seginent of Hil- 
ber t  matr ix  was inverted.  The inverse was inverted again. 

The maximmn difference between this result  and the original 
segment of Hi lber t  matr ix  was: 

Using fixed-point I N N E R P R O D U C  . . . . . . . . .  8.2426 X 10 -4 
(Value of de terminant  . . . . . . . . . . . . . . . . . . . . .  4.7737088 X 10 -is) 

Using floating-point I N N E R P R O D U C  . . . . . .  3.014016 X 10 -2 
(Value of deternfinant  . . . . . . . . . . . . . . . . . . . .  4.4950721 X 10 -18) 

Two typographical  errors were observed in the Mgorithm: 
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The s t a t e m e n t  : 

b[k] := g[k] -- I N N E R P R O D U C T  (A[/c,p], b[p], p , i , k -1)  

should be : 

b[k] := b[k] - I N N E R P R O D U C T  (A[/%p], b[p], 1 , k - l )  

The  s t a t e m e n t  : 

y[/~] := (b[k] -- I N N E R P R O D U C T  (A [k,p], y[p], p ,k+l ,n ) /A  [k,k] 

should be : 

y[lc] := (b[]c] -- I N N E R P R O D U C T  (A [k,p], y[p], p f l+l  ,n))/A [£,k] 

Storage m ay  be saved e l imina t ing  the a r ray  y and us ing ins tead 
the a r ray  b, in which the solut ion is formed.  

A previous cert if ication of this  a lgor i thm [Comm. ACM 4, 
4 (Apr. 1961), 182] was tes ted  again with the same resul ts .  Two 
errors were de tec ted  in the  cert if icat ion:  The  row t h a t  m u s t  re- 
place the  las t  row of A in order to obta in  a s ingular  ma t r i x  m u s t  be : 

19,1927 33.4409 --251298 -5.2811 

CERTIFICATION OF ALGORITHM 47 
ASSOCIATED LEGENDRE FUNCTIONS OF THE 
FIRST KIND FOR REAL OR IMAGINARY ARGU- 
MENTS [John R. Herndon, Comm. ACM, Apr. 1961] 
RICHARD GEORGE* 

Argonne National Laboratory, Argonne, Ill. 
* Work supported by United States Atomic Energy Commission. 

This  procedure was p rogrammed  in FORTRAM for the  IBM 1620 
and was tes ted with a number  of real a rgumen t s .  A few errors were 
detected : 

1. In the following sequence the  end m u s t  be removed : 

b e g i n  i f  (n -- m + 2 ) / 2  < i t h e n  g o  t o  l a s t  e n d ;  

2. In these,  the lower bound of 1 is needed:  

fo r  i := s t e p  1 u n t i l  n d o  
fo r  i := s t e p  1 u n t i l  j d o  

3. There  are four places where integer  a r i thmet ic  is clearly in- 
tended and we m u s t  subs t i t u t e  the  symbol  + for the  s y m b o l / .  

In addi t ion,  it migh t  be ment ioned  t ha t  the  s t a t e m e n t  

i f  n = m t h e n  g o  t o  mMn; 

could be omi t ted  from the ALGOL program wi thout  ha rm,  t hough  
the FOnTRAN version requires it. Here,  and elsewhere in the pro- 
cedure,  one migh t  make an equivMent  bu t  more succinct  s t a t e -  
ment .  Wi th  change in style,  the var iable  j could be e l iminated.  

ADDITIONAL REMARKS ON ALGORITHM 52 
A SET OF TEST MATRICES [J. R. Herndon, Comm. 
ACM (Apr. 1961), 180] 
P. NauR 
Regnecentralen, Copenhagen, Denmark 

From an inspect ion of the resul ts  of e igenvalue-f inding algo- 
r i thms  I conclude t h a t  all bu t  two of the e igenvalues  of TEST-  
M A T R I X  are u n i t y  while the two remain ing  are given by the ex- 
prcssions 6 / (pX ( n + l ) )  and p/(nX ( 5 - 2 X n ) )  where 

p = 3 + sqr t  ( ( 4 X n - 3 )  X ( n - l )  X 3 / ( n + l ) ) .  
These  expressions have  been used for the  de te rmina t ion  of ab- 
solute errors of the e igenvalues  calculated by JACOBI ,  Algor i thm 
85, and Householder  Tr id iagonal isa t ion ,  etc. as reported below. 
They  were also used to cMculate the following table  (using G I E R  

ALGOL, with 29 significant bits) : 

n Determinant Eigenvalues Differing ~om unity 
3 -- .500 000 O0 .224 744 87 --2.224 744 9 
4 -- .100 000 O0 .153 112 89 -- .653 112 89 
5 -- .040 000 000 .113 238 08 -- .353 238 08 
6 -- .020 408 163 .088 290 570 --.231 147 71 
7 --.011 904 762 .071 428 571 -- .166 666 67 
8 -- .007 575 757 6 .059 386 081 -- .127 567 90 
9 -- .005 128 205 2 .050 422 549 --.101 704 60 

10 -- .003 636 363 6 .043 532 383 -- .083 532 383 
11 -- .002 673 796 8 .038 097 478 -- .070 183 039 
12 -- .002 024 291 5 .033 718 770 -- .060 034 559 
13 --.001 569 858 7 .030 128 103 -- .052 106 125 
14 --.001 242 236 0 .027 139 206 -- .045 772 747 
15 --.001 000 000 0 .024 619 013 -- .040 619 013 
16 -- .000 816 993 47 .022 470 157 -- .036 359 046 
17 -- .000 676 132 52 .020 619 902 -- .032 790 288 
18 -- .000 565 930 96 .019 012 916 -- .029 765 605 
19 -- .000 478 468 90 .017 606 429 -- .027 175 807 
20 -- .000 408 163 27 .016 366 903 -- .024 938 332 

The  figures for n = 20 agree very  well with  the  resul ts  quoted by 
H. E. Gilbert  in his certif ication [Comm. ACM 4 (Aug. 1961), 339]. 

CERTIFICATION OF ALGORITHMS 63, 64 AND 65, 
PARTITION, QUICKSOR~?, AND FIND, [Comm. ACM, 
July 1961] 
B.  RANDELL AND L. J .  RUSSELL 

The English Electric Company Ltd., Whetstone, England 

Algor i thms 63, 64, and 65 have  been tes ted  us ing  the Pegasus  
ALGOL 60 Compiler  developed a t  the  De Havi l land  Aircraf t  Com- 
pa ny  Ltd . ,  Hatficld,  England .  

No changes  were necessary  to Algor i thms 63 and 64 (Par t i t ion  
and Quicksort)  which worked sa t i s fac tor i ly .  However,  the  com- 
me n t  t h a t  Quicksor t  will sor t  an a r ray  wi thou t  the  need for any  
extra  s torage space is incorrect ,  as space is needed for the  organi-  
zat ion of the  sequence of recursive procedure ac t iwt t ions ,  or, if 
implemented  wi thout  us ing recursivc procedures ,  for s tor ing in- 
fo rmat ion  which records the  progress  of the  pa r t i t ion ing  and 
sor t ing.  

A misp r in t  ( ' if '  for ' i f '  on the line s t a r t i ng  ' e l s e  if J -< K t h e n  
. . . .  ) was corrected in Algor i thm 65 (Find),  bu t  it  was found t h a t  
in certain cases the  sequence of recursive ac t iva t ions  of Find 
would not  t e rmina t e  successful ly.  Since Partition produces as 
ou tpu t  two integers  J and [ such t h a t  e lements  of the  a r ray  
AIM:N] which lie between A[J] and A[I] are in the  posi t ions t h a t  
they  will oceupy when the sor t ing of the a r ray  is completed,  Find 
should cease to make fur ther  recursive ac t iva t ions  of itself if K 
fulfills the  condit ion J < K < I.  

Therefore  the condit ional  s t a t e m e n t  in the body of Find was 
changed to read 

i f  K =< J t h e n  find (A,M,J,K) 
e lse  i f  I ~ K t h e n  find (A:[,N,K) 

With  this  change the  procedure worked sa t i s fac tor i ly .  

REMARK ON ALGORITHM 77 
INTERPOLATION, DII  I ERENTIATION, AND IN- 
TEGRATION [P. E. Hennion, Comm. ACM, Feb., 1962] 
P. E. HENNION 
Giannini Controls Corp., Berwyn, Penn. 

I t  was b rough t  to m y  a t t en t ion  th rough  the C E R T I F I C A T I O N  
OF A L G O R I T H M  77 A V I N T  IV. E. Whi t t ie r ,  Comm. ACM, June ,  
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1962] t h a t  restr ic t ions on the  upper  and lower l imits  of in tegra t ion  
existed, i.e., (1) xl0 =< xa (1), (2) xup >= xa(nop). To remove 
these res t r ic t ions  the following two changes should be made.  

1. Before line L16: and ~fter the  s t a t e m e n t  ib := 2; place the  
following code : 

for  ia := 1 s t e p  1 u n t i l  nop do b e g i n  
i f  xa(ia) >= x10 t h e n  go t o  L17; ib := ib + 1; e n d ;  

L17: ju 1 := hop + 1; f o r i a  := 1 s t e p  1 u n t i l n o p  do b e g i n  
j u l  := j u l  - - 1 ;  i f x a ( j u l )  > x u p e n d ; j u l  := j u l  -- 1; 

2. Change line L13: to read: 
L13: i f j m  ~ i b t h e n  go t o l l 4 ;  

C E R T I F I C A T I O N  O F  A L G O R I T H M  85 

J A C O B I  [ T h o m a s  G.  E v a n s ,  Comm.  A C M  (Apr .  1962) ,  

208] 

P .  N a u r ~  

R e g n e c e n t r a l e n ,  C o p e n h a g e n ,  D e n m a r k  

We have  first run this  a lgor i thm in the GlEn ALGOL sys t em with 
the  following corrections included:  

1. The change given by J. S. Hil lmore [Comm. A C M  5 (Aug. 
1962), 440] wi th  capi tal  V changed to v. 

T A B L E  1 

H B H  T E S T M A T R I X  

Range of true errors of eigenvalues Range of deviations from relation Range of deviations from relation 
A v  --  lambda v = 0 A --  ( S T )  LAMBDA S = 0 

Order j error[j] j error[j] Ele-  Vector Error  Ele-  Vector Error Ele-  Vector Error Ele-  Vector 'E r ror  
merit men!  men!  1~tenl 

rho = 1.01o--3 

5 1 --1.11o--6 3 5.21o--8 1 1 --1.71o--4 1 3 2.01o--4 1 1 --2.5~o--4 5 5 1.01o--4 
10 9 --7.91o--5 8 3.51o--5 7 2 --3.31o--3 6 6 3.01o--3 1 1 --4.21o--3 6 7 3.21o--3 
15 15 --9.21o--5 12 3.71o--5 6 3 --1.71o--3 11 13 1.71o--3 9 15 --1.51o--3 8 9 1.81o--3 

rho = 1.Ox0--5 

5 1 --1.110--6 3 6.010--8 2 5 --1.310--7 5 2 4 . L 0 - 8  1 2 - 1 . 6 1 0 - 7  4 5 4 .510-8  
10 1 -1 .210--5  2 2.210-7 7 3 - 2 . 7 1 0 - 5  2 8 2 .210-5 7 7 - -2 .410-5  2 8 2 .310-5 
15 1 --3.5~o--5 4 3.91o--7 11 9 --6.41o--6 7 2 4.81o--6 11 12 --5.31o--6 12 12 4.71o--6 

rho = 1.01o--8 

5 1 - -1 .11o-6  3 6.01o--8 2 5 --1.31o--7 4 2 6.51o--9 2 2 --1.31o--7 4 4 3.01~78 
10 1 -- 1.2~o--5 2 2.21o--7 1 10 --1.11o--6 4 2 6.41o--8 1 2 --5.71o--7 9 9 8.21o--8 
15 1 --3.51o--5 4 3.91o--7 1 14 --3.41o--6 4 2 3.9~o--7 2 2 --1.3~o--6 15 15 8.91o--8 

TESTMATIRIX,  Algor i thm 52 

Range of true errors of eigenvalnes Range of deviations from relation Range of deviations from relation 
A v  --  lambda v = 0 A --  ( S T )  LAMBDA S = 0 

Order j error[j] j error[j] Ele-  Vector Error Ele-  Vector Error Ele-  Vector Error Ele-  Vector Error 
men t  merit merit ment  

rho = 1.01o--5 

5 4 --1.01o--8 1 .0 5 5 --3.31o--8 5 4 4.31o--8 5 5 --5.11o--8 4 4 3.91o--8 
10 8 --1.11o--8 4 .0 7 7 --1.21o--8 9 6 1.3~o--8 7 8 --5.11o--9 6 6 2.01o--8 
15 13 --1.11o--8 6 .0 14 14 --9.31o--9 10 10 9.4~o--9 8 9 --1.91o--9 10 10 1.3~o--8 

i 

rho = 1.01o--8 

3 3 --7.51o--9 1 3.71o--9 
4 4 --5.6~o--9 3 .0 
5 4 --1.01o--8 1 .0 

~ 6 4 --4.7lO--9 4 .0 
7 4 --5.11o--9 5 .0 
8 7 --7.51o--9 5 .0 
9 6 --4.4lO--9 7 .0 

10 8 --1.5~o--8 8 .0 
11 10 --7.51o--9 1 .0 
12 8 --5.01o--9 11 .0 
13 12 --1.11o--8 10 .0 
14 10 --1.51o--8 4 .0 
15 13 --1.11o--8 6 .0 

3 1 --2.81o--9 2 2 9.31o--9 
2 2 --4.51o--9 3 4 3.31o--9 
5 4 --4.91o--9 4 4 5.81o--9 
4 3 --2.81o--9 5 4 3.61o--9 
6 6 --2.81o--9 4 4 3.41o--9 
5 5 --6.01o--9 5 6 3.21o--9 
6 5 --5.11o--9 7 6 3.21o--9 
8 9 --9.31o--9 9 7 7.2~o--9 
9 10 --6.51o--9 8 11 3.01o--9 

10 6 --7.61o--9 10 8 2.41o--9 
10 11 --6.91o--9 12 10 9.11o--9 
13 13 --1.11o--8 10 10 6.71o--9 
14 14 --1.11o--8 11 10 3.51o--9 

1 3 .0 1 2 1 .91o- -8  
2 2 .0 2 3 9.3lO--9 
1 1 --7.51o--9 3 4 7.51o--9 • 
1 6 --2.31o--10 4 5 9.31o--9 
5 7 --1.21o--10 5 6 7.51o--9 
8 8 --1.21o--10 7 7 9.31o--9 
5 5 --7.51o--9 8 8 1.51o--8 
6 7 --2.31o--9 9 9 2.01o--8 
1 1 --3.11o--9 8 8 7.51o--9 
6 6 --1.71o--8 4 4 1.31o--8 
7 7 --3.01o--8 12 12 3.21o--8 
9 10 --3.51o--9 6 6 1.71o--8 
8 9 ---3.01o--9 6 11 7.51o--9 
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2. The 4th fo r  clause corrected to read: 

for  ,i := 1 s t e p  1 u n t i l  i -- 1 do 

3. The last  fo r  clause corrected to read: 

fo r  i := 1 s t e p  1 u n t i l  n do 

On closer examination we have found, however, tha t  a signifi- 
cant  nmnber  of superfluous operations could be el iminated in the 
innermost  loop by rewrit ing the two fo r  s ta tements  at  the center  
of the algori thm as a single fo r  s ta tement ,  to read as follows : 

cost := sqrt (1--sint T 2) ; 
for  i := 1 s t e p  1 u n t i l n  do 

b e g i n  i f i  # p A i #  q t h e n  
b e g i n  i n t l  := A[i,p];  mu := A[i,q]; 
A[q,i] := A[i,q] := i n t l  X s in t  + m u  X cost; 
A lp , i ]  := A[i ,p]  := i n t l  X cost -- m u  + s in t  
e n d ;  

in t l  := S[i,p]; mu := S[i,q]; 
S[i,q] := i n t l  X s in t  + m u  X cost; 
S[i ,p] := i n t l  X cost - m u  X s in t  
e n d ;  

Alp ,p]  := vl X cost ~ 2 + v 3  X s in t  ~ 2 - - 2  X v2 X s in t  X cost; 

This revision is par t icular ly  advantageous in Systems having a 
comparat ively slow subscript  mechanism, such as GIER ALGOL, 
because it eliminates more than 3 out of 8 references to subscripted 
variables. 

JACOBI has been tried with two different sets of matrices hav- 
ing known eigenvalues. In both cases a test  program was set up to 
find the range of errors of the eigenvalues computed by JACOBI.  
In addit ion,  the relations A v  - Xv = 0 (A is the given matrix,  v 
an eigenvector,  and h the corresponding eigenvalue) and A - ( ST )  
LAMBDA S = 0 (S is the matr ix  having the eigenvectors as col- 
umns and ST its transpose,  and LAMBDA is the diagonal matr ix  
of the eigenvalues) were used as checks. The test  matrices were 
T E S T M A T R I X  calculated by the revised algori thm 52 given in 
Comm.  A C M  6 (Jan. 1963), 39, and the following matr ix  suggested 
by Mr. H. B. Hansen : 

HBH T E S T M A T R I X  [j,i] = HBH T E S T M A T R I X  [i,j] 

= n + l - - j  j ~ i  

having the eigenvalues 0.5/(1 -- cos ( ( 2 X i - - 1 ) X p i / ( 2 X n + l ) ) ) .  
The results were as shown in Table 1 (GIER ALGOL works with 

floating numbers of 29 significant bits) .  
The compile time for the program which produced one of these 

tables was about  40 seconds. Run times were as follows : 

Original algorithm Revised algo- 
TESTMATRIX ALG. 52 HBH rithm HBH 

TESTMATRIX TESTMATRIX 
Rho n (seconds) (seconds) 

i0--3 5 3 
10 22 
15 7O 

Jo--5 5 3 5 
10 5 41 29 
15 13 148 99 

, 0 - 8  5 4 7 6 
6 5 12 
7 5 18 
8 5 25 

10 13 38 
15 22 116 

From these figures it looks as if TESTMATRIX,  Algorithm 52, 
is atypical as far as solution by means of JACOBI is concerned. 
The much higher accuracy obtained for this matrix as compared 
with the HBH matrix points  in the same direction. 

For further  comparison it may be mentioned tha t  the algo- 
r i thms published by J. H. Wilkinson [Num.  Math.  4 (1962), 354- 
376] also have been tes ted successfully with GIER ALGOL. Wilkin- 
son's  algorithms reduce the matrix to tridiagonal form by means 
of Householder 's  method and use Sturm sequences to find the 
eigenvalues and inverse i terat ion to find the eigenvectors.  In GIER 
ALGOL this method is about  1.3 times as fast  as JACOBI for the 
range of matrices considered here. JACOBI has the advantage 
tha t  the eigenvectors are properly orthogonal,  even in the case of 
multiple eigenvalues, and also has a much simpler logic. On the 
other  hand if only some of the eigenvalues and/or  eigenvectors are 
sought Wilkinson's algorithms will often offer much higher speed 
than JACOBI,  which always finds them all. 

C E R T I F I C A T I O N  O F  A L G O R I T H M  140 

M A T R I X  I N V E R S I O N  [P. Z. I n g e r m a n ,  C o m m .  A C M ,  

N o v .  1962] 

RICHARD GEORGE* 

A r g o n n e  N a t i o n a l  L a b o r a t o r y ,  A r g o n n e ,  Ill.  
* Work supported by  the  Uni ted  States Atomic  Ene rgy  Commission.  

Algorithm 140 was tes ted on the LGP-30, using SCALP, a load- 
and-go compiler from the Dar tmouth  College Computa t ion  
Center ,  and it was shown to be syntact ical ly  correct .  

I t  is indeed a simple procedure.  I t  is so simple because the 
author  has el iminated the very necessary search for largest  ele- 
ments  and the row interchanges.  As a result, this procedure will 
fail to invert  many non-singular matrices.  To be invcrtable  by this 
procedure,  a matr ix  must  be such tha t  all of its leading diagonal 
submatrices will have non-zero deternfinants .  

One would do well to avoid this algori thm and use one (such 
as 120) which employs the pivot ing process. 

A contr ibut ion to this depar tment  must  be in the form of 
an Algorithm, a Certification, or a Remark.  Contr ibut ions 
should be sent  in duplicate to the Edi tor  and should be 
writ ten in a style pa t te rned  after  recent contr ibut ions 
appearing in this depar tment .  An algori thm must  be wri t ten 
in ALGOL 60 (see Commun ica t i ons  of  the A C M ,  January  
1963) and accompanied by a s ta tement  to the Edi tor  indicat-  
ing tha t  it  has been tes ted and indicating which computer  
and programming language was used. For the convenience 
of the printer ,  contr ibutors  are requested to double space 
material  and underline delimiters and logical values tha t  
are to appear in boldface type.  Whenever feasible, Certi-  
fications should include numerical values. 

Although each algorithm has been tes ted by its contr ib-  
utor,  no warranty,  express or implied, is made by the con- 
t r ibutor ,  the Edi tor ,  or the Association for Comput ing 
Machinery as to the accuracy and functioning of the al- 
gori thm and related algorithm material ,  and no responsi- 
bil i ty is assumed by the contr ibutor ,  the Editor ,  or the 
Association for Computing Machinery in connection there-  
with. 

The reproduction of algorithms appearing in this depar t -  
ment  is explicit ly permi t ted  without  any charge. When re- 
product ion is for publication purposes,  reference must  be 
made to the algorithm author  and to the Commun ic a t i o n s  
issue bearing the algorithm. 
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G O M O R Y  [F. L. B a u e r ,  Comm.  A C M  6, F e b .  1963] 

B.  LEFKO~VITZ AND D.  A. D ' E s o P o *  

S t a n f o r d  R e s e a r c h  I n s t i t u t e ,  M e n l o  P a r k ,  Ca l i fo rn i a  
* Work supported by Office of Nava| Research. 

GOMORY was hand-coded in BALGOL for the Burroughs 220 
and in FCRTRAN for the CDC 1604. The following corrections should 
be made : 

The s ta tement  
lambda := abs(a[r,ll/t[1]); 

should read 
lambda := abs(a[r,l]/t[l]); 

The s ta tement  
for j := 2 s t e p  1 u n t i l  n - 1  do i f  a[r,j] < 0 t h e n  

should read 
for j := 1 s t e p  1 u n t i l  n - 1  do i fa[r,j] < 0 t h e n  

The following changes to Bauer 's  program were made to in- 
crease its efficiency and reduce storage requirements.  

Change the s ta tement  
beg in  in t eger  i, k, j ,  l ,  r; 

to read 
beg in  in t eger  i , k , j ,  1, r, c, t; 

Change the s ta tement  
real lambda; 

to read 
real lambda, lambd; 

Delete the s ta tement  
i n t e g e r  array t[l: n - l ] ,  c[l: n]; 

Before the s ta teinent  
for j := I s t e p  1 u n t i l  n--1 do i f  air,j] < 0 t h e n  

insert  the s ta tement  
lambda := 1.0; 

Change the s ta tement  
b e g i n  if  a[O,l] ~ 0 t h e n  t[j] := entier(a[O,j]/a[O,l]) 

to read 
b e g i n  i f  a[O,l] ~ 0 t h e n  t := entier(a[O,j]/a[O,l]) 

Change the s ta tement  
e lse  t[.i] := 1 

to read 
e lse  t := 1 

After the s ta tement  
e l se  l[j] := 1 

insert  the s ta tements  
lambd := -a[r, j]/ t;  
lambda := i f  lambda < lambd t b e n  la~bd else  lambdai 

Delete the s ta tements  s tar t ing with 
lambda := abs(a[r,1]/t[1]); 

up to and including 
lambda := abs (a[r,j]/t[j]) e n d ;  

Change the s ta tement  
beg in  eli] := entier (a[r, j]/lambda); 

to read 
b e g i n  c := entier(a[r,j]/lambda); 

Change the s ta tement  
i f  c[j] # 0 t h e n  

to read 
i f  c ~ 0 t h e n  

Change the s ta tement  
for  i := 0 s t e p  1 u n t i l  m do all,j] := all,j] + c[j] X 

to read 
for  i := 0 s t e p  1 u n t i l  m do all,j] := all,j] A- c X 

The " t ie -breaking"  procedure embodied in the three state- 
ments  beginning at 

3: i f  all,j] < all,l] t h e n  I := j e lse  

will fail if the two columns being compared are identical. Although 
this cannot happen on the first i teration,  it may occur later. To 
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tes t  for this condition change the two s ta tements  beginning with 

b e g i n  i := i + 1; go t o 3  e n d  

to read 
b e g i n  i := i + 1; i f i  > m t h e n  go to 31 e lse  go to  3 e n d ;  
31: e n d ;  

The revised algorithm yielded sat isfactory answers on a ten 
equation-seven variable problem in 159 i terat ions and a 35-equa- 
tion 14-variable problem in 447 i terations.  

The following comments may be helpful for preparing a problem 
for GOMORY. The problem constraints  must  be s ta ted in the 
form : 

~ j  ai~x~ A- s~ = b~ 

where the s~ arc slack variables. The columns representing these 
slack variables need not  appear in the initial tableau-matr ix a. 

Since the only variables in the solution tha t  will necessarily be 
non-negative arc the si , any non-negat ivi ty  constraints  on the 
other variables must  be among the above equations (e.g. the con- 
s t ra int  x~ ~ 0 is represented by --x: A- sk = 0). 

The size of the integers in the b vector substant ia l ly  affects the 
number of i terations.  

The requirement tha t  all but  the last tableau-columns be lexi- 
cographically positive means tha t  the first nonzero element in 
these columns must  be positive. 

EDITOR'S NOTE: :Prof. Bauer wishes to indicate tha t  for the 
Algorithm 153, GOMORY, credit  is due to Ch. Witzgall, who 
wrote the draft .  
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C O M B I N A T I O N  I N  L E X I C O G R A P H I C A L  O R D E R  

[Char les  J .  M i f s u n d ,  Comm.  A C M ,  M a r .  1963] 

]K. M .  BOSWORTH 

I . C . T .  L t d . ,  H a y e s ,  M i d d l e s e x ,  E n g l a n d  

This procedure was tes ted 

for  r := 1 s t e p  1 u n t i l  n with n = 6 

with correct results. 
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C O M B I N A T I O N  I N  A N Y  O R D E R  [Char les  J .  M i f s u d ,  

Comm.  A C M ,  M a r .  1963] 

K .  M .  BOSWORTH 

I . C . T .  L t d . ,  H a y e s ,  M i d d l e s e x ,  E n g l a n d  

This procedure was tested using 

m[l] = 4 m[2] = 3 m[3] = 2 m[4] = 2 

.3111] = 4 M[2] = 7 M[3] = 9 M[4] = 16 

and for  r := 1 s t e p  1 u n t i l s  
I t  is correctly generated fox' r = 1 the four combinations 4, 7, 9, 

16, as well as the ten combinations for r = 2, the eighteen cmn- 
binations for r = 3, and the twenty-six combinations for r = 4. 

Changes made due to compiler l imitations were (i) systematic 
changes of upper case le t ters  where there was conflict due to having 
only one case of let ters,  (ii) transfer of own declared variables ~o 
non-local variables, and (iii) integer labels to identifiers. 
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CERTIFICATION OF ALGORITHM 156 
ALGEBRA OF SETS [Charles J. Mifsud, Comm. ACM, 
5Jar. 1963] 
K. M. BOSWORTH 
I.C.T. Ltd., Hayes, Middlesex, England 

One  co r r ec t i on  r e q u i r e d  in t h i s  p r o c e d u r e  is t h e  s y s t e m a t i c  
c h a n g e  of label  A to avo id  confl ic t  w i t h  t he  f o r m a l  p a r a m e t e r  
a r r a y  A.  

T h e  p r o c e d u r e  was t h e n  t e s t e d  f o r n  = 9 a n d A i  = i ,  i = 1, 
• • • , n ,  p r o d u c i n g  t he  co r r ec t  a n s w e r  S U M  = 1. 

Two  o t h e r  t e s t s  w i th  a r b i t r a r y  v a l u e s  of A i  a n d  n = 4 were also 
cor rec t .  

CERTIFICATION OF ALGORITHM 160 
COMBINATORIAL OF 11I THINGS TAKEN N AT 
A TIME [M. L. Wolfson and H. V. Wright, Comm. ACM, 
Apr. 1963] 
DMITI¢[ THORO 

San Jose State College, San Jose, Calif. 

A l g o r i t h m  160 was t r a n s l a t e d  in to  FORTRAN I I  a n d  FORGO for 
t he  I B M  1620. Co r r ec t  r e s u l t s  were o b t a i n e d  for v a l u e s  of m up  to 
20. 

CERTIFICATION OF ALGORITHM 161 
COMBINATORIAL OF M THINGS TAKEN ONE AT 
A TIME, TWO AT A TIME, UP TO N AT A TIME 
[H. V. Wright and M. L. Wolfson, Comm. ACM, Apr. 
1963] 
D M I T a [  THORO 

San ,Jose State College, San Jose, Calif. 

A l g o r i t h m  161 was  t r a n s l a t e d  in to  FOWrRAN I I  a n d  FORGO for 
t he  I B M  1620. C o r r e c t  r e s u l t s  were o b t a i n e d  for v a l u e s  of m up  
to 20. 

CERTIFICATION OF ALGORITHM 164 
ORTHOGONAL POLYNOMIAL LEAST SQUARES 
SURFACE FIT JR. E. Clark, R. N. Kubik, L. P. Phillips, 
Comm. ACM, April 1963] 
C. V. BITTnRLI 
Johns Hopkins Univ. Applied Physics Lab., Silver Spring, 
Md. 

T h e  S U R F A C E F I T  a l g o r i t h m  was  t r a n s l a t e d  in to  FORTRAN 
a n d  s u c c e s s f u l l y  r u n  on an  I B M  7094. I t  was  n e c e s s a r y  to  m a k e  t h e  
fo l lowing co r r ec t i ons  : 

(a) 12th l ine a f t e r  

c o m m e n t  e v a l u a t e  o r t h o g o n a l  p o l y n o m i a l s ;  

s h o u l d  read  

n u m a  :=  n u m a  + u[i] X x[i] X p [ n - - l , i ]  T 2; 

(b) 2nd l ine a f t e r  

e o m m e n  t e w d u a t i o n  of o r t h o g o n a l  p o l y n o m i a l  coeff ic ients ;  

shou ld  r ead  

pc[n,n] := 1.0; 

(c) 12th l ine a f t e r  

c o m m e n t  e v a l u a t i o n  of o r t h o g o n a l  p o l y n o m i a l  coeff ic ients ;  

s h o u l d  r ead  

i f  t # 1 t h e n  qc[m,t] := qc[m,l] + q c [ m - - l , t - 1 ] ;  

(d) 8 th  l ine a f t e r  

c o m m e n t  e v a l u a t i o n  of d e p e n d e n t  v a r i a b l e s  u s i n g  t he  a p p r o x i -  
m a t i n g  p o l y n o m i n a l  

s h o u l d  r ead  

f o r  l :=  m m a x  --1 s t e p  - 1  u n t i l  1 d o  

T h e  fo l lowing  f u n c t i o n  was  u sed  to g e n e r a t e  d a t a  for  c h e c k i n g  
t h i s  a l g o r i t h m  : 

z = I - -  x + y - -  x y  + x  2 - -  y 2  

for  x = 0, 1, 2, 3 , 4  

and  y = 0, 1, 2, 3 , 4  

T h e  r e s u l t i n g  p o l y n o m i a l  was :  

z = x - -  5 ~  - -  x y  A -  x 2 - -  y 2  

w h i c h  is co r r ec t  for  t he  n o r m a l i z e d  v a r i a b l e s .  
I t  s h o u l d  be p o i n t e d  ou t  in t he  c o m m e n t  for  t h i s  p r o c e d u r e  

t h a t  t h e  r e s u l t i n g  p o l y n o m i a l  is in t h e  n o r m a l i z e d  v a r i a b l e s  an d  
n o t  t he  or ig ina l  v a r i a b l e s .  

CERTIFICATION OF ALGORITHM 162 
XYMOVE PLOTTING [Fred G. Stockton, Comm. ACM, 
Apr. 1.963] 
WILLIAM E .  FLETCHER 

Bolt, Beranek an(] Newman I n c . ,  L o s  Angeles, Calif. 

T h e  line in t he  b o d y  of t he  p r o c e d u r e  wh i ch  r e a d :  

i f D  >__ t h e n  I :=  I +  2; 

was  co r r ec t ed  to  r e ad :  

i f D  >__ 0 t h e n  I :=  jr_/_ 2; 

W i t h  t h i s  one c h a n g e  t h e  b o d y  of t he  p r o c e d u r e  was  t r a n s -  
l i t e r a t e d  in to  D E C A L - B B N  a n d  s u c c e s s h f l l y  r u n  on a P D P - 1  
c o m p u t e r  u t i l i z i n g  t he  c a t h o d e  r a y  t u b e  o u t p u t  to d i s p l a y  t he  
p a t h  of a s i m u l a t e d  d ig i t a l  i n c r e m e n t a l  p lo t t e r •  
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REMARK ON ALGORITHM 170 
REDUCTION OF A MATRIX CONTAINING POLY- 
NOMIAL ELEMENTS [P. E. Hemlion, Comm. ACM, 
Apr. 1963] 
P. E. HENNION 
Giannini Controls Corp., Berwyn, Penn. 

F o u r  t y p o g r a p h i c a l  e r ro r s  were  f o u n d  u p o n  r e v i e w i n g  the  
p r o c e d u r e .  T h e  fo l lowing  co r r ec t i ons  s h o u l d  be m a d e :  
(1) T h e  i n c r e m e n t  for  t h e  f o r  s t a t e m e n t  of l ine s t a r t  :, s h o u l d  be 1. 
(2) T h e  colon a t  t h e  end  of t h e  t h i r d  l ine a f t e r  l ine  s t a r t : ,  s h o u l d  

be r ep laced  by  a s emico lon .  
(3) T h e  s emico lon  a t  t he  end  of t h e  f i rs t  l ine  a f t e r  l ine  LO: ,  m a y  

be r e m o v e d .  
(4) T h e  l a s t  s t a t e m e n t  of t h e  f i rs t  c o l u m n  s h o u l d  r ead  : 

M A T [ i , j ]  :=  k; e n d  e n d ;  
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